Bases




Review

Definition: Basis (plural: bases)

A basis for a subspace V is a linearly independent spanning set of V.

A basis is used to efficiently construct every element in a subspace.

Goldilocks and the three properties

A set of vectors {vi,Vva,...,v,} in a subspace V is...

® _.a spanning set for V if every element of V can be written as a
linear combination in at least one way (possibly more than one way),

® ..a linearly independent set if every element of V' can be written as
a linear combination in at most one way (possibly not every element
of V is a linear combination of vy, v»,...,v,), and

® ..a basis for V if every element of V' can be written as a linear
combination in exactly one way.




Useful trick: Linear combination = matrix multiplication

ClVi + GV + -+ GV, = |VI V2 -V,
Linear combination of vi,va,...,v, ’ ’ T ’

Concatenation

Rule 1: Checking the three conditions

Let vi, Vo, ..., v, be vectors in a subspace V, and let A be the
concatenation of the vectors. Then the set {vi,vs,...,v,} is...

@ ...a spanning set for V if, for each b in V/, the equation Ax =b is
consistent.

® ...linearly independent if, for all b in V/, the equation Ax = b has at
most one solution; equivalently, A has rank equal to its width (the
number of vectors, r).

® ...a basis for V if, for all b in V, the equation Ax = b has a unique
solution.




Exercise 1

Let W be the subspace of R3 consisting of vectors whose entries sum to

0. Show that 1 2
S .= —1],10
0 —2

is a basis for W.

w

To answer, we apply Rule 1(3)
Let vy, v, be vectors in a subspace W, anet A be the concatenation of

the vectors. Then the set {vi,vs} is...

Vv_'

® _.a basis for W if@or all b in W the equation Ax = b has a unique
solution.

v

() Fivst, theck Hot Hhe vectors in S are in the subspace L.
?
Since L+ EOD+0=0> [_"] s in W.
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@ Le.b A -0 Let W be the subspace of R? consisting of vectors whose entries sum to

0 -2 - 0. Show that 5:_{[_11}[(2)}}
0 -2

@ L_et— b Ee in l/\) Tb\q‘f 75) is a basis for W.
b= [2] .Fo( some A,C,d n R suchm +Hwat a+ctd=0
’ (o d =-a-cD
n other wovdS, b= [ ¢ ] ~Fvv' sove  a ¢ R

~a-C

To coudt solutions 4o A [K]= b, we -FirS‘l' o> (educe the a“ﬂf"\ﬁd\".'(-o wmatrix,

J
| % q I 2| a L 2| a L2 | a
4 0 C - |0 2 otC|—> |0 2 |atC| =0 ) Q‘I’T_C
0 -2 |-a-¢C 0 -1 |a-c 0o o| o0 0 0
Ry k> RitRe Ryt RatRs RebriRy

The righ‘(’ column has no lwlma . This means A[’;]ﬂ: i consistent (bas af least one s»l)-
Each Column +o the left of He vertical line has [eaal(’ng 1.

Thise means Alxl= b has ove MVﬁ«’l)UC Colytion.
SO, {:or each b 17,1 w, the Cﬂbua\‘fow A[’;] has a uni%ug Solution.
TV&(&‘FN(,) g i« a basis -Fer W .

- "H'\lf e,nA —_—



Reminder

For any n, the set R” is a subspace of itself.

Bases for R” will be particularly interesting; let's do an example.

Exercise 2

Show that the following set is a basis for R3.

2 4 2
S .= Of,|1],]2
1 2 2

To answer, we apply Rule 1(3)

Let vq, Vo, v3 be vectors in a subspace W, and let A be the concatenation
of the vectors. Then the set {vi, vz, v3} is...

® _.a basis for W if, for all b in W, the equation Ax = b has a unique
solution.

Here W is the entire R3.

\
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Rule 1 for R": Checking the three conditions using rank

Let vi,Vvo,...,vy, be vectors in R”, and let A be the concatenation
of the vectors. Then the set {vi,vo,...,vp} is...

® _.a spanning set for R™ if rank(A) = height(A).
Why? Because for Ax = b to be consistent | would need the
augmented matrix [A|b] to have an REF with a leading 1 in
every row (on the left of the vertical line). Otherwise | will be

able to find a vecor b where the REF will have a leading 1 in
the right column. 3 [Lo' .

J/;ow\c non zevo aumlber

000

® _ linearly independent if rank(A) = width(A).
(From the last lecture)

® ... a basis for R” if rank(A) = height(A) = width(A).

These conditions only work for bases of the subspace R” (as a
subspace of itself), not other subspaces of R"!




Rule 1 for R": Rephrased in terms of rank

Let vi,vo,...,vy be vectors in R”, and let A be the concatenation of the
vectors. Then the set S := {vi,va,...,vp} is...

® ... a basis for R” if rank(A) = height(A) = width(A).

The height of A is the height of the vectors in S. The vectors in S are in
R", so height(A) = n.

Alternative solution to Exercise 2 (Using “Rule 1 for R™):
» A concatenation A of the three vectorsin S is a 3 X 3 matrix.

» Compute the determinant of A, get a nonzero number, and
conclude A is invertible. Hence rank(A) = 3.

» Since rank(A) = 3 is equal to the width and height of A, “Rule 1
for R™ says that S is a basis for R3.

This condition only work for bases of the subspace R” (as a subspace of
itself), not other subspaces of R"!




“Rule 1 for R™ says ...
Theorem 2 (Rank and bases for R")

A set of vectors in R” is basis of R” if its concatenation A has rank n.

We've seen: the rank of an n X n matrix is n if and only if it is invertible!

Theorem 3 (Invertibility and bases for R")

The columns of an n X n-matrix form a basis for R” if and only if the
matrix is invertible.

Alternative solution to Exercise 2 (using Thereom 3):

» A concatentation A of the three vectors in S is a 3 x 3 matrix.

» Compute the determinant of A, get a nonzero number, and conclude
A is invertible. By Theorem 3, the vectors in S form a basis for R3.

These theorems only work for bases of the subspace R" (as a subspace of
itself), not other subspaces of R"!

Can we apply Theorem 2 to write an alternative solution to Exercise 17 NO
o Theorem 3



Show that the standard basis vectors in R3 are a basis for R3. \

- 3 (
The SHandard basis veckors n IR ae e, - (Z] , €= [‘?J\ €q= [:,:J
We. will QFFl“ Thw 2. First check ?F

| ( [ . . .
tHie concaterotion {‘6“ €., s“] s Tmvel +7ble,
I

The concatenation S d = L 700J
I

33
0o 0

We kaows Uy .y T invertible (s fakrse & itself).

_ Fol | .
Stace ke concaftngtion | € & (’;] = [@{M_S is favertible
[0

Thm 2 +tells us Hut {eh Ce, c_:_’) —vam a basis for }R;_

_—"I'L'C ﬁma’ _—

The sef of standard basis Vechrs s also talied e Sfandard fascis @r R

The standard basis vectors in R” always form a basis for R". |




If the columns of A are a basis of R”. then the columns of AT
form a basis of R”.

§M\>‘>os'€/ ‘H\?/ M[ans o{: A— —Farm a basis o{_ Iva
Thon A must be an nxn matrix by Ralel fir R (hecyit (4= it 3)).

_ _ Note : det(£) TS
Thm 2, Carjs A wmust be inver+tble . So  ded (A>7£O JCE?neole because

A is square)
e knows b det (AT) = deb(A) 0. So AT s imeckicle. ®

En Thn 3, the sef of Columns of AT s a bacis -ﬁr R’



Because height(A) = width(A), we can also observe that...

The Invariance Theorem for R”

Every basis for R" must have n-many vectors.

Example:

a
» If you are given{set of three vectors in R*, then you can immediately
say that the set is not a basis for R*.  ( Teo {ee)

. a : : : .
» If you are given‘set of five vectors in R*, then you can immediately
say that the set is not a basis for R*. (Te wany fo be linacly indepertent)

a
» If you are given’set of four vectors in R*, then you need to do more
) d ) hether it | basis for R Covrect 7 of vectrs,
computation to determine whether it is a basis for R*. Cpy 4. 4. CMP‘M(_')

Example: Several bases for R3

n

17 2] 3 17 [o] [o 17 [3] [7
ol . [1]. ]2 ol ,|1],]0 9| ,|6], |3
1| (o] |1 o| [o] |1 5 5] |5

This is a special case of a deep property of bases.



Theorem 4 (The Invariance Theorem)

Any two bases for a subspace contain the same number of vectors.

This number is extremely useful, so we give it a name.

Definition: Dimension

The dimension of a subspace V is the number of vectors in any basis of
V.

o dim(R3) = 3.

® |Let W be the subspace of 3-vectors whose entries sum to 0. Then
dim(W) = 2. (Bxcrc,f,Se 17

® | et V be the subspace of 3-vectors whose entries are the same.
Then dim(V) = 1. (Loture 12b)




The algebraic definition of dimension is meant to generalize the

notion of dimension in 3D or lower dimension.

Relation to geometry

This definition coincides with the geometric notion of dimension!
® The origin in R? or R3 is a subspace of dimension O.
® A line through the origin is a subspace of dimension 1.

o A pIane(the origin is a subspace of dimension 2.

%Lrauﬂh



Exercise 5

For each set, determine whether it is a basis for R3.
([1] [3] [4] 17 [3] [7]
S5 =<12],0(,]2 , S = o1, (6], (3] ;
| _1_ _2_ _3_ 5 _5_ _5_ )
(117 [3] [4] [5 1] [3])
S3: =< |2],|(0], |2, |4 3, S;:= O, |6] ¢
| _1_ _2_ _3_ 1 _5_ _5_ )

(Pause the video and answer these before checking the solution.)

of e vichrs S



Exercise 5

For each set, determine whether it is a basis for R3.
([1] [3] [4] 17 [3] [7]
S5 =<12],0(,]2 , S = o1, (6], (3] ;
| _1_ _2_ _3_ 5 _5_ _5_ )
(117 [3] [4] [5 1] [3])
S3: =< |2],|(0], |2, |4 3, S;:= O, |6] ¢
| _1_ _2_ _3_ 1 _5_ _5_ )

(Pause the video and answer these before checking the solution.)

Solution:
» The determinant of a concatenation of Sy is 0, so it is not
invertible. By Theorem 3, the set 5; is not a basis for R3.

» The determinant of a concatenation of S, is nonzero, so it is
invertible. By Theorem 3, the set S, is a basis for R3.

» The number of vectors in each of 53 and 54 is not 3, so they are not
bases for R3.



