



































































































































Midterm practice for
Math 3333 Linear AlgebraSources

Lectures 1 to 8 and Lecture 9A only

Perform row reduce step by step
compute the rank of a matrix

solving a linear system
no solution

exactly one solution
solution set with 7 parameter 2parameters or more

Transpose of a matrix
scalar multiplication
matrix addition
matrix multiplication
Showing that matrix multiplication doesnot commute
Finding matrices which commute with other matrices ofthe same site
inverse of a matrix
Rearranging equations
Determining whether a matrix is invertible
using rank

using determinant
knowing that if the matrix is not square then it is not invertible

computing determinant
using row reduce and upper triangular matrix
using cofactor expansion

Computing eigenvectors
Given a number X find eigenvectors or determine it doesn't exist

Eigenvalues and eigenvectors see Qio Qm

Given the solution set of a matrix equation
determine whether a rector is an eigenvector

Whether a number is an eigenvalue

Geometric meaning of vector arithmetic in ZD
scalar multiplication
vector addition

Dimension and shape of a solution set see QD
Performing sanity checks after computing a solution



Q1

Aco Walk me through the process of using
augmented matrix and

row reduce

to find all solutions to the linear system

X y 1 2 3

Xt y 122 4

y 122 2

b Write down a matrix multiplication which

you can perform to verify your solution

Perform the matrix multiplication



a
knee source b

X y 1 2 3

Xt y 122 4

y 122 2

I 1 I 3 I 1 I 3 I 1 1

31I 2 4 I I 2 4fo la Ri Rf
o

4ri tnfooiIfI

x y t 2 3 X 10 1 3 27 solution

z 1 II
a III µ

bae Write down a matrix multiplication which

you can perform to verify your solution

I D
Perform the matrix multiplication

I r



Q2

I 2 I 3 I

Let m 24 Sq

A There are many REF matrices equivalent to M
Walk me through the process of finding one

REF matrix equivalent to M

b Use this REF matrix to tell me the

rank of M



A
Source Lecture 29 2b

M

2 I 3 1
12 lol II to 33 3 s

0 O 3 6 3

12217 212,1122 Rst R1123

I 2 I 3 1

I f 1311O O O O O

R2 3422

b The above REF matrix has two leading Is

so rank M 2



Q 3

Describe

gall

solutions to the consistent system

A 2b d 2

C 24 1

How many parameters are needed

to describe all solutions

what is the dimension of this solution set

what is the shape of this solution set



Key
Source Lecture 2A

Find all solutions to the system

a 2b D 2

C Id I

think
lo f d

The 2nd 4th columns have no leading Is

Let b t D s

Then c Id y c 25 1 C It 2s

A 2b d 2 7 a zt 5 2 a 2 12T S

The solutions are

t.fi st.f fI fsf It

Two parameters are needed to describe the solutions

The dimension is 2 source Lecture 99
The shape is a plane



Q 4

If M 5 2 6

what is Mt

What is the transpose of A
T



source Lecture 39

If M 5 2 6

what is MT

MT
g

What is the transpose of A
T

f
T

A



Q5
What is the size of the product

CHE'd

What is the size of the product

I 2 I 2

IIIHost

What is the size of the product

I 2 T 5

f
What is the size of the product

I 2 T 5 yEi's



Key source Lecture 49
Exercise 2

What is the size of the product

I 2 I 2
ios III

Answer
2 3 3 2 2 2

What is the size of the product

I 2 I 2

III for Answer
3 2 2 3 3 3

What is the size of the product

I 2 T 5

f
Answer

5 44 1 5 1

What is the size of the product

I 2 T 5 y3k

answer
2 5 5 4 2 4



Q6

Give me one 2 2 matrix
which commutes with every 2 2 matrix

Give me another 2 2 matrix
which commutes with every 2 2 matrix

How do you know it commutes with

every 2 2 matrix

Is matrix multiplication commutative

Give me two easy to remember matrices

which do not commute with each other



key
Give me one 2 2 matrix
which commutes with every 2 2 matrix

9 the identity matrix

commutes with every
2 2 matrix

Give me another 2 2 matrix
which commutes with every 2 2 matrix

From quiz 1 fogffibdf zffo.IEdJ 2

bdJEoIumcs
c x eac.cp c

Is matrix multiplication commutative No

Give me two easy to remember matrices

which do not commute with each other

If A has site 3 2 and B has site 2 3

A B and BA are defined but they have

different sizes so As DA

A fog and Bifff

As ME EH
BA ETI'T't40 02

Ref Matrix multiplication Lecture49,46and Quize



QF

Suppose A B and C are 2 2 matrices

and det c 5

Rewrite the matrix equation
A C BC 4 CB

as a formula for A

What should you do to verify
your answer



key Similar to

Exercise 3

Lecture 5A

Suppose A B and C are 2 2 matrices

and det c 5

Rewrite the matrix equation
A C BC 4 CB

as a formula for A

Answer co Since det c to c exists

AC BC 4 CB

CA B C 4 CB

CA B CE 4 CBE

A B 4 CBE

A 4 CBE t B

Sanity check
acBE

B

AC BC 4 CB
4C BE't B c BC

4C BE'c BC BC 4 CB
J



Q8

aunt f
without performing the M Id algorithm

I
feel

determine whether M is invertible

b The same question for
1 O O 1980
01 7 3 23 I

at I

I 1

Hint Forepart a M is an upper triangular matrix

so we can quickly compute Det M

Do you remember how Look at the diagonal entries



key Similar to
Lecture 55
Exercise 9

1 00 1980
01 7 3 23 I

a
Egg

is invertible

50 I
1 1g

Why Det M 2.5 10 10 and we know

if the determinant of a matrix is nonzero

then the inverse of the matrix exists

Alternatively The rank of M is 7

and its size is 7 7

so M is invertible according to the

invertibility and rank theorem

not

Why C is equivalent to the 7 7 matrix 0015724
I 0 O l

un na determinant o qqqgq qand rank smaller than 7



Q9

I I 7 O l
O 26 0 I

Let m HEY

Walk me through your process for computing detCM

Is M invertible



key Source Lecture 79
Exercise 3

A possible step by step process
For cofactor method the most convenient choice is

either the 4th column or 4th row

Here I choose the

4thcolam.nlI 70 I
0 260 I

O Cq t O.cz ct2 C34tO C44tO.Cs4det4g5g2oo4g oo

2 fD3t4detµ IO 0 I 0
I I 4 3

Ratt R 1124
does not change

2 CD detµ I
the determinant

0 O I 0
O O 32

1241 7 3123 124
does not change

2 detµ I
the determinant

0 O I 0
O O O 2

2 I 2 I 2

8

Yes M is invertible because detCM 1 0

Con't below y
for alternative

0

solution



key continued source Lecture 79
A possible step by step process Exercise 3

For cofactor method the most convenient choice is

either the 4th column or 4th row

Here I choose the 4th row

I I 7 O l
O 26 0 I

det
5g 2g4g

941041 t 94242 t 94343 t 94444 t 94545

I didnotneed
I

can cis det Ig a tea.ca

because
theoriginalmatrix
without the 4th row 1stcolumn 941942944945 0

a

µ for computing1 4 03 cofactors
theoriginal matrix
without the 4th row 2ndcolumn

45 C174
3
det

µt 4 thefornifinnemIIIirow 3rdcolumn

cofactor
along the 3133rd Ti Lo o 2 ft detlo I g to

l 2 det

f
I 2 I 2 2

8

I I 7 O l
O 26 O 1

SO det 750624
941041 t 94242 t 94343 t 94444 t 94545

O O I 0 0
I I 4 03 0.041 T O C42 1 f 1 Cyst 0 44 to 245

O t O t C 1 C8 t O t O

Yes M is invertible because Det M fo



Q lo

Find all eigenvectors of A 424 with eigenvalue 0

How can you check this by hand

If M g does it mean If is an eigenvector of M

If M f q does it mean 0 is an eigenvalue of M

If Mff 8 does it mean g is an eigenvector of M

suppose B ft
Give me one of the eigenvalues of the matrix B



source Lecture 7b Exercise 8

Find all eigenvectors of A 424 with eigenvalue 7 0

Set Av or

EMA I.IT I
R ERI 2 1 0

2 I 0

R2 RitRz I 01 8
Let y t

2X y o 2x t o 2x t x It

The eigenvectors of A with eigenvalue 2 0

are of the form

t
t

g for
nonzero to

checky compute 7 LEE Is it equal to 01

If M g does it mean If is an eigenvector of M

Yes This means LJ is an eigenvector with eigenvalue 0

If M f q does it mean 0 is an eigenvalue of M

yes

If Mff of does it mean g is an eigenvector of M

No Eigenvector cannot be a zero matrix

Suppose Bf 12g Give me one the eigenvalues
of the matrix B

7 2 is an eigenvalue of B because

B 3 21



Q 11

Suppose M is a 4x4 matrix

Suppose M 5 Id
µzw µ

has a unique solution

exactly one

Is it enough information to determine

whether 5 is an eigenvalue of M

If so state whether 5 is an eigenvalue
Explain

Is it enough information to determine

whether 5 is an eigenvalue of M

If so state whether 5 is an eigenvalue

Explain

Suppose M 5 Id
µw µ

has infinitely many
solutions

Is it enough information to determine

whether 5 is an eigenvalue of M

If so state whether 5 is an eigenvalue
Explain

Is it enough information to determine

whether 5 is an eigenvalue of M

If so state whether 5 is an eigenvalue
Explain



Lecture 76,8A

Suppose M is a 4x4 matrix

Suppose M 5 Id
µzw µ

has a unique solution

exactly one

Is it enough information to determine
whether 5 is an eigenvalue of M Yes

If so state whether 5 is an eigenvalue

This means the only f
satisfying M

E 5µW
is

so 5 is not an eigenvalue of M

Is it enough information to determine

whether 5 is an eigenvalue of M

If so state whether 5 is an eigenvalue
Not enough information about 5

supposed 5 Id
µw

has
infinite9ns T

Is it enough information to determine
whether 5 is an eigenvalue of M Yes

If so state whether 5 is an eigenvalue

This means there are non zero vectors
f
satisfying M

g 5µW

so 5 is an eigenvalue of M

Is it enough information to determine

whether 5 is an eigenvalue of M

If so state whether 5 is an eigenvalue
Not enough information about 5



Q 72

Use the annotate function to sketch 3 v and EV

Tf V is shown below

V

On your paper sketch Vtw

where V and W are shown below

w r



Use the annotate function to sketch 3v

if V is shown below

v
Z

i
v v v

v is stretched

by a factor The length of
of 3

EV is
The length of 3T is
three times Ivl half of Iv

On your paper sketch Vtw

where V and W are shown below

w I
I V

L y V

k

v 1W are drawn in dashed line


