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I Let W be the subspace of vectors in 1123

whose 3rd entry is O
.

• Is S { ( ! )
,

I;)
,
) a spanning set of W?

No
,
S is not a subset of W

• Is 5={41,1%1,1%1} a spanning set
of w ?

No Leading 1 in right co /

means the system isYes
. Computation :

④ 1%1%1 consistent

-

already in REF

so there is a solution for Gf !) tall:)-141%1=4%1
for all Labo) in

W
-

- Is S above linearly independent ?
No , 1! ! ! ) :o) has infinitely many

solutions
.

' Is {111,1%1} a basis for W?

Yes . Computation -

- f! ! I { f.→ ↳ 11%]
-
REF

There is one unique linear combination

c. (
'

g) tuff :[8.) for all f!) in W
.
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A basis of a subspace
W of IR

"

is a set S of vectors in W where

• S is linearly independent

• S is a spanning
set of S

Q : Let W be the subspace of 1123 consisting of

vectors whose entries sum to 0
. No

• Is s :={ [
'

q)
,
[%)} a basis for w ? ether! ??- It

° Is S := { [I]
,
[ I]}a basis for w ? No

, they are not

linearly independent
.

• is If:3
, -73A basis f. →

¥11171's to:]
'⇒ It. E.)→ to!÷¥±I→C%l¥ F

'

of S
.

I .
.
The standardbasisfork-l.su . . {111,1%1,191} .

• Is { f'd , a basis for 115 ?

Yes , det ( ft to .

• Is { I})
,
Iff)} a basis for 1123 ?

No
,
too few

(must have 3 vectors to
be a basis )
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Q : Let A :=④ ! Ig) .

Find a basis for im (A)

Ans
- Put A in REF

① - I

go
°

⇐
Take the original 1st

,
3rd

, 4th cols of A :

A basis for im is { µ ) , 1%1 , ( &})
.

Q : rank CA) ?

dim Cini AD ? } Ahs is 3

^
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Q : Let A.=/! ! Ig) .

Find a basis for Ker CA)
.

Any
put A -

in REF

c÷ :
Write a general solution to A f =/!}
Since 2nd Col has no Leading 1 , setX

Xi - 2X, = o

× o ⇒ x,=z@
Xs-6×xyy}⇒ Xs=o

Gen. sol : ( II) - tf! ) .

A basis for Ker CA) is { [ID
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4

Subspaces of IR whose dimension is easy to compute

• [ f!)} has dim 0

• If [ abq) is not the zero vector
,
the subspace

{rlly) / rink}= span ( { ( Idf)) has dim i

• If V is a subspace of 1124 with dim 4
,

then V must be the entire 1124
.

Q : Let A [ 'I]
.

* K 2
• rank (A) ? A is not Rows of

the Zero A are not

matrix multiple of
each other

• dim (in CA)) ? (same as ranket) = ↳

• dim ( reread ? width) = ranjeet dimCke tkayImust be 0
.

•

Describe Ker CA)
. And [ [8]}

,
the zero subspace
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Def If A is an nxn matrix , an eigenbasis of A is a

basis for Rn consisting of eigenvectors of A .

Q : Let A f! If] .

Let s:= ( f!), fg) )
.

Do S form an eigenbasis for A ?

th ①Check that the vectors in S are eigenvectors

Z Z 4

- l:! little :L -

°
'- Eiffel' r

° A fit. ftp.sfilr
② Check that S is a basis for 1123

you can check that det(concatenation) f- O
orcheckrankfconcatenat.in#T
on check concatenation is invertible

.(
l 'll check this

g , ran, g.mm,..

I:÷÷!÷¥:⇒→t: : : on , . .
RzH2RztR3

-

'

- Yes , S is an eigenbasis of A -
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• Algorithm to find an eigenbasis for an nxn matrix A or
show It does not have an eigenbasis .

① Find all eigenvalues X of A

② For each X , find a basis of thex-eigenspaceof.AT
Ker CA - X Id)

③ Put all vectors from part② together .

• If there are n vectors
, the set is an eigenbasis

• If there are fewer than n , A has no eigenbasis.

Q : Let A := ! ! !) be a 3×3 matrix

① with eigenvalues l and 7.

② dimension of im (A - 7-Id)= 1

Does A have an eigenbasis ?

Answer
- ② . Rank- nullity Thm says : width (m)=

dim ( im tdimckercm)
z =

width (A- 7-Id)= I + dimckerct -7Id)

So dimension of the 7 - eigen space of A is 3-1=2
.

A basis for this 7 - eigenspace of A has two vectors
.

° dimension of the l - eigenspace of A is at least L

(since it contains a l - eigenvector of A) .

Steps : . We have two eigenvectors from
the basis of the 7- eigen space and

at least one eigenvector from

the basis of the l-eigen space ,

so A has an eigenbasis
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Def/Fact A matrix M with an eigenbasis is diagonaliz.at/e- ,
i. e

.

we can write M = P D P
- "

where D= (
X '

.

.
. is a diagonal

matrix w/ Xi , . . . ,Xn eigenvalues ofA
and P is a concatenation of the eigen basis

( the order has to match Xi
,
- . .

.
Xn)

.

Q : A is a 5×5 matrix with eigenvalues 0,1 , 2,56 .

• Does A- have an etgenbasis ? AIS yes
,
each x. eigenspace contributes
one eigenvector

• Is A diagonalTable ? And Yes
,
since A has an eigenbasis.

Q : Let A = 3
- I 2

§ z z) . I computed an eigenbasis of A :

°° ' 111,111,191
4=3 ti- 2 til

• Write a diagonal cation of A

• Write A'"

using this dingo realization .

Answer
- • Lett:-C: ! §] . Then A- Pf! ? ! ) F !

-

• A'
"

= fly
" D

= PDP
' ' PDF

'

PDF
'

. - -
PDF

'

=p ploof
'

=p ÷ :o) ?
Q : Let m -

- f! ! ! !) . Do

;sm%h÷: basis?

Any Yes
, by spectral Thm ( since M is symmetric : MT - M)

.
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• idea

A vector space is a set ✓ in which
. . .

-

• there is a rule to add
any

two elements in V

• there is a rule to multiply any e. It in
V by a number

and both operations
"
behave like" vector addition & vector scalar multiplication.

Note : Every vector space has a
"

zero
"

element .

• Examples of vector spaces

- IR
"

vectors of height n

- IP all polynomials in X

- Ps all polynomials of degree at most 5

- Cd all smooth functions

- Solutions to the differential equation f-
"
=
-f

- Solutions to the differential equation f
'
= f

- Any subspace of a vector space is itself a vector space

(with respect to the same addition and scalar multp rule)

Q : Is ×3t5x a scalar multiple of X
'

-15 ?

Answery Is there a number c
where X3t5x = c (X-+5) ?

No !

Q : write XZ as a linear combination of 1+2×-1×2 , ltx ,
and l

.

tnswer Find a , Cz , Cs so that X' = Cc ( ( f-2×-1×2) + Cz (( tx) t Cs Cl) .
Rewrite in standard form : It 0×+0.1 -- (G) x' + ( 2C , + Cz) x + (Citcztcz)
c . =D}⇒2GtCz = 0

Citczt (3=0

So X
-
= ① ( I text t Gtx) + ① CD .
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Examples of subspaces of IT (and therefore examples of vector spaced:
- Tf
-

set of polynomials with a factor of CND
, Note: these

{ Gti) f / f in P) two

describe the
- Set of polynomials which has

- I as a zero
,

same set !

{ f- in IP I ffD=o}

Examples of subsets of p that are not subspaces
- set of polynomials of degree exactly 5

Why? The zero polynomial is not in this set

- Set of polynomials f-CA where f-C- 1) = 6 .
Whs ? The zero polynomial is not in this set

• Examples of subspaces of CA ( hence examples of vector spaces)
- The set of solutions to f

"

= -f


