
Slide 1/14

Lecture 13a

Bases
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Review

Definition: Basis (plural: bases)

A basis for a subspace V is a linearly independent spanning set of V .

A basis is used to e�ciently construct every element in a subspace.

Goldilocks and the three properties

A set of vectors {v1, v2, ..., vr} in a subspace V is...

• ...a spanning set for V if every element of V can be written as a
linear combination in at least one way (possibly more than one way),

• ...a linearly independent set if every element of V can be written as
a linear combination in at most one way (possibly not every element
of V is a linear combination of v1, v2, . . . , vr ), and

• ...a basis for V if every element of V can be written as a linear
combination in exactly one way.
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Useful trick: Linear combination = matrix multiplication

c1v1 + c2v2 + · · ·+ crvr| {z }
Linear combination of v1,v2,...,vr

=

2

4
| | · · · |
v1 v2 · · · vr
| | · · · |

3

5

| {z }
Concatenation

2

6664

c1
c2
...
cr

3

7775

Rule 1: Checking the three conditions

Let v1, v2, ..., vr be vectors in a subspace V , and let A be the
concatenation of the vectors. Then the set {v1, v2, ..., vr} is...

1 ...a spanning set for V if, for each b in V , the equation Ax = b is
consistent.

2 ...linearly independent if, for all b in V , the equation Ax = b has at
most one solution; equivalently, A has rank equal to its width (the
number of vectors, r).

3 ...a basis for V if, for all b in V , the equation Ax = b has a unique
solution.
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Exercise 1

Let W be the subspace of R3 consisting of vectors whose entries sum to
0. Show that

S :=

8
<

:

2

4
1
�1
0

3

5 ,

2

4
2
0
�2

3

5

9
=

;

is a basis for W .

To answer, we apply Rule 1(3)

Let v1, v2 be vectors in a subspace W , and let A be the concatenation of
the vectors. Then the set {v1, v2} is...

• ...a basis for W if, for all b in V , the equation Ax = b has a unique
solution.

V

First check that the vectors in S are in the subspace W

Since It CD 10 0 ft is in W

Since 2 to 1C2 0 Iz is also in W



Let A 2oz

Let b be in w That is

b odd for some a c d in 113 such that a Ct d 0

or d a c

in other words b Iac for some a c in IR

To count solutions to A b we first row reduce the augmented
matris

to l I 1
he right column has no leading 1 This means A b is consistent has at leastone Sol

ach column to the left of the vertical line has leading 1
This means A g

b has one unique solution

So for each b in w the equationAffy has a unique solution

Therefore S is a basis for W
the end
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Reminder

For any n, the set Rn is a subspace of itself.

Bases for Rn will be particularly interesting; let’s do an example.

Exercise 2

Show that the following set is a basis for R3.

S :=

8
<

:

2

4
2
0
1

3

5 ,

2

4
4
1
2

3

5 ,

2

4
2
2
2

3

5

9
=

;

To answer, we apply Rule 1(3)

Let v1, v2, v3 be vectors in a subspace W , and let A be the concatenation
of the vectors. Then the set {v1, v2, v3} is...

• ...a basis for W if, for all b in W , the equation Ax = b has a unique
solution.

Here W is the entire R3.



Let A 4,922221

Let to be in 1133

that is bi ag for some acid in IR

We need to count solutions to A Fz b

Row reduce the augmented matrix

iii it fi e
A H R 1123

We have a leading 1 in every column to
the left of the vertical line

and no leading 1 in the right most column
So Aftp f9d has one unique solution

Therefore the vectors in S form a basis for IR
the end
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Rule 1 for Rn: Checking the three conditions using rank

Let v1, v2, ..., vm be vectors in Rn, and let A be the concatenation
of the vectors. Then the set {v1, v2, ..., vm} is...

• ...a spanning set for Rm if rank(A) = height(A).
Why? Because for Ax = b to be consistent I would need the
augmented matrix [A|b] to have an REF with a leading 1 in
every row (on the left of the vertical line). Otherwise I will be
able to find a vecor b where the REF will have a leading 1 in
the right column.

• ...linearly independent if rank(A) = width(A).
(From the last lecture)

• ... a basis for Rn if rank(A) = height(A) = width(A).

These conditions only work for bases of the subspace Rn (as a
subspace of itself), not other subspaces of Rn!

eg f some nonzero number
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Rule 1 for Rn: Rephrased in terms of rank

Let v1, v2, ..., vm be vectors in Rn, and let A be the concatenation of the
vectors. Then the set S := {v1, v2, ..., vm} is...

• ... a basis for Rn if rank(A) = height(A) = width(A).

The height of A is the height of the vectors in S . The vectors in S are in
Rn, so height(A) = n.

Alternative solution to Exercise 2 (Using “Rule 1 for Rn”):

I A concatenation A of the three vectors in S is a 3⇥ 3 matrix.

I Compute the determinant of A, get a nonzero number, and
conclude A is invertible. Hence rank(A) = 3.

I Since rank(A) = 3 is equal to the width and height of A, “Rule 1
for Rn” says that S is a basis for R3.

This condition only work for bases of the subspace Rn (as a subspace of
itself), not other subspaces of Rn!
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“Rule 1 for Rn” says ...

Theorem 2 (Rank and bases for Rn)

A set of vectors in Rn is basis of Rn if its concatenation A has rank n.

We’ve seen: the rank of an n ⇥ n matrix is n if and only if it is invertible!

Theorem 3 (Invertibility and bases for Rn)

The columns of an n ⇥ n-matrix form a basis for Rn if and only if the
matrix is invertible.

Alternative solution to Exercise 2 (using Thereom 3):

I A concatentation A of the three vectors in S is a 3⇥ 3 matrix.

I Compute the determinant of A, get a nonzero number, and conclude
A is invertible. By Theorem 3, the vectors in S form a basis for R3.

These theorems only work for bases of the subspace Rn (as a subspace of
itself), not other subspaces of Rn!

Can we apply Theorem 2 to write an alternative solution to Exercise 1?NO
orTheorem 3
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Exercise 3

Show that the standard basis vectors in R3 are a basis for R3.

The standard basis vectors in Rn always form a basis for Rn.

The standard basis vectors in R are e fool ee I ez g
We will apply Thm 3 First check if
the concatenation et et q's is invertible

The concatenation is Id

We know ldz z is invertible its inverse is itself

Since the concatenation e e 4 Id is invertible

Thm 3 tells us that e ez e form a basis for 1123
the end

The setof standard basis vectors is also called the standard basisfor IR
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Exercise 4

If the columns of A are a basis of Rn, then the columns of A>

form a basis of Rn.

Suppose the columns of A form a basis of IR

Then It must be an n x n matrix by Rule1 for Ri height A width

Thin 3 says It must be invertible
So det A fo

Note detCA is
defined because

we know that det AT Det A 70 SoAT is invertible
A is sabuare

ByThom 3 the set of columns of AT is a basis for IR
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Because height(A) = width(A), we can also observe that...

The Invariance Theorem for Rn

Every basis for Rn must have n-many vectors.

Example:

I If you are given set of three vectors in R4, then you can immediately
say that the set is not a basis for R4.

I If you are given set of five vectors in R4, then you can immediately
say that the set is not a basis for R4.

I If you are given set of four vectors in R4, then you need to do more
computation to determine whether it is a basis for R4.

Example: Several bases for R3

8
<

:

2

4
1
0
1

3

5 ,

2

4
2
1
0

3

5 ,

2

4
3
2
1

3

5

9
=

;

8
<

:

2

4
1
0
0

3

5 ,

2

4
0
1
0

3

5 ,

2

4
0
0
1

3

5

9
=

;

8
<

:

2

4
1
9
5

3

5 ,

2

4
3
6
5

3

5 ,

2

4
7
3
5

3

5

9
=

;

This is a special case of a deep property of bases.

9
Toofew

ra
Too many to be linearly independent

9
correct ofvectors
Need to docomputatio
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Theorem 4 (The Invariance Theorem)

Any two bases for a subspace contain the same number of vectors.

This number is extremely useful, so we give it a name.

Definition: Dimension

The dimension of a subspace V is the number of vectors in any basis of
V .

Examples

• dim(R3) = 3.

• Let W be the subspace of 3-vectors whose entries sum to 0. Then
dim(W ) = 2.

• Let V be the subspace of 3-vectors whose entries are the same.
Then dim(V ) = 1.

Exercise 1

Lecture 12b
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The algebraic definition of dimension is meant to generalize the
notion of dimension in 3D or lower dimension.

Relation to geometry

This definition coincides with the geometric notion of dimension!

• The origin in R2 or R3 is a subspace of dimension 0.

• A line through the origin is a subspace of dimension 1.

• A plane the origin is a subspace of dimension 2.

through
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Exercise 5

For each set, determine whether it is a basis for R3.

S1 :=

8
<

:

2

4
1
2
1

3

5 ,

2

4
3
0
2

3

5 ,

2

4
4
2
3

3

5

9
=

; , S2 :=

8
<

:

2

4
1
9
5

3

5 ,

2

4
3
6
5

3

5 ,

2

4
7
3
5

3

5

9
=

;

S3 :=

8
<

:

2

4
1
2
1

3

5 ,

2

4
3
0
2

3

5 ,

2

4
4
2
3

3

5 ,

2

4
5
4
1

3

5

9
=

; , S4 :=

8
<

:

2

4
1
9
5

3

5 ,

2

4
3
6
5

3

5

9
=

;

(Pause the video and answer these before checking the solution.)

Solution:
I The determinant of a concatenation of S1 is 0, so it is not

invertible. By Theorem 3, the set S1 is not a basis for R3.

I The determinant of a concatenation of S2 is nonzero, so it is
invertible. By Theorem 3, the set S1 is a basis for R3.

I The number of vectors in each of S3 and S4 is not 3, so they are not
bases for R3.

A concatenation
of the vectors in

S

is A 4 243

Compute
det A 2 Elf

det 43 2 Cis deff3

2 9 p t Z 2 3

0
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Exercise 5

For each set, determine whether it is a basis for R3.

S1 :=

8
<

:

2

4
1
2
1

3

5 ,

2

4
3
0
2

3

5 ,

2

4
4
2
3

3

5

9
=

; , S2 :=

8
<

:

2

4
1
9
5

3

5 ,

2

4
3
6
5

3

5 ,

2

4
7
3
5

3

5

9
=

;

S3 :=

8
<

:

2

4
1
2
1

3

5 ,

2

4
3
0
2

3

5 ,

2

4
4
2
3

3

5 ,

2

4
5
4
1

3

5

9
=

; , S4 :=

8
<

:

2

4
1
9
5

3

5 ,

2

4
3
6
5

3

5

9
=

;

(Pause the video and answer these before checking the solution.)

Solution:
I The determinant of a concatenation of S1 is 0, so it is not

invertible. By Theorem 3, the set S1 is not a basis for R3.

I The determinant of a concatenation of S2 is nonzero, so it is
invertible. By Theorem 3, the set S1 is a basis for R3.

I The number of vectors in each of S3 and S4 is not 3, so they are not
bases for R3.

222


