Selected Exercise Answers

[Section I 1119 $4.50,$5.20

1.1.1 b.
2(2s+12t+13) + 554+ 9(—s—3t—3) + 3t = —1;
(2s+12t+13) 4+ 25 +4(—s—3t—3) =1

1.1.2 b. x=t,y=4(1-2t)orx=3(1—-3s),y=s
d x=142s—5t,y=s,z=torx=s,y=t1,
z:%(l—s—l—Zt)

114 x= %(3—|—2s),y:s,z=t

1.1.5 a. No solutionifb#£0.If b =0, any x is a

solution.
b. x:%
1 210
1.1.7 b. [0 1‘1
1 1 011
d 01 1|0
-1 0 112
1.1.8 b. —3x+2y+z= 0
y+z= 3
2x1 — X =—1
or —3x;+2x+x3= 0
xo+x3= 3
1.1.9 b. x=-3,y=2
d x=-17,y=13
1.1.10 b x:é’y: %722—%
1.1.11 b. No solution

1.1.14 b. F. x+y=0,x—y=0has aunique solution.
d. T. Theorem 1.1.1.

1.1.16 ¥ =5,y =1,s0x=23,y=—32

—_

L117 a=—§,b=-3,c=4%

1.2.1 b. No, no

d. No, yes

f. No, no
01 -3 0 0 O 0
0 0 01 0 0 -1
1.2.2 b. 0 0 00 1 0 0
0 0 0 0 0 1 1

1.2.3 b. xi=2r—2s—t+1,xp=r,x3=-5s+3t—1,
X4 =8,x5=—6t+1,x6=t

d xj=—4s—5t—4,xp=-25+t—2,x3=5,x4 =1,
X5 =1

124 b x=-1y

=W

d. x= %(t—l—Z),y:t

f. No solution

1.2.5 b. x=—-15t-21,y=—11t—17,z=t
d. No solution
f.x=-7,y=-9,z=1
h. x=4,y=3+2t,z=t
1.2.6 b. Denote the equations as E, E,, and E3. Apply
gaussian elimination to column 1 of the augmented
matrix, and observe that E3 — Ey = —4(E; — Ey).
Hence E3 = 5E| —4E>.
1.2.7 b. x;1=0,x,=—t,x3=0,x4 =t

d. x1:1,x2:1—t,X3:1~|—t,x4:t

. . —2-5b 5
1.2.8 b. If ab # 2, unique solution x = 5*—>7, y = 5>
If ab = 2: no solution if a # —35; if a = —5, the

solutions are x = —1 + %t, y=t.

d. If a # 2, unique solution x = =6y = 92 If g =2,
no solution if b # 1; if b = 1, the solutions are
x= %(1 —1),y=t.
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1.2.9 b. Unique solution x = —2a + b+ Sc,

y=3a—b—6c,z=—-2a+b+c,foranya,b, c.

d. If abc # —1, unique solution x =y = 7 = 0; if
abc = —1 the solutions are x = abt,y = —bt,z =t.

f. Ifa=1,solutionsx=—t,y=t,z=—1.lfa=0,

there is no solution. If @ # 1 and a # 0, unique
a—1 -1

solutionx = =,y =0,z= —".
1.2.10 b. 1
d. 3
f. 1
1.2.11 b. 2
d. 3

f. 2ifa=0ora=2; 3, otherwise.

1 01

1.2.12 b. Falsee. A= 0 1|1

0 00
1 0|1
d. False A= 0 10
0 0|0

2x—y=0. . 2x—y=1.
f. False. CAx42y=0 is consistent but Cdx42y=1 is
not.

h. True, A has 3 rows, so there are at most 3 leading 1s.

1.2.14 _ b. Since one of b —a and ¢ — a is nonzero, then
1 a b+c 1 a b+c
1 b c+a|—>|0 b—a a-b | —
| 1 b c+a | | 0 c—a a—c |
(1 a b+c ] (1 0 b4c+a
o1 -1 — |1 0 1 —1
1 0 0 0 | 1 0 0 0 )
1.2.16 b. X242 —2x+6y—6=0

1.2.18 3 inA, % inB, & inC.

1 0 0
1.3.1 b. False. A = [ 0 1 ‘ 0 }
1 0 1
d. False.A:{O 1 1‘0]
1 00
f. False.A—{O 1‘0}

1 00
False. A=| 0 1|0
0 010

b. a=-3,x=9%,y=-5t,z=t

a=1l,x=—-t,y=t,z=0;ora=—-1,x=1,y=0,
z=t

b. Not a linear combination.
V=X+2y—z
b. y=2a; —a, +4a;.
-2 -2 -3
1 0 0
b. r O [+s| —1 [+2] =2
0 1 0
0 0 1
0 —1
2 3
s| 1 |+t 0
0 1
0 0
b. The system in (a) has nontrivial solutions.
b. By Theorem 1.2.2, therearen —r=6—-1=15

parameters and thus infinitely many solutions.

If R is the row-echelon form of A, then R has a row of
zeros and 4 rows in all. Hence R has r = rank A = 1,
2,0r 3. Thus therearen—r=6—r=2>5,4,0r3
parameters and thus infinitely many solutions.

b. That the graph of ax + by + cz = d contains
three points leads to 3 linear equations homogeneous
in variables a, b, ¢, and d. Apply Theorem 1.3.1.

1.3.11 There are n — r parameters (Theorem 1.2.2), so there
are nontrivial solutions if and only if n —r > 0.

1.4.1

1.4.2

1.4.3

b fi= 8 —fa-fr
fa= 60—fi—f7
f3==T15+fa+f6
fs= 40—fc—f7

f4, f6, f7 parameters

b. f5=15
25 < f4 <30

b. CD
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1.6.2 2NH;3 + 3CuO — Ny +-3Cu+ 3H,0

1.6.4 15Pb(N3), +44Cr(MnOy); —
22Cr,03 + 88MnO; + 5Pb30, + 90NO

629

d. (—12,4, —12)

‘Supplementary Exercisesfor Chapter 1 L |

Supplementary Exercise 1.1. b. No. If the
corresponding planes are parallel and distinct, there is

no solution. Otherwise they either coincide or have a
whole common line of solutions, that is, at least one
parameter.

Supplementary Exercise 1.2. b.
X1 = 15(—65—6t+16),x, = (s —t+1),x3 =5,
X4 =1

Supplementary Exercise b.. b. If a =1, no solution. If

a=2,x=2-2t,y=—t,z=t.Ifa# 1 and a # 2, the

. . . _ 8-5a _ —2—a _ a+t2
unique solution is x = )Y = 3@ = 3

Supplementary Exercise 1.4. 2 ] —
Ri+R, Ri+R R, R,
ISR N

Supplementary Exercise 1.6. a=1,b=2,c=—1

Supplementary Exercise 1.8. The (real) solution is x = 2,
y=3—t,z=t where ¢ is a parameter. The given complex
solution occurs when ¢ = 3 — i is complex. If the real system
has a unique solution, that solution is real because the
coefficients and constants are all real.

Supplementary Exercise 1.9. b. Sofbrand 1, 0 of

brand 2, 3 of brand 3

b. (abcd)= (-2,
t arbitrary

—4, -6, 0)+1(1, 1, 1, 1),
d. a=b=c=d=t,rt arbitrary

~14
212 b [_20]

0 1 -2
.| -1 0 4
2 -4 0
4 —1
h. [ B }
15 -5
SN
d. Impossible
h. Impossible
2.14 b. [ 41‘ ]
2
215 b A=-1B
2.1.6 b. X =4A—-3B,Y =4B—5A
217 b Y=(s,1),X=2%(1+5s5 2+5t);sand?
arbitrary
2.1.8 b. 20A—-7B+2C

219 b IfA= [ ‘C’ Z ],then (p. q. 7, 5) =
3@2d,a+b—c—d,a—b+c—d, —a+b+c+d).

2.1.11 b. fA+A'=0then —A=—-A+0=
—A+(A+A)=(—A+A)+A' =0+A'=A

2.1.13 b. Write A = diag(ay, ..., a,), where ay, ..., a,
are the main diagonal entries. If B = diag (b, ..., by)

then kA = diag (kay, ..., kay).

2.1.14
d. s=0,andt =3

2 0
1 -1

5

b. A=AT, so using Theorem 2.1.2,
(kA)T = kAT = KA.

b. s=1lort=0

2.1.15 b. [

2.1.16

2.1.19 b. False. Take B = —A for any A # 0.

d. True. Transposing fixes the main diagonal.
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f. True.

(kA+mB)T = (kA)T + (mB)T = kAT + mBT =kA+mB

2.1.20 c. Suppose A =S+ W, where S = ST and

W=—-WT. ThenAT =ST +WT =5—W, so

Hence (1+s+3t)a;+ (1 —s—t)ay +saz+tag=b
for any choice of s and . If s =1 = 0, we get
a;+ay;=b;if s=1andr =0, we have 2a; +a3 =b.

A+AT=2SandA—AT =2W.Hence S=1(A+AT) 225 b 2 lae| =3

and W = %(A — AT) are uniquely determined by A.

2.1.22 b. IfA= [aij] then

(kp)A = [(kp)aij] = [k(paij)] = k[paij] = k(pA).

2.2.1 b. x1 —3x —3x3+3x4=95
8xp +2x4=1
X1+ 2x2 + 2x3 =2

Xy +2x3 —5x4=0

2.2.2 x; +Xx3

O 3 = =

223

1 2 37 [x+2x+43x3
x1[0}+x2 _4}+x3[ }— — 4y + 5x3

3

0 |+x
8 -

6 [ 3x]—4x + a3+ 614

2xy + x3 4 5x4
_—8X1 + Txy — 3x3

2.2.4 _ b. To solve Ax = b the reduction is

1 3
1 0 -1 =-3|1|—
1 2

so the general solution is

-2 1

0 1
3 -1
d :Z +1 411
0 1

2.2.6 We have Axy = 0 and Ax; = 0 and so
A(sxg +1x1) = s(AXg) +1(Ax;) =s5-04+17-0=0.

-3 2 -5

0 1 0

2.2.8 b.x=| -1 [+ ]|s| O |+t 2
0 0 0

0 0 1

1 2 2 0
2.2.10 b. False.{2 4]{_1]—[0}

d. True. The linear combination x;a; + - - - + x,a, equals
AX where A = [ a, a, | by Theorem 2.2.1.

1 1 -1 2
f. False.IfA_[2 ) O]andx_ (1) , then

1 1 1
Ax = [ 4 } ;és{ ) ]—i—t{ ) } for any s and 7.

-1

h. False. If A = _i 1 _i } , there is a solution

0 1
forb = { 0 } but not for b = [ 0 }

2.2.11 b. Here T

X

y

d. HereT[x}:[
y

—

2.2.13 b. Here
X —X -1 0 O X
T|y|=]| vy |= 0 10 y s
Z Z 0 0 1 Z
-1 0 O
so the matrix is 01 0



2.2.16 Write A = [ a; ap a, ] in terms of its
columns. If b = x;a; +xa; + - - - + x,a,, where the x; are
scalars, then Ax = b by Theorem 2.2.1 where

X = [ X1 X2 Xn ]T. That is, x is a solution to the
system Ax = b.

2.2.18
that is, rx; is a solution to Ax = 0.

2.2.22 If Ais m X n and x and y are n-vectors, we must show

that A(x +y) = Ax+ Ay. Denote the columns of A by

ai, a, ..., a,, and write X = [ X1 X2 X ]T and
T

y=[» » w | . Then

T
x+y=[x1+y1 x2+y2 x,,+y,,} , SO
Definition 2.1 and Theorem 2.1.1 give
A(x+y) = (x1+ynar+ (2 +y2)az+ -+ (X +yn)an =
(x1a1 +x0a0 + -+ xp@,) + (V121 +y222 + -+ yp8,) =
Ax+Ay.

1 0
m o h)
ad 0O 0
j 0 b 0
0 0 o
1 4 -107 , 7 -6
S A
-2 12
CB= 2 —6
1 6
8
AC_{_; _1(1)],CA_ -1 -1 -5
1 4 2
233 b (a b a,b)=(30,1,2)
2.34 b. A2—A—6l=
8 2 2 6 0| |0 O
25 2 — 0 6| |00
1 1 -9 -16
2.3.5 bA(BC)—[O 1“ s 1=

b. By Theorem 2.2.3, A(tx;) =1(Ax;) =¢-0=0;

631

a b 0 0
2.3.6 b. IfA= d and E = [ 1 0 ],compare
entries an AE and FA.
2.3.7 b. m x nand n x m for some m and n
. 1 0 1 0 1 1
s w000 )L Y
1 0 1 0 1 1
“loollo1|"]0 o0
1 -2k ‘ 0 0
0 1 0 0
2% _
2.3.12 b. A% = 00 ) for
0O 0 (0 1
k=0,1,2,...,
1 —(2k+1) ‘ 2 -1
0 1 0 0
2k+1 2kp
A A*A 0 0 1 I for
0 0 0 1
k=0,1,2,
I 0
2.3.13 b. [ 0 I } =Dy
d. O
X" 0 7. 0 xml 7.
f. { 0 xm 1fn_2m,{Xm 0 ]1f
n=2m+1
2.3.14 b. If Y is row i of the identity matrix /, then YA is
row i of JA = A.
2.3.16 b. AB—BA
d. 0
2.3.18 b. (kA)C = k(AC) = k(CA) = C(kA)
2.3.20 We have AT = A and BT =B, so (AB)T = BTAT = BA.

Hence AB is symmetric if and only if AB = BA.

2.3.22 b. A=0

2.3.24 If BC =1, then AB = 0 gives
0=0C = (AB)C = A(BC) = Al = A, contrary to the
assumption that A # 0.

2.3.26 3 paths vi — vy4, 0 paths vo — v3

1 0

2.3.27 b. False. If A = [ 0 0

J£L

] =J, then AJ = A but
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d. True. Since AT = A, we have

(I+AT =1" + AT =1+ A. i.

0 0
h. True. We have A(A + B) = (A + B)A; that is,

f. False. IfA = { 01 },thenA;éObutAZ_O.

A%+ AB = A% + BA. Subtracting A” gives AB = BA. |
. 1 -2 2 4
j- False.A—{2 4],B—[1 2]
1. False. See (j).
243
2.3.28 b. IfA= [a,'j] and B = [b,'j] and
Yjaij=1=Y;b;j, then the (i, j)-entry of AB is
¢ij = Y aibij, whence d
Yjcij =Y Yiaubrj = Yraun(X;brj) = Lran=1. ’
Alternatively: If e = (1, 1, ..., 1), then the rows of A
sum to 1 if and only if Ae = e. If also Be = e then
(AB)e =A(Be) =Ae=ce.
2.3.30 b. If A =[a;j], then
tr (kA) =1tr [ka,'j] = Z?:l kaj; = kZ?:I a; =ktr (A)
244
e. Write AT = [aﬁj} , where a}; = aj;. Then
AAT = (Zzzl a,-ka;(j), S0
twr(AAT) = YL [Xh away,] = Ly iy aje 2.4.5
2.3.32 e. Observe that PQ = P> + PAP— P’AP =P, so d
0% =PQ+APQ — PAPQ =P+ AP — PAP = Q. :
2.3.34 b. (A+B)(A—B)=A>—-AB+ BA —B? and f.
(A—B)(A+B) =A% +AB — BA — B. These are equal
if and only if —AB+ BA = AB — BA; that is, h

2BA = 2AB; that is, BA = AB.
2.3.35 b. (A+B)(A—B)=A?>—-AB+BA—B?and
(A—B)(A+B)=A>—BA+AB— B Thesc are equal 5 4.6
if and only if —AB + BA = —BA + AB, that is
2AB = 2BA, thatis AB = BA.

Secton24 S8

2 -1
242 b %{ 3 4} 2.4.9
2 -1 3 d.
d [3 1 -1
11 -2 ‘
1 4 -1
.50 -2 2 2 h.
-9 14 -1
2 0 -2
h.% -5 2 5 2.4.10
-3 2 -1

0 0 1 -2
-1 -2 -1 -3
12 1 2
0 -1 0 0
(1 -2 6 -30 210
0 1 -3 15 —105
0o 0 1 -5 35
o 0 0o 1 -7
0 0 0 0 1

x 9 —14 6
y | =1 4 -4 1 -
z -10 15 -5
23
1
L 8
-25
4 -2 1
b. B=A"'AB=| 7 -2 4
-1 2 -1
3 -2
1
“oli ]
[0 1]
2|1 -1 |
[ 2 0]
2| -6 1 |
11
2|1 0 |
2 -1 3
b.A=1] 0 1 -1
-2 1 -1

b. A and B are inverses.
" 1
0

10

00

True. If (A%)B = I, then A(AB) = I; use
Theorem 2.4.5.

1 0

b. False. [ 0 1

]

True. A~ = %AS

False. A=B = [

b. (CT)~'=(C™"T = AT because

C71
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24.11 b. (i) Inconsistent. 2.4.33 b. Given ABAB = AABB. Left multiply by A~!,
| X 2 then right multiply by B~
(i) X - 1
) —

2.4.34 If Bx =0 wherexisn x 1,then ABx=0sox=0 as
2.4.15 b. B*=1,s0B ' =B = [ 0 1 } ABis invertiblg. .Hence.:B is invertible by Theorem 2.4.5, so
-1 0 A = (AB)B~ ! is invertible.

-2 —c 1

-1

2.4.16 - ) o 2.4.35 b. B 3 | =0 so B is not invertible by
3—c c —1 1
Theorem 2.4.5.

2.4.18 b. If column j of A is zero, Ay = 0 where y is

column j of the identity matrix. Use Theorem 2.4.5.
2.4.38 b. Write U =1, —2XXT. Then

Ul =1 —2xTTXT = U, and
U? =12 — XX, — 1,(2XXT) +4(xXT)(xxT) =
I, —4XXT +4xXT =1,.

d. If each column of A sums to 0, XA = 0 where X is the
row of 1s. Hence ATXT = 0 so A has no inverse by
Theorem 2.4.5 (XT +#0).

2419 b (i) (—1,1, DA=0
2.4.39 b. (I—2P)*>=1—4P+4P? and this equals [ if

e p2 _
2.4.20 b. Each power A is invertible by Theorem 2.4.4 and only if P~ = P.
(because A is invertible). Hence A* cannot be 0.

2441 b (A'+B Y '=B(A+B)'A

2.4.21 b. By (a), if one has an inverse the other is zero
and so has no inverse.

a 0 107,
2422 1iA = { 0 1 ],a> I thenA™" = [ 0 1 ] san 251 b. Interchange rows 1 and 3 of I. E~! = E.
X-compression because 61_1 <L d. Add (—2) times row 1 of I to row 2.
1 00
2424 b AT'=1(A34+242-1) E'=|2 10
0 0 1
2.4.25 b. If Bx =0, then (AB)x = (A)Bx=0,s0x=0
because AB is invertible. Hence B is invertible by . . 100
Theorem 2.4.5. But then A = (AB)B~! is invertible by f. Multiply row 3of /by 5. E=" = | 0 1 (1)
Theorem 2.4.4. 00 5
2 -1 ‘ 0 o
2.4.26 b. -5 3 0 252 b { 0 1 ]
13 8|1
1 —1]-14 8 d[l—l}
R ‘ 16 —9 0 1
' 0o o0 2 -1 0 1
0 0| 1 -1 f [ 1 0 ]

2428 d IfA"=0,(I-A)'=I1+A+ - +A

253 b. The only possibilities for E are [ (1) (1) },
2.4.30 b. A[B(AB)™']=1=[(BA)"'BJA,s0 A is
invertible by Exercise 2.4.10. { I(; (1) ]’ { (1) 2 ]’ [ (1) Ilc ],and [ Ilc (1) } In

. 1 each case, EA has a row different from C.
2.4.32 a. Have AC = CA. Left-multiply by A™" to get

C = A~'CA. Then right-multiply by A~! to get
cA~l=a"lc. 2.5.5 b. No, 0 is not invertible.
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1 -2 1 0 1 0
256 v o 1[0 0] 5 V]

10 7 .
A= 01 3] Alternatively,
0”1—1”10]
1
3 0 1 -5 1
10 7
A__01—3_'
1 2 0][1 00 1 00
d o1 o]0 L ofl0O 10
00 1][0 0 1 0 -1 1
[ 1.0 0] 1 00
010 -3 10
| -2 0 1| 0 0 1
_ 11
00 1 10 5 5
01 0|A= R
1 00
- 00 0 O
11 1 17[0 1
251 no= 13 ]=[0 [0 8]

1{{1 0|1 O
258 wac[0 1)L 0][) 0]
1 2
o 1]
1 0 0 1 0 0
d. A= 010 010
-2 0 1 0 2 1
1 0 -3 1 00
o1 O 01 4
00 1 0 0 1

2.5.10 UA =R by Theorem 2.5.1,s0 A =U"'R.

2.5.12 b. U=A"1V=1%rankA=2
-2 1 0
d. U: 3 _1 O B
2 -1 1
1 0 -1 -3
01 1 4
V= 0 0 1 0 ;rank A =2
00 0 1

2.5.16 Write U~! = E{E;_, --- E>E}, E; elementary. Then
[1 v'A]=[Uu'U U'A]

:Ufl[U A}:EkEk,I"'E2E1[U A}SO

[ U A } — [ I U'A } by row operations

(Lemma 2.5.1).

b. (i) A ~ A because A = IA. (ii) If A ~ B, then
A =UB, U invertible, so B=U"'A. Thus B ~ A. (iii)
IfA~Band B~C,thenA=UBand B=VC,U and
V invertible. Hence A = U(VC) = (UV)C, s0 A ~ C.

2,517

b. If B~ A, let B = UA, U invertible. If
U:[ d b],B:UA:[O 0 b}whereb

2.5.19

-b d 0 0 d
and d are not both zero (as U is invertible). Every
such matrix B arises in this way: Use
U= [ _Z z ]—it is invertible by Example 2.3.5.

2.5.22 b. Multiply column i by 1/k.

2.62 b Asin1(b), T

2.6.3 b. T(el) —ep and T(ez) = —e;. So

A[T(er) T(e) |=] —e —e |=
-1 0
0 1]
V2 _y2
d. T(e))= 22 and T'(e;) = 22
2 2

2.6.4 b. T(el) = —€q, T(e2) =€ and T(e3) = €3.
Hence Theorem 2.6.2 gives
A[ T(e) T(er) T(e3) |=] —e e e |=

-1 0 0

010

0 0 1

2.6.5 b. We have y; = T(x;) for some x; in R”, and
y» = T (x2) for some x; in R”. So
ay, + by, = aT (x1) +bT(x3) = T (ax; + bx,). Hence
ay, + by, is also in the image of T'.

o)) 2]

2.6.

RN



11
-1 i -_T
2.6.8 b. A= 7 { 11 ], rotation through 6 = — 7.

d A= 11—0 [ :2 _g ],reﬂection in the line y = —3ux.

cos® 0 —sinB
2.6.10 b. 0 1 0
sin@ 0 cosO

2.6.12 b. Reflection in the y axis

d. Reflectioniny =x

f. Rotation through %
2.6.13 b. T(x) =aR(x) = a(Ax) = (aA)x for all x in R.
Hence T is induced by dA.

2.6.14 b. If xis in R”, then
T(—x) = T[(—1X] = (—1)T(x) = ~T(x).

b. If B> =1 then
T?(x) = T[T (x)] = B(Bx) = B>x = Ix = x = Ip2(X)
for all x in R”. Hence T2 = 1. If T? = 12, then
B?x = T?(x) = 1p2(x) = x = Ix for all x, so B2 = I by
Theorem 2.2.6.

2.6.17

2.6.18 b. The matrix of Q; o Qy is

o]lo e[

matrix of Rz.
2

d. The matrix of Qgo Rz is

tEIMEIRE

the matrix of Q_.

-1 C .
0 :|,Wh1Ch is the

-1 L.
0 ],whlchls

2.6.20 We have

T(X)=xi+x+ +x,=[1 1

Xn
is the matrix transformation induced by the matrix
A=[1 1 1 |. In particular, T is linear. On the other
hand, we can use Theorem 2.6.2 to get A, but to do this we
must first show directly that T is linear. If we write

X1 Y1
X2
X = andy = . Then
Xn Yn
X1+
X2+ y2
T(x+y)=T )

Xn+Yn

0 0 1 2 1
2.7.1 b -3 0 0 1 _g
— 9 1
0 0 0
—1 0 0 O 1 3 -1 0 1
d 1 1 0 0 0 1 21 0
’ 1 -1 1 0 0 0 0 0 0
0 -2 0 1 0 0 0 0 0
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= (1 +y1) + (24 y2) 4+ 4 (6 +yn)
= (x1+x2+ -+ x) + (1 Y2+ A vn)
=T(x)+T(y)

Similarly, T (ax) = aT (x) for any scalar a, so T is linear. By
Theorem 2.6.2, T has matrix

A=[T(er) T(e) T(e,) |=]1 1 1], as
before.
2.6.22 b. If 7 :R" — R s linear, write T'(e;) = w; for

each j=1, 2, ..., n where {ey, e, ..
standard basis of R”. Since
X =Xx1e] +x2€3 + - - -+ x,e,, Theorem 2.6.1 gives

., €y} is the

T(x) =T(x1e1 +x2€2 4 - -+ Xp€p)
=x1T(e;)+x2T(er) + -+ x,T(ep)
=XIW1 +Xowp 4 -+ X Wy
=w-x = Ty(x)

w1
w2

where w = . Since this holds for all x in R”, it

Wn
shows that T = Tw. This also follows from
Theorem 2.6.2, but we have first to verify that T is
linear. (This comes to showing that
w-(x+y)=w-s+w-yand w- (ax) = a(w-x) for all
x and y in R” and all a in R.) Then T has matrix

A=[T(e;) T(e) T(e,) | =
[ WL Wp e Wy ] by Theorem 2.6.2. Hence if
X1
x
X = in R, then T(x) = Ax = w - X, as required.
Xn
2.6.23 b. Givenxin R and ¢ in R, we have

(SoT)(ax) = S[T(ax)] Definition of So T
= S[aT(x)] Because T is linear.
= alS[T(x)]] Because S is linear.
= a[SoT(x)] Definition of So T
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1 1 -1 2 1 2.7.9 b. Let A = LU = LU, be two such factorizations.
2 000 01 -1 0o Then UU; ' = L™'Ly; write this matrix as
f. 1 =200 2 D= UUfl =L~ 'L,. Then D is lower triangular
3 _g 1 (1) 00 00O (apply Lemma 2.7.1 to D = L™'L;); and D is also
0 0 0 0 00 0 upper triangular (consider UU, 1. Hence D is
diagonal, and so D = I because L' and L, are unit
0 0 1 triangular. Since A = LU this completes the proof.
2.7.2 b.P=|1 0 0
0 1 0 Sectin28
-1 2 1
PA=| 0 -1 2 !
0 0 4 2.8.1 b. 3t
-1 00 1 -2 -1 !
= 0 -1 0 1 2 14¢
0 0 4 0 0 1 ‘ 17
1 0 00 ’ 47t
00 1 0 23t
A P=19 001
01 00 ;
=230 282 | 1
PA— 1 1 -1 3 i
- 2 5 —10 1
2 4 -6 5
_i —(l) 8 8 (1) ? :g _g 284 P= [ (1 fta)t is nonzero (for some ¢) unless b =0
2 1 =20 00 1 =2 '
2 0 05 0 0 0 1 and a = 1. In that case, [ i } is a solution. If the entries of E
_ 1421 are positive, then P = 1—a ] has positive entries.
— 1 L -
2.7.3 b. y= 0 |x= _st s and ¢ arbitrary
0 04 08
| t B .
) 2.8.7 b. [ 07 02 ]
2 8 —2t
8 6—t .
d y= X = t arbitrary
-1 —1—¢ |l a b | 1=a —b
0 ; 2.8.8 IfE_{c d],thenI—E— i l_d],so
) det(I—E)=(1—a)(1—d)—bc=1—tr E+ detE. If
R Ri+R; Ri+Ry . e 1 1—d b
2.7.5 Ry — Ry — [ "R, det(I—E)#0,then (I —E) ' = RG] [ . —a |
Ry | [ R so(I—E)~'>0if det(I—E) >0, thatis, tr E < 1 + det E.
—R; R The converse is now clear.
2.7.6 b. Let A= LU = L U, be LU-factorizations of the 3
invertible matrlx. A. Then U and U; have no I’(.)W of 2.8.9 b. Usep= | 2 | inTheorem 2.8.2.
zeros and so (being row-echelon) are upper triangular 1
with 1’s on the main diagonal. Thus, using (a.), the
diagonal matrix D =UU !has 1’s on the main 3
diagonal. Thus D =1, U =U;, and L = L. d. p=| 2 | in Theorem 2.8.2.
2

a 0 b 0 |.
277 IfA= [ X A ]andB— [ Y B }m block form,

ab 0 . Section29
then AB = Xb+AY AB | and A;B; is lower
triangular by induction. 29.1 b. Not regular



2.9.12

He spends most of his time in compartment 3; steady

2
1 3
My
1
1
3| 1 [,0312
1
5
1
| 7 |.0.306
8
7 9
16° 16
7
a. 75
3
2
1
state ¢ 5
4
2
a. Direct verification.

Since0<p<landO<g<lwegetO<p+g<2
whence —1 < p+¢q—1 < 1. Finally,
—1<1—p—g<1,so(1—p—gq)" converges to zero

as m increases.

Supplementary Exercise 2.2.

U~'=1(U*-5U +111).

Supplementary Exercise 2.4.

Supplementary Exercise 2.6.

LAl = agilps.

Supplementary Exercise 2.7.

A= [aij] = Zij a,'jlij, then IquIrS = aqups by 6(d).
But then a1 s = Alpyls = 0if g # 1, s0 ag, = 0 if
q #r. If g=r, then ayyl,s = ALyl = Al is
independent of g. Thus a,, = ay; for all g.

b. If x; = x,,, then
y+k(y—z)=y-+m(y—z). So (k—m)(y—z)=0.
But y — z is not zero (because y and z are distinct), so
k—m =0by Example 2.1.7.

d. Using parts (c) and (b)
gives IpgAlys = Y0y X aijlpglijlys. The only
nonzero term occurs when i = g and j =r, so

d. —1
f. =39
h. 0
J- 2abc
1. O
n. —56
p. abcd
3.1.5 b. —17
d. 106
3.1.6 b. 0
3.1.7 b. 12
2a+p 2b+4+q 2c+r
3.1.8 b. det | 2p+x 2g+y 2r+z
2x+a 2y+b 2z+c
[ a+p+x b+q+y c+r+z ]
=3 det 2p+x 2g+y 2r+z
| 2x+a 2y+b 2z+c |
[ a+p+x b+g+y c+r+z]
=3 det p—a q—>b r—c
X—=p y—9q Z—r |
3x 3y 3z
=3det | p—a q—b r—c
L X—P Y—q I—7Fr
1 1
3.1.9 b. False. A = [ 2 9 ]
2 0] 1 0
d. False. A = 0 1] —>R:{O 1}
11
f. False. A= 0 1]
(1 1] 1 0
h. False. A = 0 1] and B = [ 11 }
3.1.10 b. 35
3.1.11 b. —6
d. —6
3114 b —(x—2)(x*+2x—12)
3.1.15 b. —7
b, +6

637
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X1 Y1 d. detA=1

X2 Y2 o . e
3.1.21 Letx= Ly = . and f. det A =0 if n is odd; nothing can be said if n is even

Xn Yn

A:[cl X4y e cn]wherex—{—yisincolumnj. 3.2.15 dA where d = det A

Expanding det A along column j (the one containing X +y):

1 0 1
3219 b 1| 0 ¢ 1 |,c#0
n -1 c 1
T(x+y) =detA=Y (x;+yi)cij(A)
= 8—c* —c *—6
n n d l C 1 —C
= Y xicij(A) + ) yicij(A) e e og-e
i=1 i=1
= T(x)+T(y) lm¢ @l —enl
f. 63#“ 2 —c c+1 |,c#£-1
Similarly for 7 (ax) = aT (x). ¢ 1ol

3.1.24 IfAis n x n, then det B = (—1)* det A wheren =2k  3.220  b. T.
orn=2k+1. det AB = det A det B = det Bdet A = det BA.

d. T. det A # 0 means A~! exists, so AB = AC implies

Section 32T mas=C.

1 -1 =2 1 1 1
3.2.1 b. -3 1 6 f. EIfA= 1 1 1 then ad] A=0.
_3 1 4 |1 11
1 - 2 2 h. EIfA= é chenade_{g _”
d. 3 -1 2 |=A L
2 -1 [ —1 1
j. EIfA= | _1 ] then det(/+A) = —1 but
3.2.2 b. ¢#0 1+ detA=1.
d. anyc L EIfA= é i } then det A = 1 but
f. ¢ # -1 ) _1 -1
adjA = [ 0 | } #A
3.2.3 b. -2
3.2.22 b. 5—4x+2x%
3.24 b. 1
3223 b 1-3x+ 12+ 108
326 b}
2. . 9
3.2.24 b. 1-0.51x+2.1x*>—1.1x%1.25,s0 y = 1.25
3.2.7 b. 16
5 3.2.26 b. Use induction on n where A is n X n. It is clear
1
328 b [ 71 ] ifn=1.1fn>1, writt A = 8 ); in block form
12 where Bis (n—1) X (n—1). Then
~1 ~lyp-1
d. & | =37 o _[a' —a'XB .
79 - AT = 0 B , and this is upper
triangular because B is upper triangular by induction.
4
3.2.9 b. 57

3.2.10 b. detA=1, —1

3.0
3228 -4 |0 2 3
31 —1



3.2.34 b. Have (adj A)
~1'.(adjA)~! = £1;1. On the other hand,
~ladj(A™") = det(A~")I = 52<I. Comparison

yields A~'(adj A)~! =A=' adj(A~"), and part (b)

follows.

d. Write det A =d, det B = e. By the adjugate formula
AB adj (AB) = del, and
ABadjBadjA =Alel] adj A = (el)(dI) =
as AB is invertible.

del. Done

4 1
= 3]
T4 1) .., [3 0
b4 e[y 0]
d. x—=2)%2;| 1|, 0

0 1
diagonalizable.

; No such P; Not

-1 1
£ (x+1)2(x—2);—1, =2; 1|,]2
2 1
P; Not diagonalizable. Note that this matrix and the
matrix in Example 3.3.9 have the same characteristic
polynomial, but that matrix is diagonalizable.

—1 1
h. (x—1)2x—=3);1,3;| 0f,]0
1 1

; No such

No such P;

Not diagonalizable.

3.3.2 b.

3.3.4 Ax = Axif and only if (A — al)x = (A — @)x. Same
eigenvectors.

b. P lAP=

1
A7 {o 2"

10
3338 [0 5
Pl 9 8-2" 12(1-2"
M_1) 9.21-38

0 1
3.3.9 b.A—[0 2]

3.3.11 b. andd. PAP"' =Dis diagonal, then b.
P~!(kA)P = kD is diagonal, and d. Q(U~

where Q = PU.

= (det A)I; so taking inverses,

'AU)Q =D
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3.3.12 [ (1) i } is not diagonalizable by Example 3.3.8.
11 2 1 -1 0

But[o 1}2[0 _1]—{-[ 0 2]Where

2 ! has diagonalizing matrix P = b1 and
0 —1 gonalizing Matx 2= 5 3
-1 0 |. Iready di |

o o |isalready diagonal.

3.3.14 We have A% = A for every eigenvalue A (as A =0, 1)

so D> = D, and so A% = A as in Example 3.3.9.

3.3.18 b. ¢4 (x) = det [xI — rA]

= det [X1—A] = Pep [2]

3.3.20 b. If A # 0, Ax = Ax if and only if A~ x = %x.
The result follows.

3321 b. (A3 —2A4 -3)x=A% —2Ax+3x =
A3x —2Ax+3x = (A3 -2 - 3)x.

3.3.23 b. If A” =0 and Ax = Ax, x # 0, then
A%x = A(Ax) = AAx = A%x. In general, A*x = A*x for
allk > 1. Hence, A"x =A"Xx =0x=0,50 A =0
(because x # 0).

3.3.24 a. If Ax = Ax, then A*x = A*x for each k. Hence
AMx =A"x =x,80 A" = 1. As A isreal, A = 1 by
the Hint. So if P"!AP = D is diagonal, then D*> = I by
Theorem 3.3.4. Hence A2 = PD?P =1.

3.3.27 a. We have P~!AP = AI by the diagonalization

algorithm, so A = P(AI)P~' = APP~! = AL

b. No. A =1 is the only eigenvalue.

3.3.31 b. A; = 1, stabilizes.
d. A1 = 5 (34 V69) = 1.13, diverges.

3.3.34 Extinctif & < %, stable if o = £, divergesif & > 1.

_
341 b ox=1[4—(-2)
e ]
342 b oy =1[(-DF+1]
343 b. X4 = xp + Xgg2 +Xpy35X10 = 169
345 #{34—\/_}/1" (=3 +/5)AF where
M =5 (1+V5) and 2o = 5(1-V5).
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3.4.7 ﬁ [2+ \/5] 7le +(—2+ ﬂ)lf where 1, = 1++/3

and 1, = 1 —+/3.

349 ¥ 4 (~1)* Long term 11} million tons.
1 2 A
34.11 b. A A — 2{2 12 _
A? a+bA+cA? 23
1
Al A
12
3.4.12 b. X = %3" + %(_2)k _ %
3413

P2 + Q2 = [apiy1 +bpi+ (k)] + [aqiq 1 + bai] =
a(prs1 +qis1) +b(pe+qi) +c(k)

1 5
3.5.1 b. cl[ 1 }e“”—cz[ . ]82)‘;012—%, sz%
-8 1 1
d. ¢ 10 | e 4c| =2 | e¥4c3| 0 | ™
7 1 1
c1=0,c0=—%,¢c3=3
353 b. The solution to (a) is m(t) = 10 (%)I/S. Hence
we want ¢ such that 10 (‘5—‘)I/3 = 5. We solve for ¢ by
taking natural logarithms:
1
t= &[1(42—) = 9.32 hours.
ln(g)
355 a. Ifg' =Ag,putf=g—A"'b. Thenf =g’ and
Af=Ag—b,sof =g = Ag = Af+Db, as required.

b. Assume that f{ = a; fi + f> and f} = a> fi.
Differentiating gives fi' = a1 f] + £’ = a1 f] + ax i,
proving that f satisfies Equation 3.15.

3.6.2 Consider the rows R, Rj11, ..., R;1, Rg. Ing—p
adjacent interchanges they can be put in the order

Rpi1, ..., Ry—1, Ry, Ry. Thenin g — p — 1 adjacent
interchanges we can obtain the order Ry, Rpy1, ..., Ry—1, Rp.
This uses 2(¢ — p) — 1 adjacent interchanges in all.

Supplementary Exercise 3.2. b. IfAis 1 x 1, then
AT = A. In general,

det [A,’j] = det [(A,'j)T] = det [(AT)]','] by (a) and
2
expand det AT along column 1.

induction. Write A7 = [a } where a}; = aj;, and

where the last equality is the expansion of det A along

row 1.
411 b V6
d. V5
f. 36
-2
412 b 1] -1
2
414 b V2
d 3
4.1.6 b.
FE = FC+CE = 1AC+ 1CB = L (AC + CB) = 1AB
4.1.7 b. Yes
d. Yes
4.1.8 b. p
d —(p+q).
-1
4.1.9 b. | =1 |,v27
5
[0
d | ol,0
|0
[ —2
f. 2 |, V12
2
4.1.10 b. (i) Q(5, —1, 2) (ii) O(1, 1, —4).
—-26
4.1.11 b. x=u—-6v+4+5w= 4
19



a -5
4.1.12 b. b | = 8
c 6
3a+4b+c X1
4.1.13 b. If it holds then —a+c =\ x
b+c X3
3 4 1 x 0 4 4 x1+3x
-1 0 1 X2 — -1 0 1 X2
0 1 1 X3 0 1 1 X3

If there is to be a solution then x| + 3x; = 4x3 must
hold. This is not satisfied.

5
4114 b §| -5
-2
4.1.17 b 00,7, 3).
-20
4118 b x=4| -13
14
4120 b S(-1,3,2).
4.1.21 b. T.||v—w| =0 implies that v—w = 0.
d. F ||v|| = || —v]|| for all v but v = —v only holds if
v=0.

f. F If t <0 they have the opposite direction.
h. F || —5v|| =5||v| forall v, so it fails if v # 0.
j. F. Take w = —v where v # 0.

b. P correspondstot =2; Q correspondstot =35.

;x=342t,y=—1-—t,

jx=2—t,y=—1,z=1+t¢

3 2
4.1.22 b. -1 |+t —1
4
z=4+5t
! 1
d. 1 [+t] 1 |s;x=y=z=1+t¢
|1 1
2 —1
f. —1 |+t 0
1 1
4.1.23
4.1.24 b. No intersection

d. P2, —1,3);t=-2,5s=-3

4.129 P(3,1,0)0r P(3, 3L, %)
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b. Ez = —Eﬁ,ﬁk if 1 <k < n, where there are
2n points.

4.1.31

4.1.33 DA = 2EA and gﬁ

—FC.s
2EF —=2(EF +A ):DA+£:C%+F_C’=1@+C_§=1@.

Hence ﬁ = %I@ So F is the trisection point of both AC and
EB.

421 b6
d. 0
f. 0
422 b mor180°
d. % or60°
f. 2% or 120°
4.2.3 b. lor—17
-1
424  bot| 1
2
1 0
d.s| 2 [+¢]| 3
0 1
42.6 b 29+57=86
428 b. A=B=C=Zor60°
4210 b Hv
d —%v
2 53
4211 b F| -1 [+5] 26
—4 20
6 -3
2
d. 2| -4 |+&| 2
1 26
1 71 15 34
4212 b £/5642, (4, 153
0
4213 b | 0
0
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4.2.14 b. —23x+32y+11z=11
d. 2x—y+z=5
f. 2x4+3y+2z=7
h. 2x—T7y—3z=-1

Jo x—=y—z=3
x 2 2
4.2.15 b. |y |[=] -1 ]4+¢|1
Z 3 0
[ x ] [ 1 1]
d y | = 1| +¢] 1
| 2 | | -1 L |
[ x] [1 4
f y | =111+t 1
| 2] | 2 =5 |
4216 b L0, 01, 2 2)
4.2.17 b. Yes. The equation is 5x — 3y —4z=0.
4.2.19 b. (=2,7,0)+1¢(3, =5, 2)
4.2.20 b. None
13 -78 65
d. P(35: T9- 19)
4.2.21 b. 3x+2z=d, d arbitrary

d. a(x—3)+b(y—2)+c(z+4)=0;a,b, and ¢ not all
zero

f. ax+by+ (b—a)z= a; a and b not both zero
h. ax+by+ (a—2b)z=5a — 4b; a and b not both zero

4.2.23 b. v10
4224 b ¥ A3, 1,2),B(2, -1, 3)
d. Y8 A% 2, 1) B(Z, 1 0)
a
4.2.26 b. Consider the diagonald = | a | The six face
a
a 0
diagonals in question are + 01|,+ a |,
—a —a
a
+ | —a |. All of these are orthogonal to d. The
0

result works for the other diagonals by symmetry.

4.2.28 The four diagonals are (a, b, ¢), (—a, b, ¢),
(a, —b, c¢) and (a, b, —c) or their negatives. The dot products
are £(—a?+b>+c?), £(a®> — b*> +¢?), and £(a® + b* — ).

4.2.34 b. The sum of the squares of the lengths of the
diagonals equals the sum of the squares of the lengths

of the four sides.

4.2.38 b. The angle 6 between u and (u+ v+ w) is

given by

cosf — ”u-‘(u+v+w) [[u]
u

Ly
e — — —————— — —= D¢Causec
oty wll = a2+ v w2~ V3

|la]| = ||v]| = ||w||. Similar remarks apply to the other
angles.

4.2.39 b. Let py, p; be the vectors of Py, Py, so
u=pg—p;. Thenu-n=py-n-

p; -n = (axg + byo) — (ax; +by;) = axo+ byo +c.
Hence the distance is

as required.

4.2.41 b. This follows from (a) because
|v||> = a® + b* + 2.
X1 X X2 y
4.2.44 d Take | y1 |=|y |and | y» | = z
21 Z 22
in (c).
1
433 b +% | -1
-1
4.3.4 b. 0
d. V5
4.3.5 b. 7
4.3.6 b. The distance is ||p — pg||; use part (a.).

4.3.10 ||z@ X IR'H is the area of the parallelogram
determined by A, B, and C.

4.3.12 Because u and v x w are parallel, the angle 0 between
them is O or . Hence cos(6) = £1, so the volume is
u-(vxw)| = [[uf[[|vx w||cos(6) = [lul|[|(vx w)]|. But the
angle between v and w is 7 so

v x w| = [[v][|w]cos(F) = [[v||||w]||. The result follows.
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ui V1 wi . | x
4.3.15 b. fu=| up [,v=| v, |andw= | wy |, 44.9 a. Write v = [ y ]
usz V3 w3
i uw vi+w d ax+by [ a
thenux (v+w)=det | j ux va+w PL(v) = (HYiT) d= 70 | b
k us vitws 1 [ a2x+aby
i uy vy i U w = 2102 b b2 :|
=det | j up vy |+det| j up wy - (12)C+ Y
k us v k us ws :ﬁ a—|—ag}[x]
= (ux V) + (ux w) where we used Exercise 4.3.21. @ttt | ab+b y

4.3.16 b. (v=w)-[(uxVv)+ (vxw)+(wxu)] =
(v=w)-(uxV)+(v=w)- (VXW)+(v—w)-(Wxu)=

—w-(uxv)+0+v-(wxu)=0. 4.5.1

b.

V242 TV2+42 3242 V242 -5V2+42
3| —3vV2+4 3vV2+4 5V2+4 V244 9V2+4

4.3.22 Let p; and p, be vectors of points in the planes, so 2 2 2 2 2

p; -n=d; and p, - n = dy. The distance is the length of the

[(po—p)n| _ |di—dy]
Wl = T 455 b. P(2, 1

oo

projection of p, — p; along n; that is

)
Sectiond4  Supplementary Exercises for Chapter4

4

44.1 b A— 1 - ect _ Supplementary Exercise 4.4. 125 knots in a direction 6
o A e | ] |- Projectionony=—x. degrees east of north, where cos8 = 0.6 (6 = 53° or 0.93
radians).
1| =3 4 ..
d A=3 [ 4 3 } , reflection in y = 2x.
Supplementary Exercise 4.6. (12, 5). Actual speed 12
1 =3 . knots.
1 T
f. A=3 [ V3 1 ],rotatlon through 3.
4.4.2 b. The zero transformation. 5.1.1 b, Yes
17 2 -8 0 d. No
443 b 5| 2 20 4 1 £ No.
-8 4 5 -3
[ 22 —4 20 0 51.2 b. No
d. % —4 28 10 1 d. Yes, x =3y-+4z.
| 20 10 -20 -3
9 0 12 1 5.1.3 b. No
f.&| 00 0 -1
| 12 0 16 7 5.1.10 span{aix;, axXa, ..., X} C span{xy, X, ..., X}
- by Theorem 5.1.1 because, for each i, a;X; is in
2 2 6 2 Similarly, the fact that x; = a; !
hoL ) o g _s span {Xi, X, ..., X }. Similarly, the fact that x; = a; " (a;x;)
11 is in span {a x|, axX, ..., aiX;} for each i shows that
-6 -6 7 0 .
L span{xi, Xp, ..., X¢} C span{a;Xy, azXy, ..., aiX;}, again
by Theorem 5.1.1.
V3 -1 0 1
444 b 1| 1 V3 0 0 5.1.12 Ify = riX; + - - + Xy then
0 0 1 3 Ayzrl(AX1)+"'+rk(AXk)ZO.
4.4.6 0 1 0 because U is a subspace and both x+y and

sinf 0 cosH —y=(—1l)yareinU.
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5.1.16 b. True. x=1xisin U.

d. True. Always span{y, z} C span{x, y, z} by
Theorem 5.1.1. Since x is in span {x, y} we have
span{x, y, z} C span{y, z}, again by Theorem 5.1.1.

1 2 | a+2b
f. False.a{ O}—i—b{ 0 ] —[ 0 ]cannotequal
0
1

5.1.20 If U is a subspace, then S2 and S3 certainly hold.
Conversely, assume that S2 and S3 hold for U. Since U is
nonempty, choose x in U. Then 0 = Ox is in U by S3, so S1
also holds. This means that U is a subspace.

5.1.22 b. The zero vector 0 is in U + W because
0=0+0. Let p and q be vectors in U + W, say
p=Xx;+Yy, and q =X, +Yy, where x| and x, are in U,
and y; and y, are in W. Then

p+q=(x;+x2)+(y; +Y;) is in U + W because

X; +Xxp isin U and y; +Yy, is in W. Similarly,
a(p+q) =ap+aqisin U+ W for any scalar a
because ap is in U and aq is in W. Hence U + W is
indeed a subspace of R".

1 1 0 0
5.2.1 b. Yes.If r| 1 | +s| 1 [+¢t[ 0 |[=1] 0|,
1 1 1 0
thenr+s=0,r—s=0,and r+s-+¢=0. These
equations giver =s =t =0.
d. No. Indeed:
1 1 0 0 0
1 0 0 1 0
ol |t |T]1 | Jo|T]o
0 0 1 1 0
5.2.2 b. Yes. If r(x+y)+s(y+2z)+t(z+x) =0, then

(r+6)x+ (r+s)y+ (s+1)z=0. Since {x, y, z} is
independent, this implies that 7+t = 0, r+ 5 = 0, and
s+t =20. The only solutionis r =s =1t =0.

d. No. Infact, (x+y)— (y+2z)+ (z+w)— (w+x)=0.

2 -1
1 1 . .
5.2.3 b o | | ; dimension 2.
-1 1
-2 1
0 2 . .
d. N E 1 ; dimension 2.
1 0

1
5.24 b. (1) R B ; dimension 2.
1
[ 1 -1 [0
0 1 1 . .
d e o | 0 ; dimension 3.
| O L | | 1]
[ —1 1] [ 1]
1 0 0 . .
f. 0| BE 0 ; dimension 3.
| 0 0 | | 1]
5.2.5 b. Ifr(x+w)+s(y+w)+1(z+w)+u(w)=0,

then rx+ sy +1z+ (r+s+t+u)w=0,s0r =0,
s=0,t=0,and r+s+1¢+u = 0. The only solution is
r=s=t=u =0, so the set is independent. Since
dim R* = 4, the set is a basis by Theorem 5.2.7.

5.2.6 b. Yes
d. Yes
f. No.

b. T.If ry+sz=0, then Ox+ry + sz =0 so
r =5 =0 because {x, y, z} is independent.

d. EIfx#0, take k=2,x; =xand x; = —x.
f. Flfy=—xandz=0, then Ix+ 1y+1z=0.

h. T. This is a nontrivial, vanishing linear combination,
so the x; cannot be independent.

5.2.10 If rxp + sx3 +tx5 = 0 then
0x; +7rxp 4+ 85x3+0x4 +1X5+0xg =0sor=s=1r=0.

5.2.12 Ifnx; +6(x) +X2) + - +lk(X1 +X+ - +x) =0,
then (f + 2+ +t)x1+ (2 + - +t)X2+ - + (1 +
fi)Xx—1 + (tx)xx = 0. Hence all these coefficients are zero, so
we obtain successively #, =0, t,_; =0, ..., =0, 1, =0.
5.2.16 b. We show AT is invertible (then A is invertible).
Let ATx = 0 where x = [s ¢]. This means as +ct = 0
and bs+dt =0, so

s(ax+by) +1(cx+dy) = (sa+1c)x+ (sb+td)y = 0.
Hence s =t = 0 by hypothesis.

5.2.17 b. Each V~!x; is in null (AV) because

AV (V™ lx;) = Ax; = 0. The set {V~'x, ..., V7 Ix;}is
independent as V! is invertible. If y is in null (AV),
then Vy is in null (A) so let Vy = ;X + - - - + X
where each # is in R. Thus

y=uV x4V x isin

span {V~'xq, ..., V- Ix ).
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5.2.20 We have {0} C U C W where dim{0} =0 and 5.3.12 b. We have (x+y)- (x—y) = ||x||> — ||y||>.

dim W = 1. Hence dim U =0 or dim U = 1 by Hence (x+y) - (x—y) = 0 if and only if ||x||*> = ||y||*;
Theorem 5.2.8, thatis U = 0 or U = W, again by if and only if ||x|| = ||y||—where we used the fact that
Theorem 5.2.8. x| >0 and [[y|| > 0.

[Section 531 5.3.15 1 A7Ax = Ax, then

| Ax||? = (Ax) - (Ax) = x"ATAx = x" (Ax) = A||x||.

5.3.1 b.
1 4 2
e I T R P Setonsa
NG ] NZY) _s 14 )
5.4.1 b.
; | 2 0 2 1
| 1 _1 0 . -2 1 .2
5.3.3 b b = i(a—c) O —+ 1—8(a+4b—|— 1 s 1 ) 4 s 3 )
¢ —1 : -6 0
1 - -
o) 4 |+5@a-b+2c)| —1 1 0 )
1 d 0 . 1 3 )
_1 9 0 2 _3 s _2 b
a 1 3 1 -
d | b |=%a+b+c)| 1 |+ia=b)| -1 |+ -
c 1 0 _
1 1 0 0
1 . 1 -2 0
slatb=2c) _; 542 b ol.] 2|.| 2
0 5 -3
0 1 6
14 2 2 -
1 -1 1 1 0 0
5.34 b. _3 =3 0 +4 I d. 51, 1 0
5 3 -1 —6 -1 1
-1 543 b. No; no
535 b. ¢ 1(3) ,inR d. No
11 f. Otherwise, if A is m X n, we have

m = dim (row A) = rank A = dim (col A) =n
53.6 b V29

544 LetA=[c¢ ... ¢, |. Then
d. 19 col A = span{cy, ..., ¢} = {x1¢; + -+ x5¢, | x; iIn R} =
{Ax | xin R"}.
5.3.7 b. F.x:{(l)]andy:[(l)].
6 5
d. T.Everyx;-y; = 0 by assumption, every x; -X; = 0 if 0 0
i # j because the x; are orthogonal, and every 5.4.7 b. The basis is —4 |, -3 so the
y;'y; = 0if i # j because the y, are orthogonal. As all 1 0
the vectors are nonzero, this does it. 0 1

f. T. Every pair of distinct vectors in the set {x} has dot dimension is 2.

product zero (there are no such pairs). Have rank A =3 andn—3=2.

5.3.9 Letcy, ..., ¢, be the columns of A. Thenrow i of AT is 5.4.8 b. n—1

¢!, sothe (i, j)-entry of ATAisc¢f¢; =¢;-¢; =0, 1

according as i # j,i=j. So ATA=1. 549 b Ifrei e, =0 letx=[ri, ..., )"
Then Cx =rj¢; + -+ re, =0, sox is in null A = 0.

5.3.11 b. Take n = 3 in (a), expand, and simplify. Hence each r; = 0.
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5.4.10 b. Write r = rank A. Then (a) gives

r=dim(col A < dim (nullA) =n—r.

5.4.12 We have rank (A) = dim[col (A)] and

rank (A7) = dim [row (AT)]. Let {c1, ¢, ..., ¢} be a basis

of col (A); it suffices to show that {c!, I, ..., ¢’} is a basis
of row (AT). But if tlclT —|—t2cg 4 +tkc,f =0,7; in R, then
(taking transposes) t1¢j + ¢y + - - - + e, = 0 so each t; = 0.
Hence {c¢!, ¢, ..., ¢/} is independent. Given v in row (AT)
then v is in col (A); say v = s1¢1 +s2€0 + -+ + s4€x, 55 in

R: Hence v =si¢] +s¢) +---+sief, so{c]. ¢], ... ¢]}
spans row (A7), as required.

5.4.15 b. Let {uy, ..., u,} be a basis of col (A). Then b
is not in col (A), so {uy, ..., u,, b} is linearly
independent. Show that

col[A b] = span{uy, ..., u,, b}.

5.5.1 b. traces = 2, ranks = 2, but det A = —5,

det B=—1

d. ranks = 2, determinants = 7, but trA=5,tr B=4

f. traces = —5, determinants = 0, but rank A = 2,
rank B=1
5.5.3 b. If B= P 'AP, then

B l=p A"l (Pl =p-lAa-lP

-1 0 6
5.54 b. Yes, P = 0o 1 0],
1 05
-3 0 0
PIAP = 0 -3 0
0 0 8

d. No, ca(x) = (x+1)(x—4)? so A = 4 has multiplicity
2. But dim (E4) = 1 so Theorem 5.5.6 applies.

5.5.8 b. If B= P 'AP and AF = 0, then

B* = (P~ 'AP)k = p~lA*P =P~ l0P=0.

5.5.9 b. The eigenvalues of A are all equal (they are the
diagonal elements), so if P~'AP = D is diagonal, then

D= Al Hence A= P~ (AP = Al

5.5.10 b. Ais similar to D = diag (41, A2, ..., A,) so

(Theorem 5.5.1) trA=tr D=4+ A+ -+ A,.

5.5.12 b. Tp(A)Tp(B) = (P"'AP)(P~'BP) =

P~'(AB)P = Tp(AB).

5.5.13 b. If A is diagonalizable, so is A7, and they have

the same eigenvalues. Use (a).
5.5.17 b. cp(x) = [x— (a+b+c)][x> — k] where
k= a?+b*+ ¢ — [ab + ac + bc]. Use Theorem 5.5.7.

—20
5.6.1 b. 5| 46 |, (ATA)!
95
8 —10 —18
=5 -10 14 24
—18 24 43
562 b Y-Sy
4 17
d. —1—0—mx
563 b y=0.127-0.024x+0.194x>, (M"M)~! =
3348 642 —426
1
oE | 642 571 —187
—426 —187 91
56.4 b g5(—46x+66x7+60-2%), (MTM)" =
115 0 —46
1
= 0 17 —18
—46 —18 38
56.5 b 55[18+21x2+28sin(Z)], (MTM) ' =
24 -2 14
1
Sl -2 1 3
14 3 49

5.6.7 s =99.71 — 4.87x; the estimate of g is 9.74. [The true
value of g is 9.81]. If a quadratic in s is fit, the result is
s=101—31— 2> giving g = 9;

38 —42 10
M'M)'=1| —42 49 -12
10 —-12 3

5.6.9 y=—5.19+0.34x; +0.51x,+0.71x3, (ATA)™!

517860 —8016 5040 —22650
o —8016 208 =316 400
25080 5040 316 1300 —1090

—22650 400 —1090 1975
5.6.10 b. f(x) = ag here, so the sum of squares is

S=Y(i—ap)? = na(z) —2apY i+ ZY%. Completing
the square gives S = nfag — %Zy,']2 + [Zyi2 — %(Zyi)z]
This is minimal when ag = %Zy,'.
5.6.13 b. Here f(x) =ro+rie. If f(x1) =0 = f(x2)
where x; £ xp,thenrg+r -1 =0=ry+r; -2 so
ri(e" —e?2) = 0. Hence r; =0 = ry.



5.7.2 Let X denote the number of years of education, and let
Y denote the yearly income (in 1000°s). Then ¥ = 15.3,

52 =9.12 and s, = 3.02, while y = 40.3, s% = 114.23 and

sy = 10.69. The correlation is r(X, ¥) = 0.599.

X1
X2
5.74 b. Given the sample vector x = , let
Xn
21
22
zZ= . where z; = a + bx; for each i. By (a) we
n

Now (b) follows because V62 = |b|.

Supplementary Exercise 5.1. b. F
d T
f. T

h.

™ T ™ 4 ™ ™

6.1.1 b. No; S5 fails.
d. No; S4 and S5 fail.

6.1.2 b. No; only Al fails.
d. No.
f. Yes.
h. Yes.

647

j. No.
1. No; only S3 fails.
n. Noj; only S4 and S5 fail.

6.1.4 The zero vector is (0, —1); the negative of (x, y) is
(—x, =2 —y).

6.1.5 b. x=1(5u—2v), y=1(4u-3v)

6.1.6 b. Equating entries givesa+c=0,b+c=0,
b+c=0,a—c=0. The solutionisa=b=c=0.

d. Ifasinx+bcosy+c=0in F[0, x], then this must

hold for every x in [0, 7]. Taking x =0, %, and 7,
respectively, givesb+c=0,a+c=0, —b+c=0
whence,a=b=c=0.

6.1.7 b. 4w

6.1.10 Ifz+v=vforallv,thenz+v=0+v,soz=0by
cancellation.

6.1.12 b. (—a)v+av=(—a+a)v=0v=0Dby
Theorem 6.1.3. Because also —(av) +av = 0 (by the
definition of —(av) in axiom A5), this means that
(—a)v = —(av) by cancellation. Alternatively, use
Theorem 6.1.3(4) to give

(ma)v=[(=Dalv= (=1)(av) = —(av).
6.1.13 b. The case n = 1 is clear, and n = 2 is axiom S3.
If n > 2, then
(a1 +ar+-+a)v=la1+ (aa+-+an)v=
ayv+(ar+---+an)v=a;v+ (aav+---+a,v) using
the induction hypothesis; so it holds for all n.

6.1.15 c. Ifav=aw,thenv=1v=(a"'a)v=

a(av)=a(aw) = (a la)w= 1w =w.

6.2.1
d.
f.

b. Yes
Yes

No; not closed under addition or scalar multiplication,
and O is not in the set.

6.2.2 b. Yes.
Yes.

No; not closed under addition.

6.2.3 b. No; not closed under addition.

No; not closed under scalar multiplication.
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f. Yes.

6.2.5 b. Ifentry k of x is x; # 0, and if y is in R”, then

y = Ax where the column of A is x,;ly, and the other
columns are zero.

62.6 b, —3(x+1)+0(x>+x)+2(x>+2)

%(x—i—l) (x +x)— (x2+2)

6.2.7 b. No.

Yes; v=3u—w.

6.2.8 b. Yes; 1 = cos?x+sin®x

No. If 1 +x2 =acos®x + bsinzx, then taking x =0
and x =7 givesa= 1 anda = 1 + 7%,

6.2.9 b. Because P, = span {1, x, x*}, it suffices to

show that {1, x, x?} C span {1 +2x?, 3x, 1 +x}. But
=1(3x);1=(1+x)—xandx* = 1[(1+24%) — 1].

6.2.11 b. u=(u+w)—w,v=—(u—v)+ (u+w)—w,
andw=w

6.2.14 No.

6.2.17 b. Yes.

6.2.18 v; = —ll——Vz—"'— —v,,, SO

V C span{u, vy, ..., v, }

6.2.21 b. v=(u+v)—uisinU.

6.2.22 Given the conditionandu € U,0 =u+ (—1)ueU.
The converse holds by the subspace test.

6.3.1 b. Ifax? +b(x+1) +c(1 —x—x%) =0, then

a+c=0,b—c=0,b+c=0,s0a=b=c=0.

1 1 0 1 1 0
ol Jel8 ] 2]
[ i ] [ ],thena—i—c—i—d:O,
a+b+d= +b+c-0 andb+c+d=0,so
a=b=c=d=0.
6.3.2 b.
32 —x+3) =22 +x+35)+ (¥ +5x+1)=0

6.3.3

6.3.4

6.3.5

6.3.6

6.3.7

6.3.8

6.3.10

6.3.11

6.3.12

-1 0 1 -1 11
2l 0 -1 +[—1 1%{1 1}_
00
00
5 1 6 _
x2+x—6 + 2—5x+6  x2-9 0
b. Dependent: 1 — sin®x — cos’>x =0
b. x;«é—%
b. If
r(—=1, 1, 1)+s(1, =1, 1)+#(1, 1, —=1) = (0, 0, 0),

then —r+s+t=0,r—s+¢t=0,andr—s—t =0,
and this implies that » = s =t = 0. This proves
independence. To prove that they span R>, observe
that (0, 0, 1) = [( 1,1, 1)+ (1, -1, 1)]s0 (0, 0, 1)
lies in span {(— 1 1, 1), 1, —1,1), (1, 1, —=1)}. The
proof is similar for (0, 1, 0) and (1, 0, 0).

If r(1+x) +s(x+x2) + (x> + x°) +ux® = 0, then
r=0,r+s=0,s+t=0,andt+u=0, so

r =s =t =u = 0. This proves independence. To show
that they span P3, observe that x> = (x*> +x3) — x3,
x=(x+x*)—x*and I = (1+x) —x,s0

{1, x, ¥, ¥} C span {1 +x, x+x%, x> +x°, ¥*}.

b. {1, x—i—xz}; dimension = 2
{1, x*}; dimension = 2

} }; dimension = 2

; dimension = 2

b. dmV =7

b. {x?—x, x(x* —x), X2 (x> —x), ¥ (x* —x)};
dmV =4

b. No. Any linear combination f of such
polynomials has f(0) = 0.
1 0 0 1 )
b 1 1 b

Toolls ]

consists of invertible matrices.

f. Yes. Ou+0v+Ow = 0 for every set {u, v, w}.

Yes. su+t(u+v) =
s+t=0=t.

0 gives (s+1)u+rv =0, whence

Yes. If ru+ sv =0, then ru+sv+0w =0, so
r=0=s.



. Yes. u+v+w# 0 because {u, v, w} is independent.

n. Yes. If I is independent, then || < n by the
fundamental theorem because any basis spans V.

6.3.15 If a linear combination of the subset vanishes, it is a
linear combination of the vectors in the larger set (coefficients
outside the subset are zero) so it is trivial.

6.3.19 Because {u, v} is linearly independent, su’ + v = 0

is equivalent to a ¢ s12]0 Now appl
is equiv b d =1 o | Now pply
Theorem 2.4.5.

6.3.23 b. Independent.

d. Dependent. For example,
(u+v)—(v+w)+(w+z)—(z+u)=0.

6.3.26 If z is not real and az + bz2 = 0, then
a+bz=0(z#0). Hence if b # 0, then z = —ab ™' is real. So
b =0, and so a = 0. Conversely, if z is real, say z = a, then
(—a)z+ 17> = 0, contrary to the independence of {z, z°}.

6.3.29 b. If Ux =0, x # 0 in R", then Rx = 0 where
R#0isrow 1 of U. If B € My, has each row equal to
R, then Bx # 0. But if B=Y r;A;U, then

Bx =Y riA;Ux=0. So {A;U} cannot span M.

6.3.33 b. fUNW =0 and ru+sw = 0, then ru = —sw
isin UNW, so ru = 0 = sw. Hence r = 0 = s because
u # 0 # w. Conversely, if v # 0 lies in U NW, then

1v+ (—1)v =0, contrary to hypothesis.

b. dim O, = % if nisevenand dim O, = “H ifn

is odd.

6.3.36

6.4.1 b. {(0, 1, 1), (1,0,0), (0, 1,0)}

d. {¥*—x+1,1,x}
6.4.2 b. Any three except {x* +3, x+2, x> —2x— 1}
6.4.3 b. Add (0, 1, 0, 0) and (0, 0, 1, 0).

d. Add 1 andx>.

6.4.4 b. If z=a-+bi,thena #0and b # 0. If
rz+s7=0, then (r+s)a =0 and (r —s)b = 0. This
means that r+s=0=r—s,s0 r =5 =0. Thus {z, 7}

is independent; it is a basis because dim C = 2.
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6.4.5 b. The polynomials in S have distinct degrees.

6.4.6 b. {4, 4x, 452, 4x3} is one such basis of P3.
However, there is no basis of P3 consisting of
polynomials that have the property that their
coefficients sum to zero. For if such a basis exists,
then every polynomial in P3 would have this property
(because sums and scalar multiples of such

polynomials have the same property).

6.4.7
d. Not a basis.

b. Not a basis.

6.4.8 b. Yes; no.

6.4.10 det A =0 if and only if A is not invertible; if and only
if the rows of A are dependent (Theorem 5.2.3); if and only if
some row is a linear combination of the others (Lemma 6.4.2).

6‘4‘11 b NO' {(O’ 1)7 (1’ 0)} g {(07 1)’ (17 O)’ (17 1)}
d. Yes. See Exercise 6.3.15.

6.4.15 If ve U then W =U,;if v¢ U then
{V1, V2, ..., Vi, V} is a basis of W by the independent lemma.

6.4.18 b. Two distinct planes through the origin (U and

W) meet in a line through the origin (U NW).

6423 b Theset{(1,0,0,0,...),(0,1,0,0,0,...),
(0,0,1,0,0,...), ...} contains independent subsets
of arbitrary size.

6.4.25 b.

Ru+Rw={ru+sw|r, sin R} = span{u, w}

652 b 3+4(x—1)+3x—1)2+(x—1)°
d 1+(x—1)3

6.5.6 b. The polynomials are (x — 1)(x —2),
(x=1)(x—3), (x—2)(x—3). Use ap =3, a; =2, and
612:1.

657 b f(x)=
2x=2)(x=3)=T(x—D)(x=3)+ B (x—1)(x—2).

6.5.10 b. Ifr(x—a)*+s(x—a)(x—b) +t(x—b)>=0,

then evaluation at x = a(x = b) givest = 0(r =0).
Thus s(x —a)(x —b) =0, so s = 0. Use
Theorem 6.4.4.



650 = Polynomials

6.5.11 b. Suppose {po(x), p1(x), ..., pu—2(x)} isa

basis of P,,_>. We show that

{(r—a)(x=b)po(x), (x—a)(x=b)pi(x), ..., (x—
a)(x—b)py—2(x)} is a basis of U,. It is a spanning set
by part (a), so assume that a linear combination
vanishes with coefficients rg, ry, ..., r,_». Then
(x—a)(x—b)[ropo(x) + -+ rp2pa—2(x)] =0, s0
ropo(x) + -+ ry—2pn—2(x) = 0 by the Hint. This
implies thatrg = --- =r,_» =0.

6.6.1 b. e
2x_ ,—3x
d. &%
f. 2e*(1+x)
ax__,a(2—x)
h‘ . 1f82a
j. €™ sinx
6.6.4 b. ce ™ +2, ¢ a constant
6.65 b ce VW 4der—%
3n(d)
6.6.6 b. 1 =—2 =9.32 hours
ln(g)
6.6.8 k= (7%)*=0.044

Supplementary Exercise 6.2. b. If YA=0,Y arow, we
show that Y = 0; thus A7 (and hence A) is invertible.
Given a column ¢ in R” write ¢ = Zri (Av;) where

1
each r; is in R. Then Yc:ZriYAvi, SO
Y=YL,=Y[e e e | =
[ Ye, Ye Ye, |=[0 0 0]=0,

as required.

Supplementary Exercise 6.4. We have null A C null (ATA)
because Ax = 0 implies (A7 A)x = 0. Conversely, if

(ATA)x = 0, then ||Ax||?> = (Ax)7 (Ax) = x"ATAx = 0. Thus
Ax=0.

f. T{(p+4)x)] = (p+4)(0) = p(0) +4(0) =
T [p()]+Tgx)];
T{(rp)(x)] = (rp)(0) = r(p(0)) = 1T [p(x)]

h TX+Y)=(X+Y)-Z=X-Z+Y-Z=T(X)+T(Y),
andT(rX)=(rX)-Z=r(X-Z) =rT(X)

) and w = (wq, ..., wy), then

(Vl +w1)e1 + -4 (v,, +wn)e,, = (v1e1 +
(wieg+---+wpe,) =T (V) +T(w)
Je+---+ (avy)e, = a(ve+ -+ vpe,) =

o fv=(v1, ..., vy
T(v+w) =
“+Vnen)
T(av) = (av;

aT (v)

7.1.2 b. rank (A + B) # rank A + rank B in general. For
1 0 1 0
example, A = [ 0 1 ] and B = [ 0 —1 ]
d. T(0)=0+u=u=#0,so T is not linear by
Theorem 7.1.1.
7.1.3 b. T(3vi+2vy) =0
1 -3
TN
f. T(2—x+3x%) =46
714 b T(x,y)=3(x—y, 3y, x—y)
T(~1,2)=(-1,2, —1)
a b
d. T{ ]:3a—3c—|—2b
c d
7.1.5 b. T(v)=3(7v—9w), T(w) = 1(v+3w)
7.1.8 b. T(v)=(—1)vforall vinV, so T is the scalar
operator —1.
7112 IfT(1)=v,thenT(r) =T (r-1) =T (1) = rv for all
rin R.
7.1.15 b. 0isinU ={veV |T(v) € P} because

T(0)=0isin P. If vand w are in U, then T(v) and
T(w) arein P. Hence T(v+w) =T (v)+T(w) is in P
and T(rv) =rT(v)isin P, sov+wand rv are in U.

7.1.18 Suppose rv+sT(v) =0. If s =0, then r = 0 (because
v#0). If s # 0, then T(v) = av where a = —s~!r. Thus
v="T2(v) = T(av) = av, so a* = 1, again because v # 0.
Hence a = +1. Conversely, if T(v) = £v, then {v, T(v)} is

ST cerainly not ndepencent

1 0 O
7.1.1 b. T(v)=vAwhereA=| 0 | 0
00 -1
d. T(A+B)=P(A+B)Q=PAQ+PBQ=
T(A)+T(B);T(rA) =P(rA)Q =rPAQ =rT(A)

7.1.21 b. Givensucha T, write T (x) = a. If
p = p(x) = X ast, then T(p) = a,T(+) =
Y a;[T(x)]' = Yaid = p(a) = E,(p). Hence T = E,.



721 b, )
-3 1
1
7 1
1 9 O 9 ? 9 B 7272
o] | -1]
(1 0
—1
d AN NS
1 1 —1
B 2
722 b {2k {(L0), (0, D)}

d. {(0,0, )}:{(1,1,0,0), (0,0, 1, 1)}

SERIERAIT

h. {(1,0,0,...,0, —1), (0, 1,0, ..., 0, —1),
,(0,0,0,..., 1, -1} {1}

oo ][0 7]}
ool 1771}

7.2.3 b. T(v) =0= (0, 0) if and only if P(v) = 0 and

Q(v) = 0; that is, if and only if v is in ker PN ker Q.
7.2.4 b. ker T = span{(—4, 1, 3)};
B={(1,0,0), (0,1, 0), (-4, 1, 3)},
im 7T = span{(1, 2, 0, 3), (1, —1, =3, 0)}
7.2.6 b. Yes. dim(im 7) =5 — dim (ker T') = 3, so
im7T =W as dmW =3.

d. No.T=0:R?> 5> R?

f. No. T:R?> = R?, T(x, y) = (y, 0). Then
ker7T =im T

h. Yes. dim V = dim (ker T) + dim (im T) <
dim W+ dim W =2 dim W

j. No. Consider T : R? — R? with T(x, y) = (y, 0).
1. No. Same example as (j).
n. No. Define T : R? — R? by T(x, y) = (x, 0). If
vi = (1, 0) and v, = (0, 1), then R?> = span {v;, vo}
but R? # span {T(v;), T(v2)}.
7.2.7 b. Givenwin W, letw =T(v), vinV, and write
V=r|V]+ -+ r,v,. Then
w=T()=nrTv))+ +rT(v,).

7.2.8 b. im T ={Y,;rv;|r;in R} = span{v;}.

7.2.10 T is linear and onto. Hence 1 = dim R =
dim (im T) = dim (M,,,) — dim (ker T) = n*> — dim (ker T').
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7.2.12 The condition means ker (74) C ker (73), so
dim [ker (T )] < dim [ker (73)]. Then Theorem 7.2.4 gives
dim [im (T )] > dim [im (7)]; that is, rank A > rank B.

7.2.15 b. B={x—1, ..., ¥ — 1} is independent
(distinct degrees) and contained in ker 7. Hence B is a

basis of ker T by (a).

7.2.20 Define T : M,,, — M,,, by T(A) = A — AT for all A in
M,,;,. Then ker T = U and im 7 =V by Example 7.2.3, so
the dimension theorem gives

n? = dim M, = dim (U) + dim (V).

7.2.22 Define T : M,;, — R" by T(A) = Ay for all A in Mp,,,.
Then T is linear with ker T = U, so it is enough to show that
T is onto (then dim U = n?> — dim (im T) = n? — n). We have
T(0)=0.Lety=[ yi » yn}T;AOinR”.Ifyk;AO
letce, =y, 'y, andletc; =0 if j £ k. If

A=[e o ¢, |, then

T(A) =Ay=yic;+ -+ ycx+ -+ ync;, =Y. This shows
that T is onto, as required.

7.2.29 b. By Lemma 6.4.2,let {uy, ..., u,, ..., u,} be
a basis of V where {uy, ..., u,,} is a basis of U. By
Theorem 7.1.3 there is a linear transformation

S:V — V such that S(u;) = w, for 1 <i<m, and
S(u;) = 0if i > m. Because each u; is in im S,

U C im S. Butif S(v) is in im S, write
V=riuy+---+ru, +---+ru,. Then
S(v)=rS(uy) + -+ rmS(wy,) =rup + - -+ ryuy, is
inU.SoimSCU.

7.3.1 b. T is onto because T (1, —1, 0) = (1, 0, 0),
T(0,1,-1)=(0, 1,0),and 7(0, 0, 1) = (0, O, 1).
Use Theorem 7.3.3.

d. T is one-to-one because 0 = T (X) = UXV implies that
X =0 (U and V are invertible). Use Theorem 7.3.3.

f. T is one-to-one because 0 = T'(v) = kv implies that
v =0 (because k # 0). T is onto because T (+v) = v
for all v. [Here Theorem 7.3.3 does not apply if dim V
is not finite. ]

h. T is one-to-one because T'(A) = 0 implies A” =0,
whence A = 0. Use Theorem 7.3.3.

7.3.4 b. ST(x, y,z) = (x+y, 0, y+2),

TS(x,y,2)=(x, 0, 2)
d.ST[CCl ﬂz[

c
0

a b 0
rs|e |-
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735 b T*x,y)=T(x+y, 0)=(x+y, 0) =T(x, y).
Hence T2 =T.
d 2|:Cl b]:lT[a—l—c b—|—d]:
c d 2" | a+c b+d
1| a+c b+d
7[a+c b—i—d]

7.3.6 b. Noinverse; (1, —1, 1, —1) isin ker 7.
a7l b | _ 1| 3a—2c 3b-2d
) c d| 3| a+c b+d

f. T7Ya, b, c) =% [2a+ (b—c)x— (2a—b—c)¥?]

737 b
T%(x, y) =T(ky—x, y) = (ky — (ky—x), y) = (x. y)

d. T?(X)=A’X=IX =X

7.3.8 b. T3(x,y, 2z, w) = (x, y, z, —W) s0
TO(x, .z, w) =T [T3(x, y, z, w)| = (x, y, z, w).
Hence T-! =T7. So

T '(x, y, 2o w)=(y—x, —x, 2, —w).

739 b T'(A)=U"A

7.3.10 b. Givenuin U, writeu = S(w), win W
(because S is onto). Then write w =T (v), vin V (T is

onto). Hence u = ST (v), so ST is onto.

7.3.12 b. ForallvinV, (RT)(v) = R[T(v)] is in im (R).

7.3.13 b. Given w in W, write w = ST (v), vin V (ST is
onto). Then w = S[T(v)], T(v) in U, so S is onto. But
then im S =W, so dim U =

dim (ker §) + dim (im S) > dim (im S) = dim W.

7.3.16 {T(e;), T(e3), ..., T(e,)} is a basis of im T by
Theorem 7.2.5. So T : span{ey, ..., &,} — im T is an
isomorphism by Theorem 7.3.1.

7.3.19 b. T(x,y)=(x, y+1)
7.3.24 b.
TS[X(), X1, ) = T[O, X0, X1, ) = [)C(), X1, ), SO

TS = 1y. Hence TS is both onto and one-to-one, so T’
is onto and S is one-to-one by Exercise 7.3.13. But
[1,0,0,...)isin ker T while [1, 0, 0, ...) is not in
imS.

7.3.26 b. If T(p) =0, then p(x) = —xp’(x). We write
p(x) = ag +aix+axx® + - -+ a,x", and this becomes
ag+aix+ax*+ - +axt =

—a1x —2axt — - — nayx". Equating coefficients
yields ap =0, 2a; =0, 3a; =0, ..., (n+ 1)a, =0,
whence p(x) = 0. This means that ker 7 =0, so T is
one-to-one. But then 7 is an isomorphism by

Theorem 7.3.3.

7.3.27 b. If ST = 1y for some S, then T is onto by
Exercise 7.3.13. If T is onto, let {eq, ..., €, ..., €,}
be a basis of V such that {e,; |, ..., €,} is a basis of
ker T. Since T is onto, {T(e;), ..., T(e,)} is a basis
of im T =W by Theorem 7.2.5. Thus §: W — V is an
isomorphism where by S{T (e;)] = e; for

i=1,2,..., r.Hence TS[T(e;)] = T (e;) for each i,
that is TS[T (e;)] = 1w [T (e;)]. This means that

TS = ly because they agree on the basis

{T(ey), ..., T(e,)} of W.

b. If T = SR, then every vector T(v) in im T has
the form 7'(v) = S[R(v)], whence im T C im S. Since
R is invertible, S = TR~! implies im S C im 7.

7.3.28

Conversely, assume that im S = im 7'. Then
dim (ker §) = dim (ker T') by the dimension theorem.

Let {e;, ..., €, €], ..., €,} and
{f, ..., £, .41, ..., £,} be bases of V such that
{41, ..., e, and {f. 1, ..., f,} are bases of ker §

and ker T, respectively. By Theorem 7.2.5,

{S(e1), ..., S(e,)} and {T(fy), ..., T(f,)} are both
bases of im S =im 7. Soletg, ..., g.in V be such
that S(e;) = T'(g;) foreachi=1, 2, ..., r. Show that

B:{gl’ .

Then define R : V — V by R(g;) = e for
i=1,2,...,r,andR(f;) =ejfor j=r+1, ..., n.
Then R is an isomorphism by Theorem 7.3.1. Finally
SR =T since they have the same effect on the basis B.

vy 8 £ri15 .., £y} is abasis of V.

7.3.29 LetB={ey, ..., €, €.4], ..., €,} be a basis of V
with {e,;1, ..., e,} a basis of ker T. If

{T(ey), ..., T(e;), Wri1, ..., Wy} is a basis of V, define S by
S[T(e))]=¢eiforl <i<r,and S(w;)=e;forr+1<j<n.
Then S is an isomorphism by Theorem 7.3.1, and

TST(e;) = T(e;) clearly holds for 1 <i<r. Butifi>r+1,
then T'(e;) =0=TST(e;),so T = TST by Theorem 7.1.2.

Section75
751 b {1, 2, [(-3)");
X = 55 (154273 4 (=3)"*1)
752 b {[1), [n), [(=2)")}xn = §(5—6n+(—2)""?)
d. {[1), [1), ")} xa =2(n—1)*~1

753 b {[d"), ")}



7.54 [1,0,0,0,0, ...

b.
0,0, 1,1

7.5.7 By Remark 2,

[+ (=i)") =120,
[i(i" = (=)") = [0,

-2, 0,
-2, 0,

)
1,..).[0,0,1,2,3, ...)

2,0,
2,0,

-2,0,...)
~2,0,2,...)

are solutions. They are linearly independent and so are a

basis.

811 b {(2, 1), 3(-1,2)}
d. {(0, 1, 1), (1, 0, 0), (0,

8.1.2 b x= (271, —221,
d. x=1(1, 7,11, 17)+ +(7,

f. x=

5(5a—5b+c—3d, —5a+5b—c+3d,a—b+1lc+
3d, —3a+3b+3c+3d)+

—2,2)}
1030) + 115(93, 403, 62)
-7, -7,7)

5(7a+5b—c+3d, Sa+

Tb+c—3d, —a+b+c—3d,3a—3b—3c+9d)

2(-3,1, -7, 11)
(=3, 1, =7, 11)

813  a 5(—9,3,-21,33) =
c. =5(—63,21, —147, 231) =
814 b {(1,-1,0), 3(-1,-1,2)}

projy x= (1, 0, —1

d. {(1, 1,0, 1), (1,
projy; x=(2,0,0, 1)

8.1.5 b. Ut =

span{(1, 3, 1,

)
la 09 0)’ %(_1’ 1’ O’ 2)};
1

0), (-1,0,0, 1)}

8.1.8 Write p = proj;; x. Then p is in U by definition. If x is
U,then x—pisinU. But x—pis also in U* by

Theorem 8.1.3,so x —pisinUNUL =

8.1.10 Let {f], £, ...

{0}. Thus x = p.

, fin} be an orthonormal basis of U. If x

is in U the expansion theorem gives

x=(x-f))fi + (x- )+ -+ (x-

8.1.14 Let{y,, y,, ...

the n X n matrix with rows le, yg,
Ax=0if and only ify;-x=0foreachi=1, 2, ...,

only if xisin Ut+ =U.

8.1.17  d. ET =AT[(AAT)"1]

£,)f, = projy x.

, ¥} be a basis of UL, and let A be
,yr,0,...,0. Then
m; if and

T(AT>T —_

AT[(AAT)T]flA :AT[AAT]flA —E
E? = AT(AAT)TAAT (AAT) 1A = AT (AAT)'A=E
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i[3 —4
8.2.1 b5{4 3
d 1 a b
.\/a2+b2 —b a
2 L
Ve V6 VG
P T W
AR
O B
2 6 -3
hoil 32 6
-6 3 2

8.2.2 We have PT = P~!; this matrix is lower triangular (left
side) and also upper triangular (right side—see Lemma 2.7.1),
and so is diagonal. But then P = PT = P~!, so P? =I. This
implies that the diagonal entries of P are all £1.

1 -1
1
s2s 0 5[]
01 1
d 1 v2 0 o0
2
V2 0 1 -1
2v2 3 1 2 -2 1
f. - Vv2 0 -4 |ori| 1 2
32 3
2V2 -3 1 2 1 =2
1 -1 v2 0
T s TS BRVE R
T2 -1 =1 0 V2
1 0 V2

-1
8.2.6 P= T5k

8.2.10 b. y1 = \/-( X1 +2x;) and y, = \/§(2x1 +x);
q==3y{+2y3.

8.2.11 c. = a. By Theorem 8.2.1 let
P~'AP =D = diag (A, ..., A,) where the A, are the
eigenvalues of A. By c. we have A; = +1 for each i,
whence D? = I. But then
A? = (PDP~')2 =PD?*P~! =1. Since A is symmetric
this is AAT = I, proving a.

8213 b IfB=PTAP=P"!, then

B% = PTAPPTAP = PTA2P,
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8.2.15 If x and y are respectively columns i and j of [,,, then AT = A = LDU be such a factorization. Then

xT ATy = x” Ay shows that the (i, j)-entries of A” and A are UTDTLT = AT =A=LDU, so L=UT by (a). Hence

equal. A =LDL" =VTV where V = LD, and D, is diagonal
with D(z) = D (the matrix Dy exists because D has

cos® —sin6 ] | positive diagonal entries). Hence A is symmetric, and

8.2.18 b. det [ sin®  cosO it is positive definite by Example 8.3.1.

cos 0 sin O }__1

and det [ sin@ —cos6

[Remark: These are the only 2 x 2 examples.]

d. Use the fact that P! = PT to show that 8.4.1 b 0= 2 1] R=-L [ 53 ]
PT(I—P)=—(I—P)T. Now take determinants and Vsl 2 Vs 0 1
use the hypothesis that det P £ (—1)". C L 1 01
. : . L -1 01
8.2.21 We have AAT = D, where D is diagonal with main do=2%1 o 11|
diagonal entries ||Ry||%, ..., ||Rn||>. Hence A~! = ATD1, 1 -1 1
and the result follows because D! has diagonal entries "3 0 —11°
VIRP: oo 1/ Rl Rexlos
00 2

8.2.23 b. Because I — A and I +A commute,
PPT = (I—A)(I+A) (1 +4) ] (1~ A) =
(I-A)I+A) ' I-A)TI+A) =1 8.4.2 If A has a QR-factorization, use (a). For the converse
use Theorem 8.4.1.

Section$3
_1} Section$s

831 b U:@[ 2

0 1
605 12v5 153 8.5.1 b. Eigenvalues 4, —1; eigenvectors [ _% ],
d U=+ 0  6V30 1030 1 409
30 . = N =
0 0 515 L3 |PXe= | pp [(13T394
d. Eigenvalues A; = 1(3 + =13
832 b IfA¥ >0,k odd, then A > 0. tgenvatues A1 . 23+ V13), 20 = 5( e
eigenvectors [ 11 ], [ } [ ]
8.3.4 Ifx # 0, then x” Ax > 0 and x” Bx > 0. Hence r3 = 3.3027750 (The true value is A; = 3. 3027756, o
x"(A+B)x = x" Ax+x”Bx > 0 and x” (rA)x = r(x” Ax) > 0, seven decimal places.)

asr> 0.

8.3.6 Letx #0in R". Then x” (UTAU)x = (Ux)TA(Ux) >0 852 b Eigenvalues A; = §(3+/13) = 3.302776,

provided Ux # 0. Butif U= ¢; ¢ ... ¢, |and = $(3—V13) = —0.302776
X = (x1, X2, ..., Xy), then UX = x1¢; + X3¢ + - - + x,¢, # 0 3 ] | 3 _1
because x # 0 and the ¢; are independent. Ap= [ 1 0 } O = 710 [ 1 3 ]’
1 10 3
8.3.10 Let PTAP =D = diag(A,, ..., A,) where PT = P. R=7% [ 0 —1
Since A is positive definite, each eigenvalue A; > 0. If 33 -1
B = diag (v/A1, ..., VA,) then B> = D, so AZZE{_I _3}’
A =PB?PT = (PBPT)?. Take C = PBP”. Since C has X 33 1
eigenvalues /4; > 0, it is positive definite. O = V1090 [ -1 33 ]’
Ry — L [ 109 -3 }

8.3.12 b. If A is positive definite, use Theorem 8.3.1 to 2= Vi0% 0 —10

write A = UTU where U is upper triangular with , 360 1

positive diagonal D. Then A = (D~'U)"D*(D~'U) so A3 =10 [ 1 —-33 ]

A = LDU, is such a factorization if U; = D~U, 3.302775 0.009174

Dy =D? and Ly = U{ . Conversely, let - [ 0.009174 —0.302775 ]
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8.5.4 Use inductionon k. If k =1, A| = A. In general 8.7.5
A1 = O 'ArQr = OF Ay Qy, so the fact that AT = Ay implies
A,{ 1 =Ak+1- The eigenvalues of A are all real (Theorem

5.5.5), so the Ay converge to an upper triangular matrix 7. f. None

But 7" must also be symmetric (it is the limit of symmetric

b. Normal only

d. Hermitian (and normal), not unitary

matrices), so it is diagonal.

h.

S G 7

Unitary (and normal); hermitian if and only if z is real

) U_L[ - 3_1-]

Vid| 340 2
- -1 0
8.6.4 b. toy, ..., to;. U AU:[ 0 6}
8.6.7 Tt A= ULV then £ is invertible, so A~' = VE1UT is a U:L{”l 1 }UHAU:{I 0}
Bl o—1 1-i | 0 4
aSVD.
V30 0
8.68  b. FirstATA =1, 505, =1, fU=Z] 0 14+i 1 |,
0 -1 1-i
a =50 ]l s
V21l -1 0 1 |v2| — vau=10 0 0
_L{l—l]L[—ll} 0 0 3
- VZl1r 1| V2] 11
-1 0 8710  b. |AZ|? = (AZ, AZ) =AA(Z, Z) = |A]?||Z|?
- [0 ]
8.7.11 b. If the (k, k)-entry of A is ay, then the
8.6.9 b (k, k)-entry of A is Gy so the (k, k)-entry of

1 1 1
-1 1 -1
1 -1 -1
-1 1 -1

—_
[N
(=)
(=)
[E—
=

_— ==

8.6.13 b. If x € R” then

x'(G+H)x=x"Gx+x'Hx > 0+0=0.

8.7.14

8.7.16

(A)T = AM is @y This equals a, so ay is real.
b. Show that (B?)# = B"B" = (—-B)(~B) = B
(iB)! =iB" = (—i)(—B) = iB.

If Z = A + B, as given, first show that Z# = A — B, and
hence that A = 3(Z+2") and B = (2 —Z1).

b. If U is unitary, (U~")~! = (U~ = (U 1A,
so U~ ! is unitary.

8718 b H= [ ! 0 } is hermitian but
iH= [ 11 _(1) } is not.
871 b V6
d. V13 a b
8.7.21 b. LetU = [ ¢ d ] be real and invertible, and
8.7.2 b. Not orthogonal 1 A ou
assume that U AU = 0 . Then
d. Orthogonal y v
AU =U [ 0 'L: , and first column entries are

8.7.3 b. Not a subspace. For example,

i(0,0, 1)=(0, 0, i) isnotin U.

d. This is a subspace.

8.7.4 b. Basis {(i, 0, 2), (1, 0, —1)}; dimension 2
d. Basis {(1, 0, —2i), (0, 1, 1 —i)}; dimension 2

¢ =al and —a = cA. Hence A is real (¢ and a are
both real and are not both 0), and (1 4+ A2)a = 0. Thus
a=0, c=alA =0, a contradiction.

8.8.1

b. 17'=1,9"1=9,371=7,7""1=3



656

8.8.2

8.8.3

8.8.6

8.8.7

8.8.9

8.8.10

Polynomials
21=2,22=4,23=8,2=16=6,2°=12=2,
20=22.. soa=2Fifandonlyifa =2, 4, 6, 8. d.

b. If 2a = 0in Z19, then 2a = 10k for some integer

k. Thus a = 5k. 8.9.2

b. 1171'=71in Zyg.

b. detA=15-24=1+4=5#0inZ;,s0A"!
exists. Since 5! =3 in Z7, we have

3 -6 31
-1_ _
A _3[ }—3[3 5

3 5
b. We have 5-3 =1 in Z7 so the reduction of the
augmented matrix is:

3143] [156 1
431 1 43 1 1|
INBEERCIRE
0 4 5 4|
INBEEEC N
01 3 1|
Lfros 3]
01 3 1|

Hencex=3+42t,y=1+4+4t,z=t;tin Z7.
b (1+6)"'=2+1

b. The minimum weight of C is 5, so it detects 4
errors and corrects 2 errors.

HEH

1 3 2
A=113 —1
2 - 3
1 1
_ L .
b'P_\/i[l —1}’
_ 1| X1tx2 |,
y_\/z X1 — X2
q=371-y; 1,2
2 2 -1
p=11 2 -1 2/
—1 2 2
2x1 4+ 2x — X3
y=1%| 20 — x» + 2x3 |;
—x1 + 2x + 2x3
q=91+93%—-9%% 2.3
-2 1 2
P=i| 2 21}
1 -2 2
=2x1 + 2x% + x3
y=1 X1+ 2n — 2x |3
2x1  + Xy 4+ 2x3
g=97+9y3; 2,2
V2 V3 1
P=2| v2 0 2|
\/E £
V2 V3 o-1d
—\/Exl + \/§x2 + \/Exz
y:ﬁ \/§x1 + \/§x3 3
X1 + 2x - X3

g=2y}+y3—y% 2,3

893  b.oxi=d(2x—y)yi=Jx+2)i4d -y =2
8.8.11  b. {00000, 01110, 10011, 11101}. hyperbola
d xp = z(x+2y), 1= z@x—y):i6xi+yi = 1;
8.8.12 b. The code is ellipse
{0000000000, 1001111000, 0101100110,
0011010111, 1100011110, 1010101111, 8.9.4 b. Basis {(i, 0, i), (1, 0, —1)}, dimension 2
0.110110001, 1111001001}. This has minimum d. Basis {(1, 0, —2i), (0, 1, 1 — i)}, dimension 2
distance 5 and so corrects 2 errors.
8.9.7 b. 3y7+5y3 —y3—3vV2y1 + 5 V3 + 3V6y3 =7
8.8.13 b. {00000, 10110, 01101, 11011}isa yi= L (v 4x3), y2 = = (x1 0 —x3)
(5, 2)-code of minimal weight 3, so it corrects single \{5 ’ V3 ’
CITOLS. ¥3 = 7520 —x+x)
_ T :
8814 b. G=[ 1 u | whereuisany nonzero vector 899  b. By Theorem83.3letA =U"U where U is
u upper triangular with positive diagonal entries. Then
in the code. H = [ I } g=x"(UTU)x= (Ux)TUx = |Ux]|].
o
Section8y .
1 0 9.1.1 b. | 2b—c
8.9.1 b.A—[0 2] c—b
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a—>b
d. Mgp(S)Mpp(T) =
d. % Cl+b ED() DB( ) 1 =1 0
—a+3b+2c |:1 -1 0:| -1 0 1 _
0 0 1 0 1 0
9.1.2 b. Let v=a+ bx+cx Then {2 -1 -1 ]—MEB(ST)
Cp[T(v)] = Mps(T)Cp(v) = o 1 0
21 37| | _[2a+b+3c
_1 0 _2 - —a—ZC 9.1.7 b
¢ T’l(a,b,c):%(b—i—c—a,a—i—c—b,a—i—b—c)
Hence 0 1 1
Mps(T)=1|1 0 1 |;
T(v)=Q2a+b+3c)(1,1)+ (—a—2c)(0, 1) 1 1 0
=2a+b+3c,a+b+c). -1 1 1
Mpp(T 1) =1 -1 1
1 -1
1 0 0O
0 010 d. T"Y(a, b, ¢c) = (a—b)+ (b—c)x +cx%
913 b. 01 00O 1 1 1
000 1 Mpg(T)=| 0 1 1 [;
L1 0 0 1
1 -1 0
d. 01 2 Man(T—1) = 1 —1
001 0o 0 1
12 9.1.8 b Mpp(T ") = [Mpn(T)] " =
s 3 1.8 b Mps( )—1[ sp(T)] " =
9.14 b. 4 0| 1 11 0] 1 -1 0
11 01 10 _ 0 1 -1 0
12 2 00 01 o 0 01
ChlT(a b)] — 5 3 b | 3Ba+2b L
p[T(a, b)] = 4 0 a—b | = 4b Hence C3[T ' (a, b, ¢, d)] =
1 1 a MBD(Til)CD(a, b, c,d)=
1 -1 0 0 a a—>b
IR N 2 0 1 -1 0 b b—c
d. 2[1 ] ; Cp[T(a+bx+cx?)| = o o Lo = ) . 50
1[11—1] a _l{a—i-b—c} 00 01 Zb d
1 =1 a— —c
2 1 1 1 c 2 at+b+c T l(a, b, c, d)_|: ¢ d :|
(1 0 0 0]
¢ 01 10 1] @ b _ 9.1.12 Have Cp|T (e;)] = column j of I,. Hence
1o 1 1 0| c d Mps(T) =] Cp[T(e)] Cp[T(e2)] -+ Cpl[T(en)] | =1
L0 0 0 1 |
1000 “ a 9.1.16 b. IfDls the standard basis of R**! and
01 10 b b+c 0
011 0 ¢ = htc BZ{ ey },thenMDB(T)—
. e n fr—
R j [ olT ()] ZcD[m)]n ColT(x")] ]
- - I ay a5 - a
1 a a% all
9.1.5 b. Mgp(S)Mpp(T) = 1 a a3 as
1 1 0 .
110 0 01 1| S :
00 1 -1 10 1|~ Loan ap - a
—1 1 0 This matrix has nonzero determinant by

1 21 Theorem 3.2.7 (since the g; are distinct), so 7" is an
7 1 1|7 Mgp(ST) isomorphism.
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9.1.20

9.1.21

9.1.22

9.1.24

9.1.25

9.1.27

9.2.1

9.24

9.2.5

Polynomials

d. [(S+T)R|(v) = (S+T)(R(v)) = S[(R(v))] +
T[(R(v))] =SR(v)+TR(v) = [SR + TR](v) holds for
all vin V. Hence (S+T)R =SR+TR.

b. If wliesin im (S+7T), thenw = (S+T)(v)
for some v in V. But then w = S(v) + T(v), so w lies
inimS+im7T.

b. If X C Xy, let T lie in X?. Then 7(v) = 0 for
all v in X, whence T(v) = 0 for all v in X. Thus 7 is
in XY and we have shown that X{) C x0.

b. R is linear means Sy4+w = Sy + Sw and
Sav = aSy. These are proved as follows: Sy (r) =
r(v+w) =rv4rw=Sv(r) + Sw(r) = (Sv+ Sw)(r),
and S,y (r) = r(av) = a(rv) = (aSy)(r) for all rin R.
To show R is one-to-one, let R(v) = 0. This means
Sy =0s00=Sy(r) = rv for all r. Hence v = 0 (take
r = 1). Finally, to show R is onto, let T lie in L(R, V).
We must find v such that R(v) =T, thatis Sy = 7. In
fact, v =T (1) works since then

T(r)=T(r-1)=rT(1) =rv=_Sy(r) holds for all r,
soT =Sy.
b. GivenT:R—=V,letT(1) =ab;+---+ayby,,

a; in R. For all r in R, we have
(@1S1+-+anSn)(r) =a1$1(r) + -+ anSu(r) =
(ayrby +---+aprb,) = rT(1) = T(r). This shows
thata; S+ +a, S, =T.

b. Write v=v{b; +---+v,b,, v; in R. Apply E;
to get Ei(V) = VlE,'(bl) “+ -+ VnE,'(bn) =v; by the

definition of the E;.

-3 -2 1
b1l 2 20
0 0 2
1 1 -1
b. Pgep=|1 -1 01,
1 0 1
1 1 1
Ppip=73 I -2 1],
—1 -1 2
1 0 01
Peep=]1 - sPecp=10 1 0
1 1 00
b A = Pp_p, where
={(1,2, -1), (2, 3,0), (1, 0, 2)}. Hence
6 —4 -3
Al=Py . p=1| -4 3 2
3 -2 -1

[\ ]

9.2.7 b.

9.2.8

9.2.9 b. cr(x) =x*—6x—1

d. cr(x)=x>+x>—8x—3

f. cr(x) =x*

9.2.12 Define Ty : R" — R" by Ty (x) = Ax for all x in R". If
null A = null B, then ker (7) = null A = null B = ker (73)
so, by Exercise 7.3.28, Ty = STp for some isomorphism
S:R" — R". If By is the standard basis of R”, we have

A= MBO(TA) = MBO (STB) = MBO (S)MBO(TB) = UB where

U = Mp,(S) is invertible by Theorem 9.2.1. Conversely, if

A = UB with U invertible, then Ax = 0 if and only Bx = 0, so
null A = null B.

9.2.16 b. Showing S(w+v) = S(w) + S(v) means
MB(Tw+v) MB(T )+MB( ) If B= {bl, bz} then
column j of Mp(T,,1y) is

Cg[(w+V)bj] = Cp(wbj+vb;) = Cg(wb;) + Cp(vb;)
because Cp is linear. This is column j of

Mp(Ty) +Mp(T,). Similarly Mp(T,,,) = aMp(T,); so
S(aw) = aS(w). Finally T,,T, = T,,, so
S(wv) = Mp(T, T,) = Mg(T,,)My(T,) =
Theorem 9.2.1.

S(w)S(v) by

932 b. T(U)CU,soT[T(U)]CT(U).

9.3.3 b. If visin S(U), write v=S(u), uwin U. Then
T(v) =T[S(w)] = (TS)(w) = (ST)(u) = S[T (u)] and
this lies in S(U) because T'(u) lies in U (U is

T-invariant).

9.3.6 Suppose U is T-invariant for every 7. If U # 0, choose
u#0in U. Choose a basis B={u, up, ..., u,} of V
containing u. Given any v in V, there is (by Theorem 7.1.3) a
linear transformation 7 : V — V such that T (u) = v,

T(up) =---=T(u,) =0. Then v=T(u) lies in U because U
is T-invariant. This shows that V =U.



9.3.8

9.3.9

9.3.10

9.3.14

b.
T(1—2x%) =3+3x—3x2=3(1 —2x*) + 3(x +x?)
and T (x+x?) = —(1 — 2x?), so both are in U. Hence

U is T-invariant by Example 9.3.3. If
B={1-2x% x+x%, x*} then

3 -1 1
Mg(T)=|3 0 1 |[,s0
0 0 3
x=3 1 -1
cr(x)=det| -3 x -1 |=
0 0 x-3
x=3 1
(x—3) det { 3 4 } (x—=3)(x*—3x+3)

b. Suppose Ru is Ty-invariant where u # 0. Then
Tj(u) = ru for some r in R, so (r/ —A)u = 0. But
det (rl — A) = (r — cos 0)* + sin*6 # 0 because
0 < 6 < &. Hence u = 0, a contradiction.

b. U =span{(1, 1,0, 0), (0,0, 1, 1)} and
W = span{(1, 0, 1, 0), (0, 1, 0, —1)}, and these
four vectors form a basis of R*. Use Example 9.3.9.

e[} ][5 4]}

1 0 0 1
W—span{[_1 0],[0 1}}andthese

vectors are a basis of Mj,. Use Example 9.3.9.

The fact that U and W are subspaces is easily verified

using the subspace test. If A liesin U NV, then A = AE = 0;

that is,

UNV =0. To show that My, = U +V, choose any A

in Mp,. Then A = AE + (A — AE), and AE lies in U [because

(AE)E = AE* =

AE], and A — AE lies in W [because

(A—AE)E = AE — AE* =0].

9.3.17

9.3.18

9.3.20

Then Mp(T) =

b. By (a) it remains to show U + W =V; we
show that dim (U + W) = n and invoke
Theorem 6.4.2. But U +W = U @ W because
UNW =0,s0 dim(U+W)=dimU+dimW =n.

b. First, ker (7y) is Ty-invariant. Let U = Rp be
Tx-invariant. Then Ty (p) is in U, say Tx(p) = Ap.
Hence Ap = Ap so A is an eigenvalue of A. This
means that A = 0 by (a), so p is in ker (7). Thus
U C ker (Ty). But dim [ker (74)] # 2 because T4 # 0,

so dim[ker (Ty)] =1 = dim (U). Hence U = ker (7).

Let By be a basis of U and extend it to a basis B of V.

Mg (T) Y
0 7z , SO

cr(x) = det [xI — Mp(T)] = det[xI — Mg, (T)] det[x] —Z] =
cr1(x)q(x).
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9.3.22 b. Tz[p(x)] = p[—(—x)] = p(x)’ s0 T2 = 1;
B={l,x* x, ¥’}
d. T%(a, b, ¢) =T (—a+2b+c,b+c, —c) = (a, b, c),

soT?>=1;B={(1, 1, 0); (1, 0, 0), (0, —1, 2)}

9.3.23 b. Use the Hint and Exercise 9.3.2.

9325 b T*(a, b, c)=
(a+2b,0, 4b+c) =

B={(1,0,0), (0,0, 1); (2

T(a+2b,0,4b+c) =
T(a, b, c),s0T>=T;

s _17 4)}

9329 b Ty [Ty (V)] = Ty o[/ (v)2] = fIf(v)2]z =
F(W{flz]z} = f(v)f(z)z. This equals

Ty, 2(v) = f(v)z for all v if and only if

f(v)f(z) = f(v) for all v. Since f # 0, this holds if
and only if f(z) =
9.3.30 b. fA=[p P p, | where Up; = Ap;
for each i, then UA = AA. Conversely, UA = 1A
means that Up = Ap for every column p of A.
10.1.1 b. PS5 fails.
d. PS5 fails.
f. PS5 fails.

10.1.2 Axioms P1-P5 hold in U because they hold in V.

1
10.1.3 b =f
3
-1
10.1.4 b. V3
d. V3%

10.1.8 P1 and P2 are clear since f(i) and g(i) are real
numbers.

P3: (f+g. h) =) (f+8)(i) - h(i)
= i(f(i) +8(i)) - h(i)
= i[f(l)h(l) +8(D)h(i)]
= Z F@)h(i) +;g<i)h(l)

= {fs h)+ (g h).

Pd: (rf, g) =} (rf)(i) g(i)
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= Zr £(i) - g(i) 102.1 b, | .
= er(,') -g(i) . {(6a+2b+6c) i } + (7¢—7a) (1)
=r(f. 8) 1 }
+(a—-2b+c)| —6
P5:If f £ 0, then (f, f) = Z:f(i)2 > 0 because some 1
s o I GOl
10.1.12 b (25) [ (1) (1) :|+(%) [ _(1) (1) }

(v, V) = 5vF — 6v1va +2v3 = 1[(5v — 3v2)2 + 3]

d. (v, v) =33+ 8vyvy + 6v3 = L[(3vy +4v2)? +2v7] 10.2.2 b. {(1, 1, 1), (1, =5, 1), (3, 0, =2)}

| ) 10.2.3 b.
101.13 b [ - ] 11 =2 I -2 10
-2 1 0O 11|13 1 (| =2 11710 -1
1 0 -2
d 0 2 0 10.2.4 b. {1,x—1,x2—2x—|—%}
-2 0 5
10.2.6 b. Ul =
- | span{[ 1 -1 0 0],[0 0 1 0],[0 O O 1]},
10.1.14 By the condition, (x, y) = 5(x+y, x+y) = 0 for all C a3 -
\ 2 dimU-=3,dimU =1
X, y. Let e; denote column i of /. If A = [g;;], then
a;j=elAe; = {e;, e;} =0 foralliand j. d. Ut =span{2—3x, 1 —2x?}, dimU* =2,
dimU =1
10.1.16 b —15 f. Ut = span{[ _i _(1) ]} dim U+ =1,
dimU =3

10.1.20 1. Using P2:
(w, v+w)=(v+w,u)=(v, u) +(w, u) = (u, v) + (u, w). 10.2.7 b.

2. Using P2 and P4: (v, rw) = (rw, v) = r(w, v) = r{v, w). U = span (1) (1) } , { i i } i [ (1) (1) ]}’
3. Using P3: (0, v) = (0+0, v) = (0, v) + (0, v), so 370
(0, v) = 0. The rest is P2. proj;, A= [ > 1 ]

4. Assume that (v, v) = 0. If v # 0 this contradicts P5, so
v =0. Conversely, if v =0, then (v, v) = 0 by Part 3 of this

_ 32V nroi oy — 3 2
theoremn. 10.2.8 b. U = span{l, 5—3x°}; proj, x = 13(1 +2x°)

10.2.9 b. B={1, 2x— 1} is an orthogonal basis of U
10.1.22 b. 15]|ul|> = 17(u, v) —4||v|]? because fol (2x—1)dx = 0. Using it, we get
. 5 o 5
d. Juv]2 = (utv, utv) = Jul+ 20, v)+ v projy (¥ +1) =x+g.50
¥Hl=x+32)+ @ —x+¢g).
10.1.26 b. {(1, 1,0), (0,2, 1)} 10.2.11 b. This follows from
(v+w, v—w) = [[v||* — [|w]*.
10.1.28 (v—w, v;) = (v, v;) — (w, v;) = 0 for each i, so
v = w by Exercise 10.1.27. 10.2.14 b. U+ C{uy, ..., uy,}* because each u; is in
U. Conversely, if (v, u;) = 0 for each i, and
u=riu + -+ ruly, is any vector in U, then
10.1.29  b. Ifu=(cosH, sin6) in R? (with the dot V0 = PV, W)+ eV, U = 0.
product) then ||u]| = 1. Use (a) with v = (x, y).

10218 b, proj, (=5, 4, —3) = (=5, 4, —3);

SEEE o (102 = (17,24 7)



10.2.19 b. The planeis U = {x|x-n=0} so

span {n X W, W— zn} CU. This is equality

H I
because both spaces have dimension 2 (using (a)).

10.2.20 b. Cg(b;) is column i of P. Since

Ce(b;)-Cg(bj) = (b;, b;) by (a), the result follows.

10.2.23 b. IfU = span{fy, f5, ..., £, }, then
projy v= Z <“"1f ”f2>f by Theorem 10.2.7. Hence
l

m
|| proj,, v||* = Z <Hf H2>f by Pythagoras’ theorem.

Now use (a).

10.3.1 b
s_f[1 0] o1 00] oo
B Oo01’{0 O|>|1T Of”]0 1 ’
[ —1 010
0 -1 0 1
M) =1 1 ¢ 20
0 10 2
10.3.4 b. (v, (rT)W) = (v, rT(W)) =r(v, T(W)) =
r(T(v), w) = (rT(v), w) = ((rT)(v), W)
d. Givenvandw, write T~!(v) =v; and T~} (w) = w;
Then (T~ (v), w) = (v, T(w;)) = (T(v), w;) =
(v, T~ (w)).
1035 b IfBy={(1, 0, 0), (0, 1, 0), (0, 0, 1)}, then
7 -1 0
Mp,(T)=| —1 7 0 | hasan orthonormal basis
0 0 2
1 1 0
of eigenvectors L1 s L , | 0
V2 0 V2 0 1

Hence an orthonormal basis of eigenvectors of T is

{5010, (1, -1,0), 0,0, 1)},
-1 0 1
d. If By = {1, x, x*}, then M, (T) = 03 0
1 0 —1
has an orthonormal basis of eigenvectors
0 1 1
1,0, %] o
0 V2 1 V2 -1

Hence an orthonormal basis of eigenvectors of T is

{x, L(1+22), %(1—);2)}.

10.3.7 b. Mp(T) = [13 X} SO

|: xlz—A 0

cr(x) = det 0 th—A

10.5.1 b. £—
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10.3.12 (1) = (2). If B={fy, ..., f,} is an orthonormal
basis of V, then Mg(T) = [a;;] where a;; = (f;, T(f;)) by
Theorem 10.3.2. If (1) holds, then

aji = (£, T(6)) = —(T(£)). £) = — (£ T(E))
Hence [My (T)]T = —My(T), proving (2).

= —a,'j.

10.3.14 c. The coefficients in the definition of

T'(f) = Z(f i, T (£;))f; are the entries in the jth

column CB [T’ (f;)] of Mp(T'). Hence
MB( ") = [(£;, T(£;))], and this is the transpose of
Mg (T) by Theorem 10.3.2.

10.4.2 b. Rotation through
d. Reflection in the line y = —x

f. Rotation through ¢

1043 b op(x)=(x— )2+ 3x+1). If
=[1 V3 V3 ]T, then T is a rotation about Re.
d. cr(x) = (x+1)(x+ 1) Rotation (of ) about the x
axis.
f. cr(x) = (x4 1)(x®> — v/2x+1). Rotation (of —%

about the y axis followed by a reflection in the x — z
plane.

10.4.6 1 [|v]| = [|(aT)(V)[| = |a[|IT(v)[| = |al[[v|| for some
v #0, then |a| =1 soa==+1.

10.4.12 b. Assume that S =SyoT,u €V, T an isometry
of V. Since T is onto (by Theorem 10.4.2), let
u=T(w) where w € V. Then for any v € V, we have
(ToSw)=T(W+V)=T(W)+T (W) =Spw)(T(v)) =
(S7(w) o T)(v), and it follows that T o Sy = Sy (y) o T

z 4 |:COSx—|— cos3x+ cosSx}
d. %"r [sinx— sin2x 4 sung _

2 cos 3x cos5x
-= [cosx + =+ 5—2}

sin4x sinSx
b

2 8 | cos2x cos4x cos 6x
b 232 {z—‘i‘m‘f‘@—,l}

4 [cos kx cos Ix dx
% [Sm [t Sm[(k l)xq =0 provided that k # [.
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Sectionitl
11.1.1 b. ca(x) = (x+1)3%
1 00
p=|1 1 0/;
1 -3 1
-1 0 1
P lAP = 0 -1 0
0 0 -1
d. ca(x) = (x—1)2>(x+2);
-1 0 -1
Pp=| 4 1 1|
4 2 1
11 0
PlAP=|0 1 0
00 -2
f.ocalx) = (x+1)*(x—1)%
115 1
00 2 —1
P=1lo 12 ol
1 o1 1
-1 1.0 0
s |0 =110
PPAP=1"46 o 1 =2
0 00 1

11.1.4 If B is any ordered basis of V, write A = Mp(T'). Then
cr(x) = ca(x) =ap+apx+ -+ ayx" for scalars a; in R.
Since M is linear and Mp(T*) = Mp(T )X, we have
MB[CT(T)] =My [a() +a1T+--- —l—anT”] =

apl + a1A+ -+ -+ a,A" = cs(A) = 0 by the Cayley-Hamilton
theorem. Hence ¢y (T) = 0 because Mp is one-to-one.

Section112
a 1 0 010
1122 | 0 a O 0 0 1
0 0 b 1 00
010 a 1 0
=0 0 1 0 a 1
1 00 0 0 a

d x==+£1

A2 b 10+i
d. 3 +3i
f.2-11i
h. 8—6i

A5 b. —2,1+3i
d. +2v2, +2+/i

A.6 b. x* —4x+13;2+3i
d. X2 —6x+25;3+4i

A8 x* —10x> +42x> — 82x+65

A10 b (=2)2+2i—(4-2i)=0;2—i
d. (=24 +3(1—i)(=1+2i)—5i=0; —1+2i

A1 b. —i, 1+
d 2—i,1-2i

A2 b. Circle, centre at 1, radius 2
d. Imaginary axis

f. Line y =mx

A8 b e /2
d. 8€2m/3
f. 6\/56371'1'/4

A.19 b.
d 1—i
f.v/3-3i

+ 2

=

1 3
A20 b —L+%
d. —32i
£ —219(14-4)

A23 b £2(VEHi), £ (—1+/30)
d. £2i, (V3 41i), (V3 —i)

A.26 b. The argument in (a) applies using f = 27” Then
I+z+4- 42 = 1= =0



B.1

B.2

B.3

b. If m=2p and n =2q+ 1 where p and g are
integers, then m+n=2(p+¢q) + 1 is odd. The
converseis false: m=1andn=2isa
counterexample.

. % =5x+6= (x—2)(x— 3) so, if this is zero, then

x =2 or x = 3. The converse is true: each of 2 and 3
satisfies x2 — 5x+ 6 = 0.

b. This implication is true. If n = 2¢ + 1 where ¢ is

an integer, then n> = 4¢> +4¢t+1=4¢(t + 1) + 1. Now

t is either even or odd, say t =2mort =2m+ 1. If

t =2m, then n> = 8m(2m+ 1)+ 1;if t = 2m + 1, then
n? =8(2m+1)(m+ 1)+ 1. Either way, n” has the
form n? = 8k + 1 for some integer k.

b. Assume that the statement “one of m and n is
greater than 12” is false. Then both n < 12 and
m < 12, so n+m < 24, contradicting the hypothesis
that n + m = 25. This proves the implication. The
converse is false: n =13 and m = 13 is a
counterexample.

. Assume that the statement “m is even or 7 is even” is

false. Then both m and n are odd, so mn is odd,
contradicting the hypothesis. The converse is true: If
m or n is even, then mn is even.
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B.4 b. If x is irrational and y is rational, assume that
x+yis rational. Then x = (x+y) — y is the difference
of two rationals, and so is rational, contrary to the
hypothesis.

B.S b. n =10 is a counterexample because 10> = 1000

while 219 = 1024, so the statement n> > 2" is false if
n = 10. Note that n® > 2" does hold for2 <n < 9.

n(n+2)+1

n 1 _ (n+1)? ntl
Co6 e = ) =

(D) (nt2) — nt2

C.14
1 _ 2y/nndl 2Antl) g _ _
2\/5_14_\/"_?_ WSy —1<\/’m 1=2v/n+1-1

C.18 If n* —n =3k, then
(n+1)2—(n+1)=3k+3n*+3n=3(k+n’>+n)

C.20 B, = (n+1)!—1
C.22

b. Verify each of Sy, 5>, ..., Ss.



