10. Inner Product Spaces

10.1 Inner Products and Norms

The dot product was introduced in R” to provide a natural generalization of the geometrical notions of
length and orthogonality that were so important in Chapter 4. The plan in this chapter is to define an inner
product on an arbitrary real vector space V (of which the dot product is an example in R") and use it to
introduce these concepts in V. While this causes some repetition of arguments in Chapter 8, it is well
worth the effort because of the much wider scope of the results when stated in full generality.

Definition 10.1 Inner Product Spaces

An inner product on a real vector space V is a function that assigns a real number (v, w) to every
pair v, w of vectors in V in such a way that the following axioms are satisfied.

P1. (v, w) is a real number for all vand w in'V.

P2. (v, w)=(w, V) forallvand winV.

P3. (v+w,u)= (v, u)+(w, u) forallu, v,and winV.
P4. (rv, w) =r(v, W) forall vand w in V and all r in R.
P5. (v, v)>O0forallv#0inV.

A real vector space V with an inner product ( , ) will be called an inner product space. Note that every
subspace of an inner product space is again an inner product space using the same inner product.'

Example 10.1.1

R" is an inner product space with the dot product as inner product:
(v, wy=v-w forallv, we R"

See Theorem 5.3.1. This is also called the euclidean inner product, and R”, equipped with the dot
product, is called euclidean n-space.

UIf we regard C" as a vector space over the field C of complex numbers, then the “standard inner product” on C” defined in
Section 8.7 does not satisfy Axiom P4 (see Theorem 8.7.1(3)).
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Example 10.1.2

If A and B are m x n matrices, define (A, B) = tr (ABT) where tr (X) is the trace of the square
matrix X. Show that (, ) is an inner product in M.

Solution. P1 is clear. Since tr (P) = tr (PT) for every square matrix P, we have P2:
(A, B) = tr (AB") = tr [(AB")"] = tr (BAT) = (B, A)

Next, P3 and P4 follow because trace is a linear transformation M,,,, — R (Exercise 10.1.19).
Turning to P5, let ry, 1y, ..., r,, denote the rows of the matrix A. Then the (i, j)-entry of AAT is
r;-rj, so

(A, A) = tr (AAT) =r; v +1r2 12+ +Tp Ty

But r; - r; is the sum of the squares of the entries of r, so this shows that (A, A) is the sum of the
squares of all nm entries of A. Axiom P35 follows.

The importance of the next example in analysis is difficult to overstate.

Example 10.1.3: >

Let Cla, b] denote the vector space of continuous functions from [a, b] to R, a subspace of
Fla, b]. Show that

b
(. 8) = | Fgx)dx
defines an inner product on C[a, b].

Solution. Axioms P1 and P2 are clear. As to axiom P4,

of, &)= [ rpar=r [ g0 =r(s, 8

Axiom P3 is similar. Finally, theorems of calculus show that (f, f) = [ ab f(x)?dx >0 and, if f is
continuous, that this is zero if and only if f is the zero function. This gives axiom P5.

If v is any vector, then, using axiom P3, we get
0, v) = (040, v) = (0, v) + (0, v)

and it follows that the number (0, v) must be zero. This observation is recorded for reference in the
following theorem, along with several other properties of inner products. The other proofs are left as
Exercise 10.1.20.

This example (and others later that refer to it) can be omitted with no loss of continuity by students with no calculus
background.
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Theorem 10.1.1

Let (, ) be an inner product on a space V; let v, u, and w denote vectors in V; and let r denote a
real number.

If (, ) is an inner product on a space V, then, given u, v, and win V,
(ra+sv, w) = (ru, w) + (sv, w) = r{u, w) +s(v, w)

for all r and s in R by axioms P3 and P4. Moreover, there is nothing special about the fact that there are
two terms in the linear combination or that it is in the first component:

(rivi+nmnva+-+rmvey, W) = ri{vi, W) +r(va, W) +---+r,(v,, w), and
(V, sSiwi +50Wo + - +5,Wp) = s1(V, W1) +52(V, W) + -+ 5,(V, Wp,)

hold for all r; and s; in R and all v, w, v;, and w; in V. These results are described by saying that inner
products “preserve” linear combinations. For example,

(2u—v, 3u+2v) = (2u, 3u) + (2u, 2v) + (—v, 3u) + (—v, 2v)
=6(u, u) +4(u, v) —3(v, u) —2(v, v)
=6(u, u)+ (u, v) —2(v, v)

If A is a symmetric n x n matrix and x and y are columns in R”, we regard the 1 x 1 matrix x’ Ay as a
number. If we write
(x, y) =x'Ay for all columns x, y in R"

then axioms P1-P4 follow from matrix arithmetic (only P2 requires that A is symmetric). Axiom P5 reads
x’Ax >0 for all columns x # 0 in R”

and this condition characterizes the positive definite matrices (Theorem 8.3.2). This proves the first asser-
tion in the next theorem.

Theorem 10.1.2

If A is any n X n positive definite matrix, then
(x, y) = x! Ay for all columns x, y in R"

defines an inner product on R", and every inner product on R" arises in this way.
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n
Proof. Given an inner product (, ) on R”, let {e}, e, ..., €,} be the standard basis of R". If x = Zx,-e,-

i=1
n

and y = Z yje; are two vectors in R”, compute (X, y) by adding the inner product of each term x;e; to
j=1
each term y;e;. The result is a double sum.

n n n n
- Z Z Xiei» yjej) = Z sz €, )y
i=1j=1 i=1j=1

As the reader can verify, this is a matrix product:

(e, e1) (e, e) -+ (e, er) | [ 3
) =[x x % ] (2, €1) (e2,€) -+ (€2, €n) | | 32
S Y)= (X1 X2 o X . ) . )
(€n, €1) (en, €) -+ (€, €n) | | In
Hence (x, y) = x’ Ay, where A is the n x n matrix whose (i, j)-entry is (e;, €;). The fact that
(ei, e;) = (e, €;)

shows that A is symmetric. Finally, A is positive definite by Theorem 8.3.2. U

Thus, just as every linear operator R" — R” corresponds to an n X n matrix, every inner product on R”
corresponds to a positive definite n X n matrix. In particular, the dot product corresponds to the identity
matrix I,,.

Remark

If we refer to the inner product space R" without specifying the inner product, we mean that the dot
product is to be used.

Example 10.1.4

Let the inner product { , ) be defined on R? by

1% w
<{ ! ] { ! ]>=2V1W1—V1W2—V2W1+V2W2
v wo

Find a symmetric 2 x 2 matrix A such that (x, y) = x’ Ay for all x, y in R2.

Solution. The (i, j)-entry of the matrix A is the coefficient of v;w; in the expression, so

2 —1
A= { 1 1 } Incidentally, if x = {y },then

(X, X) :2x2—2xy—|—y2:x2—|—(x—y)2 >0

for all x, so (x, x) =0 implies x = 0. Hence (, ) is indeed an inner product, so A is positive
definite.
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Let (, ) be an inner product on R” given as in Theorem 10.1.2 by a positive definite matrix A. If

T . . .
x=[x x - x|, then (x, x) = x"Ax is an expression in the variables xi, x2, ..., x, called a
quadratic form. These are studied in detail in Section 8.9.

Norm and Distance

Definition 10.2 Norm and Distance

As inR", if (, ) is an inner product on a space V, the nornr’® ||v|| of a vector v in V is defined by

I¥ll = /(v v)

We define the distance between vectors v and w in an inner product space V to be

d(v, w)=[[v—w|

Note that axiom P5 guarantees that (v, v) > 0, so ||v|| is a real number.

Example 10.1.5

y The norm of a continuous function f = f(x) in Cla, D]
(with the inner product from Example 10.1.3) is given by

I =y [ s

x Hence || f||? is the area beneath the graph of y = f(x)?
between x = a and x = b (shaded in the diagram).

Example 10.1.6

Show that (u+v, u—v) = |[u|> — ||v|| in any inner product space.

Solution. (u+v, u—v)=(u, u) — (u, v) + (v, u) — (v, v)
= [lul® = (u, v)+ (, v) = ||v||?

= [Jul* —|Iv]I®

A vector v in an inner product space V is called a unit vector if ||v|| = 1. The set of all unit vectors in
V is called the unit ball in V. For example, if V = R? (with the dot product) and v = (x, y), then

|v|?=1 ifandonlyif x*+y*=1

31f the dot product is used in R”, the norm ||x|| of a vector x is usually called the length of x.
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Hence the unit ball in R? is the unit circle x*> +y> = 1 with centre at the origin and radius 1. However, the
shape of the unit ball varies with the choice of inner product.

Example 10.1.7

Leta>0and b > 0. If v= (x, y) and w = (x1, y1), define an
y inner product on R? by

vow)="g+3

The reader can verify (Exercise 10.1.5) that this is indeed an

(0. b)
(a, 0)
w«/ X inner product. In this case
2
a2

(0, ~b) |v|[?=1 if and only if

2
+35 =1

Sy

so the unit ball is the ellipse shown in the diagram.

Example 10.1.7 graphically illustrates the fact that norms and distances in an inner product space V vary
with the choice of inner productin V.

Theorem 10.1.3

If v # 0 is any vector in an inner product space V, then ﬁv is the unique unit vector that is a
positive multiple of v.

The next theorem reveals an important and useful fact about the relationship between norms and inner
products, extending the Cauchy inequality for R” (Theorem 5.3.2).

Theorem 10.1.4: Cauchy-Schwarz Inequality*

If v and w are two vectors in an inner product space V, then
2 211 wll2
(v, W)~ < [|v]|"]|wl

Moreover, equality occurs if and only if one of v and w is a scalar multiple of the other.

Proof. Write ||v|| = a and ||w|| = b. Using Theorem 10.1.1 we compute:

|bv — aw||> = b?||v||? — 2ab(v, w) + a*||w||> = 2ab(ab — (v, w))

10.1
|bv + aw||? = b?||v||> + 2ab (v, W) +a*||w||* = 2ab(ab+ (v, w)) (10

It follows that ab — (v, w) > 0 and ab + (v, w) > 0, and hence that —ab < (v, w) < ab. But then
|(v, w)| < ab = ||v]|||w]|], as desired.

“Hermann Amandus Schwarz (1843-1921) was a German mathematician at the University of Berlin. He had strong geo-
metric intuition, which he applied with great ingenuity to particular problems. A version of the inequality appeared in 1885.
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Conversely, if |(v, w)| = ||v||||w|| = ab then (v, w) = +ab. Hence (10.1) shows that bv —aw = 0 or
bv+aw = 0. It follows that one of v and w is a scalar multiple of the other, even if a =0 or b = 0. U

Example 10.1.8

If f and g are continuous functions on the interval [a, b], then (see Example 10.1.3)

([ reastoas)

Another famous inequality, the so-called triangle inequality, also comes from the Cauchy-Schwarz
inequality. It is included in the following list of basic properties of the norm of a vector.

Theorem 10.1.5

If'V is an inner product space, the norm || - || has the following properties.

2

< [ rtopa [ e

a

1. ||v]| > O for every vector vin'V.
2. ||v|| = 0 if and only if v= 0.
3. ||rv|| = |r|||v|| for every v inV and every r in R.

4. ||[v+wl|| < ||v|]|+ ||w|| for all vand w inV (triangle inequality).

Proof. Because ||v|| = \/(v, v), properties (1) and (2) follow immediately from (3) and (4) of Theo-
rem 10.1.1. As to (3), compute

IrvI[? = (rv, 1) = (v, v) = 7 |]v]®

Hence (3) follows by taking positive square roots. Finally, the fact that (v, w) < ||v||||w|| by the Cauchy-
Schwarz inequality gives

[v+w[2 = (v+w, v+w) = |[v]]>+2(v, w) + ||w]||?
< VIP 2 vl fwl + [ w])?
= (Ivll+[Iwl)>
Hence (4) follows by taking positive square roots. U
It is worth noting that the usual triangle inequality for absolute values,

|r+s| < |r| + |s| for all real numbers r and s

is a special case of (4) where V = R = R! and the dot product (r, s) = rs is used.

In many calculations in an inner product space, it is required to show that some vector v is zero. This
is often accomplished most easily by showing that its norm ||v|| is zero. Here is an example.
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Example 10.1.9

Let {vi, ..., v,} be a spanning set for an inner product space V. If v in V satisfies (v, v;) =0 for
eachi=1, 2, ..., n, show that v=20.

Solution. Write v = r{v{ +---+7,V,, r; in R. To show that v = 0, we show that ||v||?> = (v, v) = 0.
Compute:

(V, V) = (v, rniVi 4+ 1,Vn) =11 (v, Vi) + - +1,(v, V) =0
by hypothesis, and the result follows.

\. J

The norm properties in Theorem 10.1.5 translate to the following properties of distance familiar from
geometry. The proof is Exercise 10.1.21.

Theorem 10.1.6

LetV be an inner product space.

1. v, w) >0 forallv,winV.

v, w) =0 if and only if v= w.

(w, v) forallvand winV.

0
0
v, w)=d
d

(v, u)+d(u, w) forall v,u, and winV.

Exercises for 10.1

Exercise 10.1.1 In each case, determine which of ax- Exercise 10.1.2 Let V be an inner product space. If
ioms P1-P5 fail to hold. U CV is a subspace, show that U is an inner product
space using the same inner product.

a. V=R2 ((x1, y1), (x2, y2)) = x1y1%2y2 Exercise 10.1.3 In each case, find a scalar multiple of v
that is a unit vector.
b. V=R’
((x15 X2, x3), (V15 ¥2, ¥3)) = X1y1 — X2y2 + X33 a. v=fin C[0, 1] where f(x) = x*

(. &) Ji FO)g(x)dx

b. v= fin C[—m, 7] where f(x) = cosx

(f. &) 70 f(x)g(x)dx

c. V=C, (z, w) = zw, where w is complex conjuga-
tion

d. vV =Ps, (p(x), q(x)) = p(1)q(1)
C. Vv

[ ; ] in R? where (v, w>=vT[ i ; ]w
e. V=Mpy, (A, B> = det (AB)

37, 1 -1
f. V.=F[0, 1], (f, &) = f(1)g(0) + £(0)g(1) dv [ ~1 ] in R, v, w) =v" [ 1 2 ]W



Exercise 10.1.4 1In each case, find the distance between
uandv.

a. u:(3, —17 27 0)9":(1’ 19 1’ 3)’<u’ V> =u-v
b.u=(1,2,~1,2),v=(2, 1, =1, 3);(u, v) =u-v

c.u=f, v=gin C[0, 1] where f(x) = x> and
g(x) =1-x (., &) = fy f(x)g(x)dx

d. u=f, v=gin C[—m, n] where f(x) =1 and
g(x) = cosx; (f. g) = [T f(x)g(x)dx

Exercise 10.1.5 Letay, a, ..., a, be positive numbers.
Given v = (vi, v, ..., v,) and W = (w1, wa, ..., wy),
define (v, w) = ajviw; + - -+ + a,v,w,. Show that this is
an inner product on R".

Exercise 10.1.6 If {by, ..., b,} is a basis of V and if
v=vibi+---+v,b,and w=w;b; +---+w,b, are vec-
tors in V, define

(V, W)y =viwy + -+ v,wy,.

Show that this is an inner product on V.

Exercise 10.1.7 If p = p(x) and ¢ = g(x) are polynomi-
als in P,,, define

(P, q) = p(0)q(0) + p(1)q(1) + - + p(n)q(n)

Show that this is an inner product on P,,.
[Hint for P5: Theorem 6.5.4 or Appendix D.]

Exercise 10.1.8 Let D,, denote the space of all func-
tions from the set {1, 2, 3, ..., n} to R with pointwise
addition and scalar multiplication (see Exercise 6.3.35).
Show that (, ) is an inner product on D,, if

(£, g) = f(De(1) + f(2)g(2) +--- + f(n)g(n).

Exercise 10.1.9 Let re(z) denote the real part of the
complex number z. Show that (, ) is an inner product on
Cif (z, w) = re (zw).

Exercise 10.1.10 If 7:V — V is an isomorphism of the
inner product space V, show that

(v, w)1 = (T(v), T(w))

defines a new inner product (, ); on V.

Exercise 10.1.11 Show that every inner product ( , )
on R” has the form (x, y) = (UX) - (Uy) for some upper
triangular matrix U with positive diagonal entries. [Hint:
Theorem 8.3.3.]

10.1. Inner Products and Norms = 545

Exercise 10.1.12 In each case, show that (v, w) = v Aw
defines an inner product on R? and hence show that A is
positive definite.
5 -3
-3 2

2 1
11
32 3 4
2 3 4 6

Exercise 10.1.13 In each case, find a symmetric matrix
A such that (v, w) = vl Aw.

()]

v a=| b oA

e a=| 0 4|

"1 :| > =viwy +2viwa + 2vaw; + Svawy

' 2 wa
v w
b. <[ ! ], [ ! :|>—V1W1—V1W2—V2W1—|—2V2W2
V2 w2
I Vi i I w1 i
C. va |, | w2 =2viw1 +Vvawp +V3w3 — viwp
V3 w3
— VW1 + Vows + vawy
Foi T T ]
d. vo |, | wa =viwy 4+ 2vowy + Sviws
V3 w3

— 21)1W3 — 2\/3W1

Exercise 10.1.14 If A is symmetric and x’ Ax = 0 for
all columns x in R”, show that A = 0. [Hint: Consider
(x+y, x+y) where (x, y) = x'Ay.]

Exercise 10.1.15 Show that the sum of two inner prod-
ucts on V is again an inner product.

Exercise 10.1.16 Let |[u] = 1, ||v] =2, |w] = V3,
(u, v) = —1, (u, w) = 0 and (v, w) = 3. Compute:

a. (v+w,2u—v) b. (u—2v—w, 3w—v)

Exercise 10.1.17 Given the data in Exercise 10.1.16,
show thatu+v =w.

Exercise 10.1.18 Show that no vectors exist such that
|lu|| =1, ||v||=2, and (u, v) = —3.

Exercise 10.1.19 Complete Example 10.1.2.
Exercise 10.1.20 Prove Theorem 10.1.1.
Exercise 10.1.21 Prove Theorem 10.1.6.

Exercise 10.1.22 Let u and v be vectors in an inner
product space V.

a. Expand (2u—7v, 3u+5v).
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b. Expand (3u—4v, Su+v).
c. Show that [[u+v|?> = |ju|®> +2(u, v) + ||v|]%.

d. Show that [Ju—v|]> = |[u]|> —2(u, v) +||v|*.

Exercise 10.1.23  Show that
IVIP + Iwl? = 5 {I1v 4wl + [[v — w*}

for any v and w in an inner product space.

Exercise 10.1.24 Let (, ) be an inner product on a vec-
tor space V. Show that the corresponding distance func-
tion is translation invariant. That is, show that

d(v, w)=d(v+u, w+u) forall v, w,anduin V.

Exercise 10.1.25

a. Show that (u, v) = ;[|[u+v|]>— [ju—v|]?] for all
u, v in an inner product space V.

b. If (, ) and (, )" are two inner products on V that
have equal associated norm functions, show that
(u, v) = (u, v)’ holds for all u and v.

Exercise 10.1.26 Let v denote a vector in an inner prod-
uct space V.

a. Show that W = {w |winV, (v, w=0} is a sub-
space of V.

b. Let W be as in (a). If V = R with the dot product,
and if v= (1, —1, 2), find a basis for W.

Exercise 10.1.27 Given vectors wi, Wa, ..., W, and v,
assume that (v, w;) = 0 for each i. Show that (v, w) =0
for all w in span {wy, wp, ..., W, }.

Exercise 10.1.28 If V = span{vy, vp, ..., V,} and
(v, v;) = (w, v;) holds for each i. Show that v =w.

Exercise 10.1.29 Use the Cauchy-Schwarz inequality in
an inner product space to show that:

a. If |Jul| < 1, then (u, v)? < ||v||? forall vin V.

b. (xcos 8 +ysin0)? < x*> 4y for all real x, y, and
6.

c. |lrvi- o rval? < [rllvi || - 7| Val|]? for
all vectors v;, and all r; > 0in R.

Exercise 10.1.30 If A is a 2 X n matrix, let u and v de-
note the rows of A.

2 .
a. Show that AAT = lu u‘zl .
u-v v

b. Show that det (AAT) > 0.

Exercise 10.1.31

a. If v and w are nonzero vectors in an inner product
space V, show that —1 < % < 1, and hence

that a unique angle 0 exists such that

% =cosO and 0 < 0 < w. This angle 6 is

called the angle between v and w.

b. Find the angle between v = (1, 2, —1, 13) and
w=(2, 1, 0, 2, 0) in R3 with the dot product.

c. If 0 is the angle between v and w, show that the
law of cosines is valid:

lv—wll = [[v]]* + [wl* = 2[|v[[ | w]| cos 6.

Exercise 10.1.32 If V = R?, define ||(x, y)|| = |x| +[y|.

a. Show that || - || satisfies the conditions in Theo-
rem 10.1.5.
b. Show that || - || does not arise from an inner prod-

uct on R? given by a matrix A. [Hint: If it did, use
Theorem 10.1.2 to find numbers a, b, and ¢ such
that ||(x, )||? = ax? + bxy + cy? for all x and y.]
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10.2 Orthogonal Sets of Vectors

The idea that two lines can be perpendicular is fundamental in geometry, and this section is devoted to
introducing this notion into a general inner product space V. To motivate the definition, recall that two
nonzero geometric vectors X and y in R" are perpendicular (or orthogonal) if and only if x-y = 0. In
general, two vectors v and w in an inner product space V are said to be orthogonal if

(v, w) =0
A set {f}, fp, ..., f,} of vectors is called an orthogonal set of vectors if
1. Eachf; #0.
2. (fi, £;) =0 foralli# j.
If, in addition, ||f;|| = 1 for each i, the set {f, f,, ..., f,} is called an orthonormal set.

Example 10.2.1

{sinx, cosx} is orthogonal in C[—7, 7| because

T
g T
/ sin x cos x dx = [~} cos 2x]”_ =0
-

The first result about orthogonal sets extends Pythagoras’ theorem in R” (Theorem 5.3.4) and the same
proof works.

Theorem 10.2.1: Pythagoras’ Theorem

If{fi, b, ..., £,} is an orthogonal set of vectors, then

i+ +£I2 = )7+ &)+ + 6]

The proof of the next result is left to the reader.

Theorem 10.2.2

Let{f}, b, ..., £,} be an orthogonal set of vectors.

1. {rify, rb, ..., rf,} is also orthogonal for any r; # 0 in R.

2. {mfl, mt’z, e I\I}nIIf”} is an orthonormal set.

As before, the process of passing from an orthogonal set to an orthonormal one is called normalizing the
orthogonal set. The proof of Theorem 5.3.5 goes through to give



548 = Inner Product Spaces

Theorem 10.2.3

Every orthogonal set of vectors is linearly independent.

Example 10.2.2

[\
o
o

Show that 1,1 1], -1 is an orthogonal basis of R? with inner product

o

1 1
(v, w) = viAw, whereA= |1 2 0
00

Solution. We have

2 0 11010 0
<—1 : 1>:[2 -1 0]|120]||1|=[100]|1|=0
0 1 00 1][1 1

and the reader can verify that the other pairs are orthogonal too. Hence the set is orthogonal, so it
is linearly independent by Theorem 10.2.3. Because dim R3 = 3, it is a basis.

The proof of Theorem 5.3.6 generalizes to give the following:

Theorem 10.2.4: Expansion Theorem

Let{f}, £, ..., f,} be an orthogonal basis of an inner product space V. If v is any vector in V , then

R WBe ., (WA
v=Tapht gkttt pEh

is the expansion of v as a linear combination of the basis vectors.

<V, f1> <V, f2> <Va fn>
SR TR 1 . A
coefficients of v with respect to the orthogonal basis {f}, f5, ..., f,}. This is in honour of the French

mathematician J.B.J. Fourier (1768-1830). His original work was with a particular orthogonal set in the
space Cla, b|, about which there will be more to say in Section 10.5.

The coefficients in the expansion theorem are sometimes called the Fourier

Example 10.2.3

If ag, ay, ..., a, are distinct numbers and p(x) and ¢(x) are in P, define

(p(x), q(x)) = p(ao)q(ao) + p(ar)g(ar) +-- -+ p(an)q(an)

This is an inner product on P,,. (Axioms P1-P4 are routinely verified, and P5 holds because 0 is
the only polynomial of degree n with n+ 1 distinct roots. See Theorem 6.5.4 or Appendix D.)
Recall that the Lagrange polynomials &y(x), ) (x), ..., 6,(x) relative to the numbers
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ap, a4y, ..., a, are defined as follows (see Section 6.5):

_ Migr—ai) _
5“)6)—% k—O, 1,2,...,]’1

where [];£¢(x — a;) means the product of all the terms
(x—ap), (x—ay), (x—az), ..., (x—ayp)

except that the kth term is omitted. Then {Jy(x), ;(x), ..., 6,(x)} is orthonormal with respect to
(, ) because & (a;) = 0if i # k and & (ay) = 1. These facts also show that (p(x), &(x)) = p(ax)
so the expansion theorem gives

p(x) = p(ao)do(x) +p(a1) 8y (x) + - -+ p(an) 6s(x)

for each p(x) in P,,. This is the Lagrange interpolation expansion of p(x), Theorem 6.5.3, which
is important in numerical integration.

Lemma 10.2.1: Orthogonal Lemma

Let{f}, b, ..., £,} be an orthogonal set of vectors in an inner product space V, and let v be any
vector not in span{fi, f>, ..., f,}. Define
_ o wh)e (vbh)e (v,
b1 =v—Tpph — Tt AR
Then {f, b, ..., £, £,,+1} is an orthogonal set of vectors.

The proof of this result (and the next) is the same as for the dot product in R” (Lemma 8.1.1 and
Theorem 8.1.2).

Theorem 10.2.5: Gram-Schmidt Orthogonalization Algorithm

LetV be an inner product space and let {v, v», ..., v,} be any basis of V. Define vectors
fi, b, ..., £, inV successively as follows:
f1 =V
. {wm, f)
&_w<m%ﬂ (3. £)
oy, W) e V3, D)
b=vi—ph— ek
f=v ;(Vk, fi)p _ (% f2>f2 A/ ()

67 L TEIP [P ki
foreachk =2, 3, ..., n. Then
1. {fi, b, ..., £,} is an orthogonal basis of V.

2. span{f}, b, ..., f} = span{vy, vo, ..., W} holds foreachk =1, 2, ..., n.
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The purpose of the Gram-Schmidt algorithm is to convert a basis of an inner product space into an or-
thogonal basis. In particular, it shows that every finite dimensional inner product space has an orthogonal
basis.

Example 10.2.4

Consider V = P3 with the inner product (p, g) = f_ll p(x)g(x)dx. If the Gram-Schmidt algorithm
is applied to the basis {1, x, X2, x3}, show that the result is the orthogonal basis

{1, x, %(3)62 —1), %(5)63 —3x)}
Solution. Take f; = 1. Then the algorithm gives

fr, =x <x’f1>f1 :x—gfl =X

R
2 2
e (P B)
£y =0 - olig (o big
. [ N Y [
2
S — %1 — %x
3
1 2

The verification that f; = %(5x3 — 3x) is omitted.

The polynomials in Example 10.2.4 are such that the leading coefficient is 1 in each case. In other contexts
(the study of differential equations, for example) it is customary to take multiples p(x) of these polynomials
such that p(1) = 1. The resulting orthogonal basis of P3 is

{1, x, $3x* — 1), 1(5x° —3x)}

and these are the first four Legendre polynomials, so called to honour the French mathematician A. M.
Legendre (1752—1833). They are important in the study of differential equations.

If V is an inner product space of dimension n, let E = {f}, f5, ..., f,} be an orthonormal basis of V
(by Theorem 10.2.5). If v=vf; +vof, +--- +v,f, and w = wf; +wof) +--- +w,f, are two vectors in
V,wehave Cg(V)=[vi v2 -+ v }T and CE(W) = [ wi w2 -+ wy }T. Hence

(v, w) = (Zvif,-, ijfj> = Zviwj<fi, f;) = Zviwi = Cg(v) - Cg(w)
i J i

L J
This shows that the coordinate isomorphism Cg : V — R” preserves inner products, and so proves

Corollary 10.2.1

ItV is any n-dimensional inner product space, then V is isomorphic to R" as inner product spaces.
More precisely, if E is any orthonormal basis of V, the coordinate isomorphism

Cg :V — R" satisfies (v, w) = Cg(v)-Cg(w)

forallvand winV.
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The orthogonal complement of a subspace U of R” was defined (in Chapter 8) to be the set of all vectors
in R" that are orthogonal to every vector in U. This notion has a natural extension in an arbitrary inner
product space. Let U be a subspace of an inner product space V. As in R", the orthogonal complement
U+ of U in V is defined by

Ut ={v|veV, (v,u)=0forallucU}

Theorem 10.2.6

Let U be a finite dimensional subspace of an inner product space V.
1. U* is a subspace of V andV =U U,
2. If dimV =n, then dim U + dim U+ = n.

3. IfdimV =n, thenU++ =U.

Proof.

1. U' is a subspace by Theorem 10.1.1. If v is in U NU™, then (v, v) = 0, so v = 0 again by Theo-
rem 10.1.1. Hence UNU* = {0}, and it remains to show that U + U+ =V. Given vinV, we must

show that v is in U + U=, and this is clear if vis in U. If v is not in U, let {fy, f5, ..., £} be an or-
thogonal basis of U. Then the orthogonal lemma shows that v — < <|‘\If’1ﬁ12> fi + <”Vf’2ﬂ22> fr4+---+ <va’ f|"”2> fm>

isin U+, so visin U + U as required.
2. This follows from Theorem 9.3.6.

3. Wehave dim U+ =n—dim Ut =n— (n— dim U) = dim U, using (2) twice. As U C U+ always
holds (verify), (3) follows by Theorem 6.4.2. O

We digress briefly and consider a subspace U of an arbitrary vector space V. As in Section 9.3, if W
is any complement of U in V, thatis, V = U & W, then each vector v in V has a unique representation as a
sum v =u-+w where u is in U and w is in W. Hence we may define a function 7 : V — V as follows:

T(v)=u wherev=u+w, uinU, winW

Thus, to compute 7' (v), express v in any way at all as the sum of a vector u in U and a vector in W; then
T(v)=nu.

This function T is a linear operator on V. Indeed, if vi =u; + w; where u; is in U and wy is in W,
then v+ vy = (u+u;)+ (w-+w;) where u+u, is in U and w+ wj is in W, so

T(v+v))=u+u =T(v)+T(v)

Similarly, T'(av) = aT (v) for all a in R, so T is a linear operator. Furthermore, im 7 = U and ker T =W
as the reader can verify, and 7 is called the projection on U with kernel W.

If U is a subspace of V, there are many projections on U, one for each complementary subspace W
withV =U @ W. If V is an inner product space, we single out one for special attention. Let U be a finite
dimensional subspace of an inner product space V.
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Definition 10.3 Orthogonal Projection on a Subspace

The projection on U with kernel U+ is called the orthogonal projection on U (or simply the
projection on U ) and is denoted proj;; :V — V.

Theorem 10.2.7: Projection Theorem

Let U be a finite dimensional subspace of an inner product space V and let v be a vector in V.
1. proj, :V —V is a linear operator with image U and kernel U+.
2. projy visinU and v— proj, visin UL,

3. If{fy, b, ..., £,,} is any orthogonal basis of U, then

C mfp L nbBe L (v
projy V=" hit jpEhat 4 g i

Proof. Only (3) remains to be proved. But since {f}, f5, ..., f,} is an orthogonal basis of U and since
projy; v is in U, the result follows from the expansion theorem (Theorem 10.2.4) applied to the finite
dimensional space U. [

Note that there is no requirement in Theorem 10.2.7 that V is finite dimensional.

Example 10.2.5

Let U be a subspace of the finite dimensional inner product space V. Show that
projyL v=v—projy viorallveV.

Solution. We have V = U+ @ U+ by Theorem 10.2.6. If we write p = proj; v, then
v=(Vv—p)+p where v—pisin Ut and pisin U = U+ by Theorem 10.2.7. Hence
proj; 1 v=v—p. See Exercise 8.1.7.

The vectors v, proj;; v, and v — proj;; vin Theorem 10.2.7 can be visu-
alized geometrically as in the diagram (where U is shaded and dim U = 2).
This suggests that proj;; v is the vector in U closest to v. This is, in fact,
the case.

Theorem 10.2.8: Approximation Theorem

Let U be a finite dimensional subspace of an inner product space V. If v is any vector in V, then
projy; v is the vector in U that is closest to v. Here closest means that

[[v—projy vi| <|v—ul|

forall uin U, u # projy v.
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Proof. Write p = proj,, v, and consider v—u = (v —p) + (p —u). Because v—p is in U and p —u is in
U, Pythagoras’ theorem gives

2 _ 2 2 2
[v—ul["=]v=p["+p—ul*>v—p

because p —u # 0. The result follows. ]

Example 10.2.6

Consider the space C[—1, 1] of real-valued continuous functions on the interval [—1, 1] with inner
product (f, g) = f_ll f(x)g(x)dx. Find the polynomial p = p(x) of degree at most 2 that best
approximates the absolute-value function f given by f(x) = |x|.

Solution. Here we want the vector p in the subspace U = P, of C[—1, 1] that is closest to f. In
Example 10.2.4 the Gram-Schmidt algorithm was applied to give an orthogonal basis

{f; =1, £, = x, £3 = 3x> — 1} of P, (where, for convenience, we have changed f; by a numerical
factor). Hence the required polynomial is

p = projp, f

y _ Uit)p L (e ()
RS AL

f1 +0f2+ 8%

The graphs of p(x) and f(x) are given in the diagram.

If polynomials of degree at most n are allowed in Example 10.2.6, the polynomial in P, is projp_f,
and it is calculated in the same way. Because the subspaces P,, get larger as n increases, it turns out that the
approximating polynomials projp f get closer and closer to f. In fact, solving many practical problems
comes down to approximating some interesting vector v (often a function) in an infinite dimensional inner
product space V by vectors in finite dimensional subspaces (which can be computed). If U; C U, are finite
dimensional subspaces of V, then

[V = projy, V|| < [|v— projy, v|

by Theorem 10.2.8 (because projy, v lies in Uy and hence in U;). Thus projy;, v is a better approximation
to v than proj,, v. Hence a general method in approximation theory might be described as follows: Given
v, use it to construct a sequence of finite dimensional subspaces

U CU,CU;C

of V in such a way that ||[v — proj, v|| approaches zero as k increases. Then proj,, v is a suitable ap-
proximation to v if k is large enough. For more information, the interested reader may wish to consult
Interpolation and Approximation by Philip J. Davis (New York: Blaisdell, 1963).
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Exercises for 10.2

Use the dot product in R” unless otherwise in-
structed.

Exercise 10.2.1 In each case, verify that B is an orthog-
onal basis of V with the given inner product and use the
expansion theorem to express v as a linear combination

of the basis vectors.
1 2
| [ofv=r

SHE

(v, w) = v Aw where A = [ 2 2

a 1 1
b |,B= 1 —6
c 1 1

2

0

1

V =R3 (v, w) = v/ Aw where A =

S - O
[\ e

c. v=a+bx+cx’, B={lx,2-3x%},V =Py,
(p, ) = p(0)q(0) + p(1)q(1) + p(—1)g(-1)

d.v:[z Z},
oAl 8115 31 (03]
V =My, (X,Y)=1uXYT)

Exercise 10.2.2 Let R? have the inner product
((x, ¥, 2), (X, ¥, 7)) =2xx +yy +3z7. In each case,
use the Gram-Schmidt algorithm to transform B into an
orthogonal basis.

a. B={(1,1,0), (1,0, 1), (0, 1, 1)}

b. B={(1,1,1), (1, =1, 1), (1, 1, 0)}

Exercise 10.2.3 Let Mj, have the inner product
(X, Y) = tr (XYT). In each case, use the Gram-Schmidt
algorithm to transform B into an orthogonal basis.

co={[a s (180 1]
so-{[s 11 [0 [0 0[5 o)

1 0
1 0

01
01

1 0
01

1 0
01

1 0
00

O =

]

Exercise 10.2.4 In each case, use the Gram-Schmidt
process to convert the basis B = {1, x, x*} into an or-
thogonal basis of P5.

= p(0)g(0) + p(1)q(1) + p(2)q(2)
= J5 p(x)q(x)dx

a. (p, q)
b. (p, q)

Exercise 10.2.5 Show that {1, x— 1, x> —x+{}, is an
orthogonal basis of P, with the inner product

= [ ptoa(wyas
0

and find the corresponding orthonormal basis.

Exercise 10.2.6 In each case find U+ and compute
dim U and dim U+,

LU= n{(l 1,2,0), (3 —1,2 1),
( -2, 1)} in R*

b. U = span{(1, 1, 0, 0)} in R*

c. U = span{l, x} in P, with

p(0)g(0) + p(1)g(1) + p(2)q(2)
= Jy P(x)q(x)dx

:|} in My, with

e

Exercise 10.2.7 Let (X, Y) = tr (XYT) in My,. In each
case find the matrix in U closest to A.

1 0 11
a.U—span{[O 1],[1 )

s

|
.|

(P, q) =
span {x} in P, with (p, ¢)

|10 o
X,Y)=tr(XyT)

11 1 0
f.U—span{[o 0],[1 0},

My, with (X, Y) = tr(XYT)

1 0
e.U—span{[O |

= span

=[5

O =
— O
[ I
—
|

—_

—_ e~



Exercise 10.2.8 In P», let

(p(x), g(x)) = p(0)q(0) + p(1)q(1) + p(2)q(2)

In each case find the polynomial in U closest to f(x).

a. U= span{l +x, ¥*}, f(x) = 1 +x?

b. U= span{l, 1+x*}; f(x) =x

Exercise 10.2.9 Using the inner product given by
(p, q) = fol p(x)g(x)dx on P,, write v as the sum of a
vector in U and a vector in U+,

a. v=x2,U = span{x+1, 9x— 5}

b. v=x>+1,U = span{l, 2x— 1}

Exercise 10.2.10

a. Show that {u, v} is orthogonal if and only if
v = [l +[v]>.

b. fu=v=(1, 1) and w = (—1, 0), show that
[[u+v+wl{f* = [[u]]>+[[v]]> + [w]]* but {u, v, w}
is not orthogonal. Hence the converse to Pythago-
ras’ theorem need not hold for more than two vec-
tors.

Exercise 10.2.11 Let v and w be vectors in an inner
product space V. Show that:

a. vis orthogonal to w if and only if
[v+wl = [lv—wl.

b. v+ w and v — w are orthogonal if and only if
vl = lIwll.

Exercise 10.2.12 Let U and W be subspaces of an n-
dimensional inner product space V. Suppose (u, v) =0
forallu e U and w € W and dim U + dim W = n. Show
that Ut =W.

Exercise 10.2.13 If U and W are subspaces of an inner
product space, show that (U +W)+ =U+tnw+,

Exercise 10.2.14 If X is any set of vectors in an inner
product space V, define

Xt ={v|vinV, (v, x) =0forall xin X}
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a. Show that X is a subspace of V.

b. If U = span {uy, uy, ..., u,}, show that

Ut ={uy, ..., u,}*.
c. f X CY,showthat Y+ C X1.

d. Show that Xt NY+ = (XUY)*.

Exercise 10.2.15 If dimV =n and w # 0 in V, show
that dim{v |vinV, (v, w) =0} =n— 1.

Exercise 10.2.16 If the Gram-Schmidt process is used
on an orthogonal basis {vi, ..., v,} of V, show that
fi, = v, holds for each k =1, 2, ..., n. That is, show
that the algorithm reproduces the same basis.

Exercise 10.2.17 If {f, f5, ..., f,_} is orthonormal in
an inner product space of dimension n, prove that there
are exactly two vectors f, such that {f;, f5, ..., f,_1, £, }
is an orthonormal basis.

Exercise 10.2.18 Let U be a finite dimensional subspace
of an inner product space V, and let v be a vector in V.

a. Show that v lies in U if and only if v = proj,; (v).

b. If V = R3, show that (-5, 4, —3) lies in
span{(3, =2, 5), (—1, 1, 1)} but that (—1, 0, 2)
does not.

Exercise 10.2.19 Let n # 0 and w # 0 be nonparallel
vectors in R? (as in Chapter 4).

a. Show that {n, nXxw, w— ﬁn} is an orthogo-
nal basis of R3.
b. Show that span {n X W, W— ﬁn} is the plane

through the origin with normal n.

Exercise 10.2.20 Let E = {f;, f5, ...
thonormal basis of V.

, £,} be an or-

a. Show that (v, w) = Cg(v)-Cg(w) for all (v, w) in
V.

b. If P = [p;;] is an n x n matrix, define
b; = pufi + -+ + pif, for each i. Show that
B ={by, by, ..., b,} is an orthonormal basis if
and only if P is an orthogonal matrix.
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Exercise 10.2.21 Let {f}, ..., f,} be an orthogonal ba-
sis of V. If v and w are in V, show that

(v, fi){w, f1)
[I£:]12

v, £,)(w, £,)

_ o d
(v, w) = S S

Exercise 10.2.22 Let {f, ..., f,} be an orthonormal
basis of V, and let v=vf; +--- +v,f, and
w=wf; +---+w,f,. Show that

(v, W) =viwp+ -+ vw,
and
VI = v+ tvp
(Parseval’s formula).

Exercise 10.2.23 Let v be a vector in an inner product
space V.

a. Show that ||v|| > || proj, v|| holds for all finite di-
mensional subspaces U. [Hint: Pythagoras’ theo-
rem. ]

b. If {f, f>, ..., £, } is any orthogonal setin V, prove
Bessel’s inequality:
(v, £1)?

V) (v ) 2
e e < IV

Exercise 10.2.24 Let B={f}, f5, ..., f,} be an orthog-
onal basis of an inner product space V. Given v € V,
let 6; be the angle between v and f; for each i (see Exer-
cise 10.1.31). Show that

cos261+cos292—|—---—|—cos29n =1

[The cos 6; are called direction cosines for v correspond-
ing to B.]

Exercise 10.2.25

a. Let S denote a set of vectors in a finite dimen-
sional inner product space V, and suppose that
(u, v) =0 for all u in S implies v =0. Show
that V = span S. [Hint: Write U = span S and
use Theorem 10.2.6.]

b. Let Ay, Aj, ..., A; be n X n matrices. Show that
the following are equivalent.

i. If A;b =0 for all i (where b is a column in

R™), then b = 0.
ii. The set of all rows of the matrices A; spans
R",

Exercise 10.2.26 Let [x;) = (x1, x2, ..
quence of real numbers x;, and let

.) denote a se-

V ={[x;) | only finitely many x; # 0}

Define componentwise addition and scalar multiplication
on V as follows:

[x;)) + [yi) = [xi +yi), and a[x;) = [ax;) for a in R.
Given [x;) and [y;) in V, define ([x;), [vi)) = ;)xiy,-.

(Note that this makes sense since only finitely mzlny X;
and y; are nonzero.) Finally define

U={[s)inV|Y x=0)

i=0

a. Show that V is a vector space and that U is a sub-
space.

b. Show that (, ) is an inner product on V.
c. Show that U+ = {0}.

d. Hence show that U @ U+ #V and U # U+,
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10.3 Orthogonal Diagonalization

There is a natural way to define a symmetric linear operator 7 on a finite dimensional inner product
space V. If T is such an operator, it is shown in this section that V has an orthogonal basis consisting of
eigenvectors of 7. This yields another proof of the principal axes theorem in the context of inner product
spaces.

Theorem 10.3.1

LetT : V — V be a linear operator on a finite dimensional space V. Then the following conditions
are equivalent.

1. V has a basis consisting of eigenvectors of T .

2. There exists a basis B of V such that Mp(T) is diagonal.

Proof. We have Mp(T) = [ Cg[T(b;)] Cg[T(b)] --- Cp[T(b,)] | where B={by, by, ..., b,} is any
basis of V. By comparing columns:
A4 0 - 0
0 A4 0. .
Mp(T)=| . . . if and only if 7' (b;) = A;b; for each i
0 O - An
Theorem 10.3.1 follows. U

Definition 10.4 Diagonalizable Linear Operators

A linear operator T on a finite dimensional space V is called diagonalizable if V has a basis
consisting of eigenvectors of T .

Example 10.3.1

Let T : P, — P, be given by
T(a+bx+cx®) = (a+4c) —2bx+ (3a+2c)x*
Find the eigenspaces of 7" and hence find a basis of eigenvectors.

Solution. If By = {1, x, x*}, then

MBO(T) =

w O =
|
SN O
N O A
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so c7(x) = (x+2)?(x—5), and the eigenvalues of T are A = —2 and A = 5. One sees that

0 4 1
1|, 0f,1]0 is a basis of eigenvectors of Mp,(T), so B = {x, 4 — 32, 1 —l—x2} isa
0 -3 1

basis of P; consisting of eigenvectors of 7.

If V is an inner product space, the expansion theorem gives a simple formula for the matrix of a linear
operator with respect to an orthogonal basis.

Theorem 10.3.2

LetT :V — V be a linear operator on an inner product space V. If B={by, by, ..., b,} is an
orthogonal basis of V, then
MB(T) — |:<bi’ T(bj)>]

[1bi*

Proof. Write M(T) = [a;;]. The jth column of Mg(T) is Cg[T (e;)], so
T(bj) = aljbl +-- +a,~jb,~+ e +anjbn
On the other hand, the expansion theorem (Theorem 10.2.4) gives

(b1, V)
by

b1+---+<|"blj|vz>b,-+---+

>
i

(by, v)
[[ba2

V= b,

for any v in V. The result follows by taking v =T (b;). O

Example 10.3.2

Let T : R? — R3 be given by
T(a, b, c)=(a+2b—c, 2a+3c, —a+3b+2c)

If the dot product in R is used, find the matrix of T with respect to the standard basis
B={ey, e, e3} wheree; = (1,0, 0),e; = (0, 1, 0),e3 =(0, 0, 1).

Solution. The basis B is orthonormal, so Theorem 10.3.2 gives

e -T(e) e -T(ey) e -T(e3) 1 2 -1
Mp(T)= | ey-T(e;) er-T(ey) er-T(e3z) | = 2 0 3
e3-T(e1) e3-T(e2) e3-T(e3) -1 3 2

Of course, this can also be found in the usual way.

It is not difficult to verify that an n X n matrix A is symmetric if and only if x- (Ay) = (AX) -y holds for
all columns x and y in R”. The analog for operators is as follows:
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Theorem 10.3.3

Let V be a finite dimensional inner product space. The following conditions are equivalent for a
linear operator T : V — V.

1. (v, T(w)) =(T(v), w) forall vand winV.
The matrix of T is symmetric with respect to every orthonormal basis of V.

The matrix of T is symmetric with respect to some orthonormal basis of V.

Ao

There is an orthonormal basis B = {f|, f,, ..., f,} of V such that (f;, T(f;)) = (T (f;), ;)
holds for all i and j.

Proof. (1) = (2). Let B={f}, ..., f,} be an orthonormal basis of V, and write Mp(T) = [a,-j}. Then
a;j = (£, T(f;)) by Theorem 10.3.2. Hence (1) and axiom P2 give

aij = (£i, T(£;)) = (T (), £;) = (£}, T(£)) = a;i

for all i and j. This shows that Mp(T') is symmetric.
(2) = (3). This is clear.

(3) = (4). Let B= {f], ..., f,} be an orthonormal basis of V such that Mp(T) is symmetric. By (3)
and Theorem 10.3.2, (f;, T(f;)) = (f;, T(f;)) for all i and j, so (4) follows from axiom P2.

n n
(4) = (1). Let v and w be vectors in V and write them as v = Z vifiand w = Z w;f;. Then
i=1 j=1

(v, T(w)) = <ZVifi, ZWijj> = ZZVin<fi’ T(f;))
= ZZV,‘Wj(T(fi), f]>
i

= <ZV,‘T(fi), Zijj>
i J
=(T(v), w)
where we used (4) at the third stage. This proves (1). L]

A linear operator T on an inner product space V is called symmetric if (v, 7(w)) = (T'(v), w) holds for
allvand win V.

Example 10.3.3

If A is an n X n matrix, let T : R” — R” be the matrix operator given by Ty (v) = Av for all
columns v. If the dot product is used in R”, then T4 is a symmetric operator if and only if A is a
symmetric matrix.
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Solution. If E is the standard basis of R”, then E is orthonormal when the dot product is used. We
have Mg (Ty) = A (by Example 9.1.4), so the result follows immediately from part (3) of
Theorem 10.3.3.

It is important to note that whether an operator is symmetric depends on which inner product is being
used (see Exercise 10.3.2).
If V is a finite dimensional inner product space, the eigenvalues of an operator 7 : V — V are the

same as those of Mp(T) for any orthonormal basis B (see Theorem 9.3.3). If T is symmetric, Mp(T) is a
symmetric matrix and so has real eigenvalues by Theorem 5.5.7. Hence we have the following:

Theorem 10.3.4

A symmetric linear operator on a finite dimensional inner product space has real eigenvalues.

If U is a subspace of an inner product space V, recall that its orthogonal complement is the subspace
U~ of V defined by
Ut ={vinV |(v,u)=0foralluin U}

Theorem 10.3.5

LetT :V — V be a symmetric linear operator on an inner product space V, and let U be a
T -invariant subspace of V. Then:

1. The restriction of T to U is a symmetric linear operator on U.

2. U~ is also T-invariant.

Proof.

1. U is itself an inner product space using the same inner product, and condition 1 in Theorem 10.3.3
that 7 is symmetric is clearly preserved.

2. If visin U™, our task is to show that 7(v) is also in U; that is, (T (v), u) = 0 for all u in U. But if
uis in U, then T'(u) also lies in U because U is T-invariant, so

(T(v), w) = (v, T(u))

using the symmetry of T and the definition of U~. [

The principal axes theorem (Theorem 8.2.2) asserts that an n X n matrix A is symmetric if and only if
R" has an orthogonal basis of eigenvectors of A. The following result not only extends this theorem to an
arbitrary n-dimensional inner product space, but the proof is much more intuitive.
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Theorem 10.3.6: Principal Axes Theorem

The following conditions are equivalent for a linear operator T on a finite dimensional inner
product space V.

1. T is symmetric.

2. 'V has an orthogonal basis consisting of eigenvectors of T .

Proof. (1) = (2). Assume that T is symmetric and proceed by induction on n = dim V. If n = 1, every
nonzero vector in V is an eigenvector of 7', so there is nothing to prove. If n > 2, assume inductively
that the theorem holds for spaces of dimension less than n. Let A; be a real eigenvalue of 7 (by Theo-
rem 10.3.4) and choose an eigenvector f; corresponding to A;. Then U = Rf; is T-invariant, so U~ is
also T-invariant by Theorem 10.3.5 (T is symmetric). Because dim U L —5n—1 (Theorem 10.2.6), and
because the restriction of 7 to U~ is a symmetric operator (Theorem 10.3.5), it follows by induction that
U+ has an orthogonal basis {f2, ..., f,} of eigenvectors of T. Hence B = {f}, f, ..., f,} is an orthogonal
basis of V, which proves (2).

2)= (). IfB={fy, ..., f,} is a basis as in (2), then Mp(T') is symmetric (indeed diagonal), so T is
symmetric by Theorem 10.3.3. U

The matrix version of the principal axes theorem is an immediate consequence of Theorem 10.3.6. If A
is an n X n symmetric matrix, then 74 : R” — R” is a symmetric operator, so let B be an orthonormal basis
of R” consisting of eigenvectors of Tj (and hence of A). Then PT AP is diagonal where P is the orthogonal
matrix whose columns are the vectors in B (see Theorem 9.2.4).

Similarly, let 7 : V — V be a symmetric linear operator on the n-dimensional inner product space V
and let By be any convenient orthonormal basis of V. Then an orthonormal basis of eigenvectors of 7' can
be computed from Mpg,(T). In fact, if P Mp,(T)P is diagonal where P is orthogonal, let B = {f}, ..., f,}
be the vectors in V such that Cp, (f;) is column j of P for each j. Then B consists of eigenvectors of T by
Theorem 9.3.3, and they are orthonormal because By is orthonormal. Indeed

(£, £)) = C, (fi) - C, (f;)
holds for all i and j, as the reader can verify. Here is an example.
Example 10.3.4
Let T : P, — P, be given by
T(a+bx+cx?) = (8a—2b+2c) 4 (—2a+5b+4c)x + (2a+4b + 5¢)x*

Using the inner product (a + bx +cx?, @’ +b'x+c/x*) = ad’ + bb’ + cc’, show that T is symmetric
and find an orthonormal basis of P, consisting of eigenvectors.

8 -2 2
Solution. If By = {1, x, x?}, then Mp,(T)=| —2 5 4 | is symmetric, so T is symmetric.
2 4 5

This matrix was analyzed in Example 8.2.5, where it was found that an orthonormal basis of
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eigenvectorsis{%[l 2 —Z}T,%[2 1 Z}T,%[—Z 2 I]T}.BecauseBois

orthonormal, the corresponding orthonormal basis of P, is

B={i(1+2x-24), 12 +x+2x%), I(-2+2x+x%)}

W

Exercises for 10.3

Exercise 10.3.1 In each case, show that T is symmetric a. Show that 7' is symmetric.

by calculating Mp(T') for some orthonormal basis B. . o
b. Show that Mp(T) is not symmetric if the orthogo-

nal basis B = {(1, 0), (0, 2)} is used. Why does

. R3 3.
a T:R° =R this not contradict Theorem 10.3.3?
T(a, b, ¢c) = (a—2b, —2a+2b+2c, 2b—c); dot prod-
t
ue Exercise 10.3.4 Let V be an n-dimensional inner prod-
b. T : My — My; uct space, and let 7 and S denote symmetric linear oper-
Tl b| | c—a d-b |, ators on V. Show that:
c d| |a+2c b+2d |’
inner product: a. The identity operator is symmetric.
Xy Xy — X v + 27+ ww . . .
cwl' |7 w = Yy +22 +ww b. rT is symmetric for all  in R.
c. T:Py =Py c. S+7T is symmetric.
T(a+bx+cx®) = (b+c)+(atc)x+ (a+b)x% d. If T is invertible, then T~! is symmetric.
inner product:
la+bx+cx?, d +bx+x*) = ad +bb' +cc e. If ST =TS, then ST is symmetric.

Exercise 10.3.5 In each case, show that T is symmetric

Exercise 10.3.2 Let 7 : R? — R be given by , :
and find an orthonormal basis of eigenvectors of 7.

T(a, b) =(2a+b, a—Db).

a. T:R3—R3%;
a. Show that T is symmetric if the dot product is T(a b, ¢)=(2a+2¢c, 3b, 2a+5c); use the dot
used. product
. R3 3.
b. Show that T is not symmetric if (x, y) = xAy’, b T:R° =R
11 T(a, b, ¢)=(7a—b, —a+17b, 2c); use the dot
where A = [ 1 2 ] product
[Hint: Check t.hatB ={(1, 0), (1, —1)} is an or- c. T:Py— Py
thonormal basis. ] T(a+bx+cx?) =3b+ (3a+4c)x+ 4bx?;
inner product
Exercise 10.3.3 Let 7 : R? — R? be given by (a+bx+cx?, d +b'x+x*) = ad +bb' + cc'
T(a, b):(a_b,b_a) d. T.P2—>P2,

T(a+bx+cx?) = (c—a)+3bx+ (a—c)x?*; inner
Use the dot product in R?. product as in part (c)
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Exercise 10.3.6 If A is any n x n matrix, let Ty : R” — R”" _Jy1ro 0 1 0 0 0 0
. . If BO — s B ) ’
be given by Ty (x) = Ax. Suppose an inner product on R” 0 0 0 0 10 0 1
is giYen by (x, y) = x’ Py, where P is a positive definite then My(T) — PQ; QQ; . where P — P g
matrix. rQ sQ r.s
Use the fact that cP = bPT = (¢*> — b*)P =0.]
a. Show that 7 is symmetric if and only if Exercise 10.3.11 Let 7 : V — W be any linear transfor-
PA=ATP. mation and let B={by, ..., b,} and D ={dy, ..., d,}

be bases of V and W, respectively. If W is an inner prod-
uct space and D is orthogonal, show that

- [ron]
Exercise 10.3.7 Let 7 : My — Mo be given by Mps(T) = [ e

T(X)=AX, where A is a fixed 2 x 2 matrix. This is a generalization of Theorem 10.3.2.

b. Use part (a) to deduce Example 10.3.3.

Exercise 10.3.12 Let 7 : V — V be a linear operator on
a. Compute Mp(T ), where an inner product space V of finite dimension. Show that

B = {[1 0], [0 O}, [O 1}, {O 0]} the following are equivalent.

00 1 0 00 0 1
Note the order! 1. (v, T(w)) =—(T(v), w) forall vand win V.
b. Show that c7(x) = [ca(x)]?. 2. Mp(T) is skew-symmetric for every orthonormal
basis B.

c. If the inner product on My, is (X, Y) = tr (XYT),
show that T is symmetric if and only if A is a sym-
metric matrix.

3. Mp(T) is skew-symmetric for some orthonormal
basis B.

Such operators T are called skew-symmetric opera-
Exercise 10.3.8 Let T : R?> — R? be given by tors.

Exercise 10.3.13 Let 7 : V — V be a linear operator on

T(a, b)=(b—a, a+2b) an n-dimensional inner product space V.

Show that T is symmetric if the dot product is used in R?

= - e a. Show that T is symmetric if and only if it satisfies
but that it is not symmetric if the following inner product

the following two conditions.

is used:
i. cr(x) factors completely over R.
T I -1 .. . . . 1L
Y = A= ii. is a T-invariant subspace of V, then
X y)=xAy,, A=| ., IfUisaT t subspace of V, then U
is also T -invariant.
Exercise 10.3.9 If 7 :V — V is symmetric, write b. Using the standard inner product on R?, show that
T~'(W)={v|T(v)isin W}. Show that T :R?> — R? with T(a, b) = (a, a+b) satisfies
T(U)* =T~ (U") holds for every subspace U of V. condition (i) and that S : R? — R? with

Exercise 10.3.10 Let 7 : My — My, be defined by S(a, b) = (b, —a) satisfies condition (i), but that

T(X) = PXQ, where P and Q are nonzero 2 x 2 matri- ge)lther is symmetric. (Example 9.3.4 is useful for
ces. Use the inner product (X, Y) = tr (XY”). Show that ]

T is symmetric if and only if either P and Q are both sym- [Hint for part (a): If conditions (1) and (ii) hold,
1 } (i proceed by induction on n. By condition (i), let
. [Hint:

0
-1 0 e; be an eigenvector of 7. If U = Rey, then U*
If B is as in part (a) of Exercise 10.3.7, then is T-invariant by condition (ii), so show that the
aP cP restriction of 7 to U satisfies conditions (i) and
Mp(T) = [ bP dP (i1). (Theorem 9.3.1 is helpful for part (i)). Then
a b apply induction to show that V has an orthogonal
{ c d ] basis of eigenvectors (as in Theorem 10.3.6)].

metric or both are scalar multiples of

} in block form, where

0=
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Exercise 10.3.14 Let B= {f|, f,, ..., f,} be an or- Exercise 10.3.15 Let V be a finite dimensional inner
thonormal basis of an inner product space V. Given product space. Show that the following conditions are
T:V—V,defineT':V —V by equivalent for a linear operator 7 : V — V.

T'(v) = (v, T+ (v, TE&) + -+ (v, T(£,)),
) =A (1)) ()t ( (£, 1. T is symmetric and T?> =T.

(V, T(fl)>fl

-

=1 2. Mp(T) = [ Ly 8 } for some orthonormal basis B

a. Show that (aT) = aT'. of V.
b. Show that (S+T) =S +T". An operator is called a projection if it satisfies
these conditions. [Hint: If T> =T and T(v) = Av,
c. Show that Mp(T") is the transpose of Mp(T). apply T to get Av = A2v. Hence show that 0, 1 are

d. Show that (7') = T, using part (c). [Hint: the only eigenvalues of 7]

Mpg(S) = Mp(T) implies that S = T'.]
Exercise 10.3.16 Let V denote a finite dimensional in-
ner product space. Given a subspace U, define
f. Show that T is symmetric if and only if proj;; :V — V asin Theorem 10.2.7.
T =T'. [Hint: Use the expansion theorem and
Theorem 10.3.3.]

e. Show that (ST)' =T'S’, using part (c).

a. Show that proj,, is a projection in the sense of

g. Show that 7+ 7’ and TT' are symmetric, using Exercise 10.3.15.

parts (b) through (e). . .. .
b. If T is any projection, show that T = proj ,

h. Show that 7’(v) is independent of the choice of where U = im T. [Hint: Use T?> =T to show
orthonormal basis B. [Hint: If D ={g,, ..., g,} that V.= im 7 @ ker T and T'(u) = u for all u in
is also orthonormal, use the fact that im 7. Use the fact that 7" is symmetric to show that

n

f, = Z (fi, g;)g, for each i.]
j=1

ker T C (im T)* and hence that these are equal
because they have the same dimension.]

10.4 Isometries

We saw in Section 2.6 that rotations about the origin and reflections in a line through the origin are linear
operators on R?. Similar geometric arguments (in Section 4.4) establish that, in R3, rotations about a line
through the origin and reflections in a plane through the origin are linear. We are going to give an algebraic
proof of these results that is valid in any inner product space. The key observation is that reflections and
rotations are distance preserving in the following sense. If V is an inner product space, a transformation
S :V — V (not necessarily linear) is said to be distance preserving if the distance between S(v) and S(w)
is the same as the distance between v and w for all vectors v and w; more formally, if

|S(v) —S(w)||=||lv—w]| forallvandwinV (10.2)

Distance-preserving maps need not be linear. For example, if u is any vector in V, the transformation
Su :V — V defined by Sy(v) = v+uforall vin V is called translation by u, and it is routine to verify that
Sy is distance preserving for any u. However, Sy, is linear only if u = 0 (since then S, (0) = 0). Remarkably,
distance-preserving operators that do fix the origin are necessarily linear.



10.4. Isometries = 565

Lemma 10.4.1

LetV be an inner product space of dimension n, and consider a distance-preserving transformation
S:V = V.IfS(0) = 0, then S is linear.

Proof. We have ||S(v) — S(w)||?> = ||[v— w||? for all v and w in V by (10.2), which gives
(S(v), S(w)) = (v, w) forallvand winV (10.3)

Now let {f}, f5, ..., f,} be an orthonormal basis of V. Then {S(f;), S(f), ..., S(f,)} is orthonormal by
(10.3) and so is a basis because dim V = n. Now compute:

(S(v+w), S(f;)) — (S(v), S(£)) — (S(w), S(£;))
<v+w i) — (v, fi) — (w, £;)

(S(v+w) —S(v) —S(w), S(f:))

for each i. It follows from the expansion theorem (Theorem 10.2.4) that S(v+w) — S(v) — S(w) = 0; that
is, S(v+w) = S(v) + S(w). A similar argument shows that S(av) = aS(v) holds for alla in R and vin V,
so S is linear after all. O

Definition 10.5 Isometries

Distance-preserving linear operators are called isometries.

It is routine to verify that the composite of two distance-preserving transformations is again distance
preserving. In particular the composite of a translation and an isometry is distance preserving. Surpris-
ingly, the converse is true.

Theorem 10.4.1

If'V is a finite dimensional inner product space, then every distance-preserving transformation
S :V — V is the composite of a translation and an isometry.

Proof. If S : V — V is distance preserving, write S(0) = u and define 7 : V — V by T(v) = S(v) —u for
allvin V. Then ||T(v) —T(w)|| = ||[v—w|| for all vectors v and w in V as the reader can verify; that is, T
is distance preserving. Clearly, 7(0) = 0, so it is an isometry by Lemma 10.4.1. Since

S(v)=u+T(v) =(SyoT)(v) forallvinV
we have § = Sy o T, and the theorem is proved. Il

In Theorem 10.4.1, S = Sy o T factors as the composite of an isometry 7" followed by a translation S,. More
is true: this factorization is unique in that u and 7" are uniquely determined by §; and w € V exists such
that S = T o Sy is uniquely the composite of translation by w followed by the same isometry 7' (Exercise
10.4.12).

Theorem 10.4.1 focuses our attention on the isometries, and the next theorem shows that, while they
preserve distance, they are characterized as those operators that preserve other properties.
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Theorem 10.4.2

LetT :V — V be a linear operator on a finite dimensional inner product space V.
The following conditions are equivalent:

1. T is an isometry. (T preserves distance)
2. ||IT(v)||=||v|| forall vinV. (T preserves norms)
3. (T(v), T(w))= (v, w) forallvandwinV. (T preserves inner products)
4. If{fi, b, ..., £,} is an orthonormal basis of V,
then {T (), T(f), ..., T(f,)} is also an orthonormal basis. (T preserves orthonormal bases)

5. T carries some orthonormal basis to an orthonormal basis.

Proof. (1) = (2). Take w = 0 in (10.2).
(2) = (3). Since T is linear, (2) gives | T(v) —T(W)||*> = ||T(v—w)||? = ||v — w||*>. Now (3) follows.

(3) = 4. By (3), {T(f)), T(f,), ..., T(£,)} is orthogonal and ||T(f;)||> = ||f;|> = 1. Hence it is a
basis because dim V = n.

(4) = (5). This needs no proof.

(5) = (1). By (5), let {f}, ..., £,} be an orthonormal basis of V such that{T(f;), ..., T(f,)} is also
orthonormal. Given v =vf| +---+v,f, in V, we have T(v) = v;T(f;) +--- +v,T(f,) so Pythagoras’
theorem gives

TP = v+ v = [Iv]?

Hence ||T(v)|| = ||v|| for all v, and (1) follows by replacing v by v — w. O

Before giving examples, we note some consequences of Theorem 10.4.2.

Corollary 10.4.1

LetV be a finite dimensional inner product space.

1. Every isometry of V is an isomorphism.’

2. a ly:V =V is an isometry.
b. The composite of two isometries of V' is an isometry.

c. The inverse of an isometry of V is an isometry.

Proof. (1) is by (4) of Theorem 10.4.2 and Theorem 7.3.1. (2a) is clear, and (2b) is left to the reader. If
T :V — V is an isometry and {f}, ..., f,} is an orthonormal basis of V, then (2c) follows because 7!
carries the orthonormal basis {7'(f;), ..., T(f,)} back to {fj, ..., f,}. O

The conditions in part (2) of the corollary assert that the set of isometries of a finite dimensional inner
product space forms an algebraic system called a group. The theory of groups is well developed, and
groups of operators are important in geometry. In fact, geometry itself can be fruitfully viewed as the
study of those properties of a vector space that are preserved by a group of invertible linear operators.

5V must be finite dimensional—see Exercise 10.4.13.
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Example 10.4.1

Rotations of R? about the origin are isometries, as are reflections in lines through the origin: They
clearly preserve distance and so are linear by Lemma 10.4.1. Similarly, rotations about lines
through the origin and reflections in planes through the origin are isometries of R>.

Example 10.4.2

Let T : M,;, — M,,,, be the transposition operator: 7 (A) = AT. Then T is an isometry if the inner

product is (A, B) = tr (ABT) = Za,- jbij. In fact, T permutes the basis consisting of all matrices
i J

with one entry 1 and the other entries 0.

The proof of the next result requires the fact (see Theorem 10.4.2) that, if B is an orthonormal basis,
then (v, w) = Cg(v) - Cg(w) for all vectors v and w.

Theorem 10.4.3

LetT :V — V be an operator where V is a finite dimensional inner product space. The following
conditions are equivalent.

1. T is an isometry.
2. Mp(T) is an orthogonal matrix for every orthonormal basis B.

3. Mp(T) is an orthogonal matrix for some orthonormal basis B.

Proof. (1) = (2). Let B={ej, ..., ,} be an orthonormal basis. Then the jth column of Mp(T) is
Cg[T (e;)], and we have

Cg[T (e;)] - Cp[T (er)] = (T (e;), T (ex)) = (e;, €x)

using (1). Hence the columns of Mp(T') are orthonormal in R”, which proves (2).
(2) = (3). This is clear.
(3) = (1). Let B={ey, ..., €,} be as in (3). Then, as before,

(T(e)). T(ex)) =Cg[T (e))] - C[T (ex)]
so{T(e;), ..., T(e,)} is orthonormal by (3). Hence Theorem 10.4.2 gives (1). ]

It is important that B is orthonormal in Theorem 10.4.3. For example, T : V — V given by T(v) = 2v
preserves orthogonal sets but is not an isometry, as is easily checked.

If P is an orthogonal square matrix, then p1=pT, Taking determinants yields (det P)2 =1, so
det P = *1. Hence:
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Corollary 10.4.2

IfT :V — V 1s an isometry where V' is a finite dimensional inner product space, then det T = £1.

Example 10.4.3

If A is any n X n matrix, the matrix operator 74 : R” — R”" is an isometry if and only if A is
orthogonal using the dot product in R”. Indeed, if E is the standard basis of R", then Mg (Ty) = A
by Theorem 9.2.4.

Rotations and reflections that fix the origin are isometries in R? and R? (Example 10.4.1); we are going
to show that these isometries (and compositions of them in R?) are the only possibilities. In fact, this will
follow from a general structure theorem for isometries. Surprisingly enough, much of the work involves
the two—dimensional case.

Theorem 10.4.4

LetT :V — V be an isometry on the two-dimensional inner product space V. Then there are two
possibilities.
Either (1) There is an orthonormal basis B of V such that

cos® —sinf
= <
Mp(T) [ sin 6 cose}’ 28 <2
or (2) There is an orthonormal basis B of V such that

Mp(T) = [(1) _(1)}

Furthermore, type (1) occurs if and only if det T = 1, and type (2) occurs if and only if
det7 = —1.

Proof. The final statement follows from the rest because det T = det [Mp(T)| for any basis B. Let
By = {ej, e} be any ordered orthonormal basis of V and write

a b
c d

T(ey) =ae; +cep

A= MBo(T) = |: T(ez) =be; +dey

} ; that is,

Then A is orthogonal by Theorem 10.4.3, so its columns (and rows) are orthonormal. Hence
@+ =1=b+d
so (a, ¢) and (d, b) lie on the unit circle. Thus angles 6 and ¢ exist such that

a=cosO, c=sinf 0<0<2m
d=cos@, b=singp 0< <21
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Then sin(0 + ¢) = c¢d + ab = 0 because the columns of A are orthogonal, so 6 4+ ¢ = kx for some integer
k. This gives d = cos(kmr — 0) = (—1)*cos @ and b = sin(kx — ) = (—1)*"!sin . Finally

_1)k+1 o
A:[cose (—1) sm@}

sin@ (—1)FcosO
If k is even we are in type (1) with B = By, so assume & is odd. Then A = Z _Z Jfa=—-1landc=0,
we are in type (1) with B = {e;, e, }. Otherwise A has eigenvalues A; = | and A, = —1 with corresponding
eigenvectors x| = ! —l—a and x, = { I;Ca } as the reader can verify. Write

fi = (1 —|—a)e1 +ce; and fH,=—ce,+ (1 —|—a)e2
Then f; and f; are orthogonal (verify) and Cp, (f;) = Cp,(Af;) = x; for each i. Moreover

CBo [T(fl)] = ACBO (f,) = AX,' = ll'X,' = liCBO (fl) = CBO (llfl)

0 A 0
_J_ 1 1
B= {Hflnfl’ Hle\fz}' -

so T (f;) = Af; for each i. Hence Mp(T) = { M 0 } = { ! _(1) } and we are in type (2) with

Corollary 10.4.3

An operator T : R? — R? is an isometry if and only if T is a rotation or a reflection.

In fact, if E is the standard basis of R?, then the clockwise rotation Ry about the origin through an angle
0 has matrix

My (Rg) = { cos® —sinB ]

sin O cos O

(see Theorem 2.6.4). On the other hand, if S : R? — R? is the reflection in a line through the origin (called
the fixed line of the reflection), let f; be a unit vector pointing along the fixed line and let f, be a unit vector
perpendicular to the fixed line. Then B = {f}, f2} is an orthonormal basis, S(f;) = f; and S(f2) = —f2, so

Mp(S) = { (1) _(1) ]

Thus S is of type 2. Note that, in this case, 1 is an eigenvalue of S, and any eigenvector corresponding to
1 is a direction vector for the fixed line.

Example 10.4.4

In each case, determine whether 7y : RZ — R2 is a rotation or a reflection, and then find the angle

or fixed line: /3
arci[ 4] wasi[ 3]
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Solution. Both matrices are orthogonal, so (because Mg (Ts) = A, where E is the standard basis)
T4 is an isometry in both cases. In the first case, det A = 1, so T4 is a counterclockwise rotation

through 0, where cos 6 = % and sin@ = —?. Thus 6 = —%. In(b), detA=—1,s0T is a

reflection in this case. We verify that d = { } is an eigenvector corresponding to the eigenvalue

2
1. Hence the fixed line Rd has equation y = 2x.

We now give a structure theorem for isometries. The proof requires three preliminary results, each of
interest in its own right.

Lemma 10.4.2

LetT : V — V be an isometry of a finite dimensional inner product space V. It U is a T -invariant
subspace of V, then U L is also T -invariant.

Proof. Let w lie in U. We are to prove that T'(w) is also in U; that is, (T (w), u) = 0 for alluin U. At
this point, observe that the restriction of 7 to U is an isometry U — U and so is an isomorphism by the
corollary to Theorem 10.4.2. In particular, each u in U can be written in the form u = 7' (u;) for some u;
in U, so

(T(w), w) = (T (w), T(uy)) = (w, u;) =0

because w is in UL, This is what we wanted. ]

To employ Lemma 10.4.2 above to analyze an isometry 7 : V — V when dim V = n, it is necessary to
show that a T-invariant subspace U exists such that U # 0 and U # V. We will show, in fact, that such a
subspace U can always be found of dimension 1 or 2. If T has a real eigenvalue A then Ru is T-invariant
where u is any A-eigenvector. But, in case (1) of Theorem 10.4.4, the eigenvalues of T are ¢® and ¢~ 1®
(the reader should check this), and these are nonreal if 8 # 0 and 6 # 7. It turns out that every complex
eigenvalue A of T has absolute value 1 (Lemma 10.4.3 below); and that U has a T-invariant subspace of
dimension 2 if A is not real (Lemma 10.4.4).

Lemma 10.4.3

LetT :V — V be an isometry of the finite dimensional inner product space V. If A is a complex
eigenvalue of T, then |A| = 1.

Proof. Choose an orthonormal basis B of V, and let A = Mp(T). Then A is a real orthogonal matrix so,
using the standard inner product (x, y) = x’y in C, we get

JAx|? = (A%)" (Ax) = x"ATAx = x"Ix = ||x]?

for all x in C". But Ax = Ax for some x # 0, whence ||x||> = ||Ax||> = |A|?||x||>. This gives |A| =1, as
required. U
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Lemma 10.4.4

LetT :V — V be an isometry of the n-dimensional inner product space V. If T has a nonreal
eigenvalue, then V has a two-dimensional T -invariant subspace.

Proof. Let B be an orthonormal basis of V, let A = Mp(T), and (using Lemma 10.4.3) let 1 = ¢'* be a
nonreal eigenvalue of A, say Ax = Ax where x # 0 in C". Because A is real, complex conjugation gives
AX = AX, so A is also an eigenvalue. Moreover A # A (A is nonreal), so {x, X} is linearly independent in
C" (the argument in the proof of Theorem 5.5.4 works). Now define

z)=x+X and 1z =i(x—X)

Then z; and 2, lie in R”, and {z;, z,} is linearly independent over R because {x, X} is linearly independent
over C. Moreover
x=1(z1—izz) and X=1(z+iz)

Now A +A =2cosa and A — A = 2isinc, and a routine computation gives

AZ| =2Z1cosSQ +Zysino
Az, = —z1sinX +zZycos o

Finally, let e; and e; in V be such that z; = Cg(e;) and z, = Cg(e;). Then
Cp[T(e;)] =ACgp(e1) = Az; = Cp(ejcosa +epsin o)

using Theorem 9.1.2. Because Cp is one-to-one, this gives the first of the following equations (the other is
similar):

T(e;) =ejcosa+ersino
T(ey) = —e;sina +epcosa

Thus U = span {e], e,} is T-invariant and two-dimensional. O

We can now prove the structure theorem for isometries.

Theorem 10.4.5

LetT : V — V be an isometry of the n-dimensional inner product space V. Given an angle 0, write
R(0) = Cs?rig _CS(I)I;S . Then there exists an orthonormal basis B of V such that Mp(T) has

one of the following block diagonal forms, classified for convenience by whether n is odd or even:

1 0 - 0 1 0 - 0
0 R(6) -+ 0 0 R(O) -~ O

0 0 . RO 0 0 - RE




572 = Inner Product Spaces

-1 0 0 - 0 |
R(6y) 0 0 0 1 0 0
0 R(6) --- 0
n=2%k . (2) ) . or 0 0 R(6)) 0
0 0 -+ R(6) 0 0 0 o R(6,y) |

Proof. We show first, by induction on #, that an orthonormal basis B of V can be found such that Mp(T)
is a block diagonal matrix of the following form:

A 0 0 |

0 -, 0 - 0
Mg(T)=|0 0 R(6:;) -~ 0

0 0 0 - R(6)

where the identity matrix I, the matrix —I;, or the matrices R(6;) may be missing. If n =1 and V = Ry,
this holds because 7 (v) = Avand A = +1 by Lemma 10.4.3. If n = 2, this follows from Theorem 10.4.4. If
n > 3, either T has a real eigenvalue and therefore has a one-dimensional 7'-invariant subspace U = Ru for
any eigenvector u, or 7 has no real eigenvalue and therefore has a two-dimensional T-invariant subspace
U by Lemma 10.4.4. In either case Ut is T-invariant (Lemma 10.4.2) and dim U+ = n— dim U < n.
Hence, by induction, let B and B, be orthonormal bases of U and U+ such that Mp, (T') and M, (T) have
the form given. Then B = B| U B; is an orthonormal basis of V, and Mp(T') has the desired form with a
suitable ordering of the vectors in B.

Now observe that R(0) = (1) (1) and R(7) = [ _(1) _(1) } . It follows that an even number of 1s or —1s

can be written as R(6))-blocks. Hence, with a suitable reordering of the basis B, the theorem follows. [

As in the dimension 2 situation, these possibilities can be given a geometric interpretation when V = R3
is taken as euclidean space. As before, this entails looking carefully at reflections and rotations in R>. If
0 : R? — R3 is any reflection in a plane through the origin (called the fixed plane of the reflection), take
{f,, f3} to be any orthonormal basis of the fixed plane and take f; to be a unit vector perpendicular to
the fixed plane. Then Q(f;) = —f|, whereas Q(f,) =f, and Q(f3) = f3. Hence B = {f}, f,, f3} is an
orthonormal basis such that Lo

Mgp(Q) = 01
00

Similarly, suppose that R : R3 — R3 is any rotation about a line through the origin (called the axis of the
rotation), and let f; be a unit vector pointing along the axis, so R(f;) = f;. Now the plane through the
origin perpendicular to the axis is an R-invariant subspace of R? of dimension 2, and the restriction of R
to this plane is a rotation. Hence, by Theorem 10.4.4, there is an orthonormal basis B} = {f, f3} of this

plane such that Mp, (R) = { cos® —sin6

sin 0 cos 6
that the matrix of R is

0
0
1

} . But then B = {f}, f;, f3} is an orthonormal basis of R3 such

1 0 0
Mp(R)=| 0 cos® —sinf
0 sin@® cosB
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However, Theorem 10.4.5 shows that there are isometries 7' in R? of a third type: those with a matrix of

the form
—1 0 0

Mp(T)=1| 0 cos® —sin6
0 sin@ cos6
If B={f], f,, f3}, let O be the reflection in the plane spanned by f, and f3, and let R be the ro-
tation corresponding to 6 about the line spanned by f;. Then Mp(Q) and Mp(R) are as above, and
Mp(Q)Mp(R) = Mp(T) as the reader can verify. This means that Mg(QR) = Mp(T) by Theorem 9.2.1,
and this in turn implies that QR = T because Mp is one-to-one (see Exercise 9.1.26). A similar argument
shows that RQ = T, and we have Theorem 10.4.6.

Theorem 10.4.6
If T : R?® — R3 is an isometry, there are three possibilities.

I 0 0
a. T is arotation, and Mg(T) = | 0 cos@ —sin6@ | for some orthonormal basis B.
0 sin® cosH

-1 0 0
b. T is a reflection, and Mg(T) = 0 1 O | for some orthonormal basis B.
0 01
c. T = OR = RQ where Q is a reflection, R is a rotation about an axis perpendicular to the fixed
-1 0 0

plane of Q and Mg(T)= | 0 cos@ —sin® | for some orthonormal basis B.
0 sin® cos6

Hence T is a rotation if and only if det T = 1.

Proof. It remains only to verify the final observation that 7 is a rotation if and only if det7 = 1. But
clearly det T = —1 in parts (b) and (c). L]

A useful way of analyzing a given isometry T : R? — R® comes from computing the eigenvalues of 7.
Because the characteristic polynomial of 7 has degree 3, it must have a real root. Hence, there must be at
least one real eigenvalue, and the only possible real eigenvalues are +1 by Lemma 10.4.3. Thus Table 10.1
includes all possibilities.
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Table 10.1

Eigenvalues of T Action of T

(1) 1, no other real eigenvalues Rotation about the line Rf where f is an eigenvector corresponding
to 1. [Case (a) of Theorem 10.4.6.]

(2) —1, no other real eigenvalues | Rotation about the line Rf followed by reflection in the plane (Rf)*-
where f is an eigenvector corresponding to —1. [Case (c) of Theo-
rem 10.4.6.]

3 -1,1,1 Reflection in the plane (Rf)* where f is an eigenvector correspond-
ing to —1. [Case (b) of Theorem 10.4.6.]

@1, -1, —1 This is as in (1) with a rotation of 7.
B) -1, -1, —1 Here T (x) = —x for all x. This is (2) with a rotation of 7.
©61,1,1 Here T is the identity isometry.
Example 10.4.5
X y
Analyze the isometry 7 : R* = R3 givenby T | y | = | z
7 —x
010
Solution. If By is the standard basis of R3, then Mp,(T) = 0 0 11{,so
-1 0 0

cr(x) =x*+1 = (x+1)(x®> —x+1). This is (2) in Table 10.1. Write:

1 1 1
- 1 -1 — 1L
f = 7 f, = 76 2 f; = >
1 —1
Here f; is a unit eigenvector corresponding to A; = —1, so T is a rotation (through an angle 6)

about the line L = Rf}, followed by reflection in the plane U through the origin perpendicular to f;
(with equation x — y+z = 0). Then, {f, f,} is chosen as an orthonormal basis of U, so
B = {f|, f,, 3} is an orthonormal basis of R? and

-1 0 0
Mp(T)=| o L1 -8
3 1

0% 3

A
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Let V be an n-dimensional inner product space. A subspace of V of dimension n — 1 is called a
hyperplane in V. Thus the hyperplanes in R? and R? are, respectively, the planes and lines through the
origin. Let Q : V — V be an isometry with matrix

Mp(Q) = [ o ,n? }

for some orthonormal basis B = {f}, f5, ..., f,}. Then Q(f;) = —f; whereas Q(u) = u for each u in
U = span{fy, ..., f,}. Hence U is called the fixed hyperplane of Q, and Q is called reflection in U.
Note that each hyperplane in V is the fixed hyperplane of a (unique) reflection of V. Clearly, reflections in
R? and R? are reflections in this more general sense.

Continuing the analogy with R? and R3, an isometry 7 : V — V is called a rotation if there exists an
orthonormal basis {f, ..., f,} such that

cosf® —sinf
sin@  cos@
R(6) occupies columns i and i+ 1 of Mp(T), and if W = span {f;, f;|}, then W is T-invariant and the
matrix of 7 : W — W with respect to {f;, f;,1} is R(8). Clearly, if W is viewed as a copy of R?, then
T is a rotation in W. Moreover, T (u) = u holds for all vectors u in the (n — 2)-dimensional subspace
U = span{fy, ..., fi_1, fir1, ..., £,}, and U is called the fixed axis of the rotation 7. In R3, the axis of
any rotation is a line (one-dimensional), whereas in R? the axis is U = {0}.

in block form, where R(6) = , and where either I, or I (or both) may be missing. If

With these definitions, the following theorem is an immediate consequence of Theorem 10.4.5 (the
details are left to the reader).

Theorem 10.4.7

LetT :V — V be an isometry of a finite dimensional inner product space V. Then there exist
isometries Ty, ..., T such that
T =TT —1--- o1

where each T; is either a rotation or a reflection, at most one is a reflection, and T;T; = T;T; holds
for all i and j. Furthermore, T is a composite of rotations if and only if det T = 1.
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Exercises for 10.4

Throughout these exercises, V' denotes a finite di- [ a ] 1 a++/3b
mensional inner product space. e. T|b|=3|b-V3a
| ¢ | 2c
Exercise 10.4.1 Show that the following linear opera- [ a a+tc
tors are isometries. f. T| b | = % —V2b
| ¢ | c—a
a T:C—C;T(z) =7 (z, w) = re(zw)
b. T:R" R T(ay, a, ..., a,) Exercise 10.4.4 Let T : R?> — R? be an isometry. A vec-
— (an, dn_t .., a2, ar); dot product tor x in R? is said to be fixed by T if T(x) = x. Let E;

denote the set of all vectors in R? fixed by 7. Show that:

b d
C.T2M22—>M22; T|:zd:|:|:z d:|;

a. E| is a subspace of R
(A, B) = tr (ABT)

| b. E; =R?if and only if T = 1 is the identity map.
d. T:R®> 5 R3 T(a, b, c) = §(2a+2b—c, 2a +

2¢—b, 2b+2c¢ — a); dot product c. dim Ey =1 if and only if T is a reflection (about
the line E1).
Exercise 10.4.2 In each case, show that T is an isometry
of R2, determine whether it is a rotation or a reflection,
and find the angle or the fixed line. Use the dot product.

d. E; ={0} if and only if T is a rotation (T # 1).

Exercise 10.4.5 Let 7 : R? — R3 be an isometry, and let

[ a | | —a a|_| —a E; be the subspace of all fixed vectors in R? (see Exercise
a. T = b. T =
| b b b —b 10.4.4). Show that:
[ a b a —-b
c. T b :[—a] d‘T[b}:[_a} a. E; =R’ifand only if T = 1.
e T [a] _ 1 [ a+b } b. dim E; =2 if and only if 7 is a reflection (about
Lb] V2| b-a the plane E)).
f T Z :%[a—ll;} c. dim E| = 1 if and only if T is a rotation (T # 1)
L7 at (about the line E}).
Exercise 10.4.3 In each case, show that T is an isometry d. dim E; =0if and only if T is a reflection followed
of R?, determine the type (Theorem 10.4.6), and find the by a (nonidentity) rotation.
axis of any rotations and the fixed plane of any reflections
involved.
Hvoive Exercise 10.4.6 If T is an isometry, show that a7 is an
[ a | a isometry if and only if a = £1.
a. T =| b Exercise 10.4.7 Show that every isometry preserves the
L € ¢ angle between any pair of nonzero vectors (see Exercise
a 3c—a 10.1.31). Must an angle-preserving isomorphism be an
b. T| b |= % V3a+c isometry? Support your answer.
- ¢ B 2b Exercise 10.4.8 If T :V — V is an isometry, show that
a b a a T? = 1y if and only if the only complex eigenvalues of T
c. T|b|=]|c d T|b|=|-b are 1 and —1.
| ¢ | a —c
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Exercise 10.4.9 Let 7 :V — V be a linear operator.
Show that any two of the following conditions implies
the third:

1. T is symmetric.
2. T is an involution (72 = 1y).

3. T is an isometry.

[Hint: In all cases, use the definition

(v, T(w)) =(T(v), w)
of a symmetric operator. For (1) and (3) = (2),
use the fact that, if (T2(v) —v, w) = 0 for all w,
then T2(v) = v.]

Exercise 10.4.10 If B and D are any orthonormal bases
of V, show that there is an isometry T : V — V that carries
BtoD.

Exercise 10.4.11 Show that the following are equivalent
for a linear transformation S : V — V where V is finite di-
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Exercise 10.4.12 LetS:V — V be a distance preserving
transformation where V is finite dimensional.

a. Show that the factorization in the proof of Theo-
rem 10.4.1 is unique. That is, if $ = Sy o T and
S=SyoT'whereu,w' €¢VandT,T' :V =V are
isometries, show thatu=u’'and 7 = T7".

b. If S=Sy,0T, ueV, T an isometry, show that
w € V exists such that S = T o Sy,.

Exercise 10.4.13 Define 7 : P — P by T(f) = xf(x) for
all f € P, and define an inner product on P as follows: If
f=ao+ax+ax*+--- and g = bo+ b1 x+ box*> + -
are in P, define (f, g) = apbo +a1by +axby + - --.

mensional and S # 0:

1. (S(v), S(w)) =0 whenever (v, w) =0;
2. S = aT for some isometry 7 : V — V and some a. Show that {, ) is an inner product on P.

a#0inR.
3. Sis an isomorphism and preserves angles between
nonzero vectors.

[Hint: Given (1), show that ||S(e)|| = ||S(f)|| for
all unit vectors e and fin V.]

b. Show that T is an isometry of P.

c. Show that 7 is one-to-one but not onto.

10.5 An Application to Fourier Approximation®

If U is an orthogonal basis of a vector space V, the expansion theorem (Theorem 10.2.4) presents a vector
v € V as a linear combination of the vectors in U. Of course this requires that the set U is finite since
otherwise the linear combination is an infinite sum and makes no sense in V.

However, given an infinite orthogonal set U = {f}, f5, ..., f,, ...}, we can use the expansion theorem
for {f, f5, ..., f,} for each n to get a series of “approximations” v,, for a given vector v. A natural
question is whether these v,, are getting closer and closer to v as n increases. This turns out to be a very
fruitful idea.

In this section we shall investigate an important orthogonal set in the space C[—x, 7] of continuous

%The name honours the French mathematician J.B.J. Fourier (1768-1830) who used these techniques in 1822 to investigate
heat conduction in solids.



578 = Inner Product Spaces

functions on the interval [—x, 7], using the inner product.
T
(.8)= | fsxdx

Of course, calculus will be needed. The orthogonal set in question is

{1, sinx, cosx, sin(2x), cos(2x), sin(3x), cos(3x), ...}

Standard techniques of integration give
T
HHFz/ 12dx =21
—7T

T
| sin kx]||? :/ sin?(kx)dx=m foranyk=1,2, 3, ...

T
| cos kx]|? :/ cos’(kx)dx=n foranyk=1, 2, 3, ...

We leave the verifications to the reader, together with the task of showing that these functions are orthog-

onal:
(sin(kx), sin(mx)) = 0 = (cos(kx), cos(mx)) ifk#m

and
(sin(kx), cos(mx)) =0 forallk >0andm >0

(Note that 1 = cos(0x), so the constant function 1 is included.)

Now define the following subspace of C|—m, 7]
F, = span{l, sinx, cosx, sin(2x), cos(2x), ..., sin(nx), cos(nx)}

The aim is to use the approximation theorem (Theorem 10.2.8); so, given a function f in C[—m, 7], define
the Fourier coefficients of f by

T
%—%$U:%[ﬁ®“
T
ay = <f|‘(ilsfg)(ﬁ§)> = %/_nf(x) cos(kx)dx k=1,2, ...
T

Then the approximation theorem (Theorem 10.2.8) gives Theorem 10.5.1.

Theorem 10.5.1
Let f be any continuous real-valued function defined on the interval [—x, n]. If ag, a, ..., and by,
by, ... are the Fourier coefficients of f, then givenn > 0,

fn(x) = ap+ajcosx+ by sinx+ a; cos(2x) + by sin(2x) + - - - + a,, cos(nx) + by, sin(nx)
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is a function in F,, that is closest to f in the sense that

1f = Full < [1f =&l

holds for all functions g in F,,.

The function f;, is called the nth Fourier approximation to the function f.

Example 10.5.1

Find the fifth Fourier approximation to the function f(x) defined on [—7, 7] as follows:

Y ) = T+x if —7<x<0
)l r—x if0<x<m

Solution. The graph of y = f(x) appears in the top diagram.
The Fourier coefficients are computed as follows. The details
-z 0 m of the integrations (usually by parts) are omitted.

T 0 ifkiseven
ak:%/ F(x)cos(kx)dx = 25 [1 — cos (k)] :{ e

- k2
T
by = %/ f(x)sin(kx)dx=0 forallk=1, 2, ...
y
4 Hence the fifth Fourier approximation is

fs(x)=%+4 {cosx+ 77 cos(3x) + 5%cos(Sx)}

This is plotted in the middle diagram and is already a reasonable
432101034 approximation to f(x). By comparison, fi3(x) is also plotted
fi3(@) in the bottom diagram.

We say that a function f is an even function if f(x) = f(—x) holds for all x; f is called an odd function
if f(—x) = —f(x) holds for all x. Examples of even functions are constant functions, the even powers x2,
x*, ..., and cos(kx); these functions are characterized by the fact that the graph of y = f(x) is symmetric
about the y axis. Examples of odd functions are the odd powers x, X, ..., and sin(kx) where k > 0, and
the graph of y = f(x) is symmetric about the origin if f is odd. The usefulness of these functions stems
from the fact that . o

%nf(x)dx =0 i ¥ff is odd
T fx)dx=2 [y f(x)dx if fiseven

These facts often simplify the computations of the Fourier coefficients. For example:

1. The Fourier sine coefficients by all vanish if f is even.
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2. The Fourier cosine coefficients a; all vanish if f is odd.

This is because f(x)sin(kx) is odd in the first case and f(x)cos(kx) is odd in the second case.

The functions 1, cos(kx), and sin(kx) that occur in the Fourier approximation for f(x) are all easy to
generate as an electrical voltage (when x is time). By summing these signals (with the amplitudes given
by the Fourier coefficients), it is possible to produce an electrical signal with (the approximation to) f(x)
as the voltage. Hence these Fourier approximations play a fundamental role in electronics.

Finally, the Fourier approximations fi, f, ... of a function f get better and better as n increases. The
reason is that the subspaces F,, increase:

hHChCHBC---CFC---
So, because f, = projg f, we get (see the discussion following Example 10.2.6)

lf=Alzf =Rl === fll =

These numbers || f — f,|| approach zero; in fact, we have the following fundamental theorem.

Theorem 10.5.2

Let f be any continuous function in C[—x, 7t|. Then

fa(x) approaches f(x) for all x such that — & < x < .

It shows that f has a representation as an infinite series, called the Fourier series of f:
f(x) =ap+ajcosx+bjsinx+ ay cos(2x) + by sin(2x) + - - -

whenever —7 < x < 7. A full discussion of Theorem 10.5.2 is beyond the scope of this book. This subject
had great historical impact on the development of mathematics, and has become one of the standard tools
in science and engineering.

Thus the Fourier series for the function f in Example 10.5.1 is

foy=%+12 {cosx—i— %cos(3x) + 5%cos(Sx) + %cos(7x) +--- }

Since f(0) = & and cos(0) = 1, taking x = 0 leads to the series

2 1 1 1
%_1+3—2+5—2+7—2+-~-

Example 10.5.2

Expand f(x) = x on the interval [—7, 7] in a Fourier series, and so obtain a series expansion of 7.

Solution. Here f is an odd function so all the Fourier cosine coefficients a; are zero. As to the sine

"We have to be careful at the end points x = 7 or x = — 7 because sin(k7) = sin(—7) and cos(kx) = cos(—k7).
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coefficients: i

by = %/ xsin(kx)dx = 2(—1)*1 fork > 1
-7
where we omit the details of the integration by parts. Hence the Fourier series for x is
x = 2[sinx — sin(2x) + § sin(3x) — § sin(4x) + ... ]

for —m < x < &. In particular, taking x = 7 gives an infinite series for 7.

Many other such formulas can be proved using Theorem 10.5.2.

Exercises for 10.5

Exercise 10.5.1 In each case, find the Fourier approxi- Exercise 10.5.3
mation f5 of the given function in C[—7, 7].

a. Prove that ["_f(x)dx =0 if f is odd and that

a. flx)=m—x [T f(x)dx =2 [ f(x)dx if f is even.
x ifo<x<m
b. f(x)=|x| = { x if—r<x<0 b. Prove that 3[f(x) + f(—x)] is even and that
B I[f(x) — f(—x)] is odd for any function f. Note
c. flx)=x that they sum to f(x).
d f(x):{o if —7<x<0
x if0<x<m Exercise 10.5.4 Show that {1, cosx, cos(2x), cos(3x), ...
is an orthogonal set in C[0, 7] with respect to the inner
Exercise 10.5.2 product (f, g) = [y f(x)g(x)dx.

a. Find fs for the even function f on [, 7] satis- Exercise 10.5.5
fying f(x) =xfor0 <x < m.

a. Show that %2 =1+ 3% + 5% + --- using Exercise

b. Find fg for the even function f on [—m, 7] satis-
10.5.1(b).

fying f(x) = sinx for 0 <x < 7.

[Hint: If k > 1, [sinxcos(kx)

1 | cos[(k—1)x]  cos[(k+1)x]

b. Showthat’l[—;zl—l+i—4%+--- using Exer-
= § [elllond ot cise 10.5.1(c).
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