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Lecture 10a

Linear Transformations
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Last time

Definition: Given a matrix A, the linear transformation of A is
the function TA defined by left multiplication by A, that is,

TA(v) := Av

Examples of linear transformations

• Rotations

• Reflections

• Projections

A non-linear transformation
• Translation

Goal: How do we tell whether a transformation is linear (that is,
comes from a matrix)?
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Function terminology

A function in mathematics is a rule for taking in an input and
returning an output. Pictorially:

Input OutputFunction

The data defining a function also includes two sets.

• The domain: the set of possible inputs.

• The target: the set of allowed outputs.

Functions may also be called maps, operations, or transformations.

The target is also called the codomain in some textbooks
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Examples

The function f (x) = x2 + 1 inputs numbers and outputs numbers.

3 10f

That is, f has domain R and target R.

Rotating a vector in the plane 90� counterclockwise defines a function r
with domain R2 and target R2.


1
2

� 
�2
1

�
r

The derivative d
dx is an operation (i.e. a function) which inputs

di↵erentiable functions of x and outputs functions of x .

x2 + 1 2xd
dx

set ofall set of a
realnumbers real numbers

set ofvectors set of vectors
of height 2 of height2
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Function notation and terminology

We can name the function and give the domain and target as:

A BF :

the function the domain the target

This would be read aloud as ‘F from A to B ’.

Examples

I Consider a function f : R ! R given by f (x) = x2 + 1.

I Let R : R2 ! R2 be rotation by 90� clockwise.

I Di↵erentiation by x is a function d
dx : C 1(x) ! C 0(x).

yr

Yet ofsetofdifferentiable continuous
functions functions
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Recall: Rd = {vectors of height d}

Domain and target of linear transformation

An m ⇥ n-matrix A gives a linear transformation TA : Rn ! Rm.

I The domain of TA is
That is, the function TA inputs

I The target of TA is
That is, the function TA outputs

I The name of the function is TA. This special notation that reminds
us that the function is given by multiplication by the matrix A.

That is, TA can only input vectors whose height is width(A), and
outputs vectors whose height is height(A).

9 target of TAdomain ofTA is is the set ofthe set of vectors Vectors ofof height height m
113

vectors of height n
m
IR

vectors of height m
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Restating the problem

Given a function F : Rn ! Rm
, when is there an m ⇥ n-matrix A such that

F = TA?

Plan: Find nice properties that characterize linear transformations.

One of the properties of linear transformations

Linear transformations send zero vectors to zero vectors.

Why? Multiplication by a zero vector gives a zero vector.

Last time: The function that translates a point in R2
to the right by 1

F

✓
x
y

�◆
=


x + 1

y

�

cannot be a linear transformation. Why not? Note that

F

✓
0

0

�◆
=


1

0

�
,

so F sends the zero vector to a non-zero vector.
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Properties of linear transformations

Let T : Rn ! Rm be a linear transformation.

• T preserves addition. If v and w are in Rn, then

T (v + w) = T (v) + T (w)

• T preserves scalar multiplication. If v is in Rn and c is in R, then
T (cv) = cT (v)

E.g.

Each follows directly from a property of matrix multiplication.

TA(v + w) = A(v + w) = Av + Aw = TA(v) + TA(w)

TA(cv) = A(cv) = c Av = c TA(v)

Let T IR 21123 Then
T preserves 1 g fed 1 ab 1 Cd for all bipodaddition

1 preserves T k ab K 1 ab for all a b k in R
scalarmultiplication

defof1A defof1A

distributivity

defofTA defofTA
rifatrix
arithmetic
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Exercise 1

Show that the function F : R2 ! R2 given by

F

✓
x
y

�◆
=


x2

x + y

�

is not a linear transformation.



rategy for showing that a function F is not a linear transformation
Check F f If F 8 F E then you are done

Try v w and check FCvtw F FG tFCw

Try V and a number c 1 1

Check F Cr f c Ffr

Don'tinclude
Check F Ff Co not helpful scratchwork

Answer to Exercise 1

Try v
z

w

F Crew F if zig Fcv tFCw F D Fcf
F LITTLE'd

F L's t

IIe
L

Flirt w F v t Fcw
So F does not preserve addition

so F is not a linear transformation
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We can combine the two rules above into a single rule.

Properties of linear transformations, restated

If T : Rn ! Rm is a linear transformation, then T preserves linear
combinations. Meaning,

if v1, v2, ..., vk are in Rn and c1, c2, ..., ck are in R, then

T (c1v1 + c2v2 + · · ·+ ckvk) = c1T (v1) + c2T (v2) + · · ·+ ckT (vk)

E.g. If T 1132 R2 is a linear transformation then

1 a Lab tcz d tcs f

c 1 Eid Ed TCF

for all Cl Cz Cz a b c d e f in R
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Exercise 2

Let T : R2 ! R2 be a linear transformation, and assume we know

T

✓
1
3

�◆
=


3
�2

�
and T

✓
2
4

�◆
=


�3
4

�

Find T

✓
�1
1

�◆
.

Steph
strategy Write f as a linear combination of and 4

Sutthe property T preserves linear combinations

Step f i C b t 4

fit L c I
Cl t 2 Cz I

3C t 4 Cz I



This is a system of two linear equations in C q

equivalent to the augmented matrix

c it'd
1221 7 314 122

to 22 4

Ret IR Co 2,112
2

C 1202 1 Ci 12623 1
c 4 1
C 3

so 11 3 31 214
answer to step 1

Check I 3 I 2.2
I 3.3 2.4

steel
TffD 1 3151 2141

1 preserves
3 1 Ltd 1 21441linear combinations

because T is a w
linear transformations

3 f z ff
because

y
Ed

454

of Exercise 2the end
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Theorem 1

Suppose T : Rn ! Rm. Then the following three statements are
equivalent.

1 T = TA for some m ⇥ n matrix A; that is, T is a linear
transformation.

2 T preserves addition and scalar multiplication.

3 T preserves linear combinations.

Next time: a trick for computing the above matrix.

Xercise2 T is a tin transformation implies T preserves linearcombination

nercisely If not T doesn't preserve addition OR T doesn'tpreserve scalar multiplicatio

1 Cot T is not a linear transformation


