Lecture 6a

Determinants
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Recall: The determinant of a 2 X 2 matrix

Given a 2 X 2 matrix

its determinant is the number det(A) := ad — bc.

Recall: The 2 x 2 determinant detects invertibility

A 2 x 2 matrix A is invertible if ad — bc is not zero, in which case
=l 1 [ d —b]

:ad—bc —Cc a

Generalizing determinants to all square matrices.

det(A) is defined for any square matrix! It's always a number.
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Determinants (the idea)

For each square matrix A, we can define a number det(A) called the
determinant of A which satisfies two fundamental properties:

@ Property i: A is invertible if and only if det(A) # 0.
@ Property ii: det(AB) = det(A) det(B).

Property i implies the following:
» If the inverse of A exists, then det(A) is a non-zero number.
» If det(A) is a non-zero number, then the inverse of A exists.
» If A has no inverse, then det(A) = 0.
>

If det(A) = 0, then A has no inverse.



Properties

(o] lee)

Exercise 1

Check that det(AB) = det(A) det(B) for
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Exercise 1

Check that det(AB) = det(A) det(B) for
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Determinant notation

The determinant of an explicit matrix is often denoted by replacing
the brackets by vertical lines.

Aside: Notation for two flavors of equality

® :— defines the left side to be equal to the right side.

® — asserts the two sides are equal.

The latter is a statement of fact, the former is a definition.
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We first explore the properties of the determinant, and then use them to
compute det(A).

Determinant: Identity matrices

@ Property iii. The determinant of an identity matrix is 1.

The three properties completely determine the determinant and all its
properties. J

Show that, if M is invertible, then det(M—!) = 1

det(M)

1'=det(/d) since the determinant.of an identity matrix is 1(?(4@2*‘1)
= det(/\/IM_l) by ‘Je'(:r"‘"&za‘" "'F *he Trverse vatris
— det(M) det(M 1) by PeRerfy 1T o def
det(M™1) = 1/ det(M) makes sense since _2t(0# 0 due Jo Prejecty i

For example, if det(M) = 7 then M~ exists and det(M~1) = 1.
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Determinants also play nicely with row operations.

Determinants and row operations

@ Swapping two rows multiplies the determinant by —1.
® Multiplying a row by ¢ multiplies the determinant by c.

© Adding a multiple of one row to another row does not change
the determinant.
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Examples of elementary row operations

@ Swapping two rows swaps the sign of the determinant.

2, b 1 2 3 4 5 6
[Ez}” . 45 6|=—-|12 3
3

7 8 9 7 8 9
® Dividing a row by a number ¢ pulls out a factor of c.
. R 1 2 3 1 2 3
‘;kz]‘* Fh 4 5 6|=4[1 2 3
R 2 4 2
7 8 9 7 8 9
©® Adding a multiple of one row to another row does nothing.
., R 1 2 3 1 2 3
(Rl‘\ =7 |-ttt 4 5 6|=|0 -3 -6
Ry Rz
7 8 9 7 8 9
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Strategy to compute a determinant

Use row operations to transform an unknown determinant into a
known one, keeping track of the changes along the way.

Since we can use row operations to put any matrix into REF...

What is the determinant of a matrix in REF? )
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We can answer a more general question.

A few special types of square matrices

® An upper triangular matrix has Os below the diagonal.

® An lower triangular matrix has Os above the diagonal.

® A diagonal matrix has Os away from the diagonal.

|

Examples

Upper triangular Lower triangular ~ Diagonal

A-‘asom\/v120 2 0 0] [o 0 0O
05 2 10 0| 020
0 0 3 0 -1 [0 0 0O

P, JP N

. o(('a o YO
Nofe: 2 g lower
4

is both an uppel
—('rTot‘amL;nr wAaatrex,

No restriction for numbers on the diagonal.

an
Note: By def, a square matrix in REF is ‘upper triangular matrix which J

has 1s and Os on the diagonal.

Not every upper triangular matrix is in REF, though.
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Determinant: Upper triangular matrices

The determinant of an upper triangular matrix is the product of
the diagonal entries.

The determinant of a lower triangular matrix or a diagonal matrix
is also the product of the diagonal entries.

=1-2-3-5=30

O O O =

=1-1.0=0

O O = SO N =
O = N O W P~ K
o 00O o1 © 00—




Computing det using row operations
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Computing det(A) using row operations

Computing det(A), approach 1: Put the matrix into REF

Use Gaussian Elimination to put A into REF B. Keep track of how the
determinant changes in a number r, so you know det(A) = r det(B).

® If B has a row of zeroes, then det(B) = 0 and so det(A) = 0.
® Otherwise, det(B) = 1 so det(A) = r.

This method is consistent and practical (computers use it), but other
methods may be easier for hand-computation.
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Computing det(A) using row operations

Computing det(A), approach 1: Put the matrix into REF

Use Gaussian Elimination to put A into REF B. Keep track of how the
determinant changes in a number r, so you know det(A) = r det(B).

® If B has a row of zeroes, then det(B) = 0 and so det(A) = 0.
® Otherwise, det(B) = 1 so det(A) = r.

This method is consistent and practical (computers use it), but other
methods may be easier for hand-computation.

.

approach 1': Put the matrix into upper triangular form

Row reduce to put A into an upper triangular matrix B. Keep track of
how the determinant changes in a number r, so det(A) = r det(B).

® If B has a row of zeroes, then det(B) = 0 and so det(A) = 0.

® QOtherwise, det(A) = r- (product of diagonal entries of B).

In practice, you can stop earlier if the determinant is clear.
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Exercise 3

3 1 2
Let A= [1 —1 3|. Find det(A) with row operations.
1 2 4
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Exercise 3

3 1 2
Let A= [1 —1 3|. Find det(A) with row operations.
1 2 4
A (oad" ‘/ SWarfllk@l ){,_r—>'3'3(+327_
\7\7/ Ny > -R(+ Rz
3 01 2/ |1 -1 3 1 -1 3
det(A)=1]1 -1 3|=-[3 1 2/=—|0 4 -7
1 2 4 1 2 4 0 3 1
Ry 9 "3Ry TRy
R > Raths 1 3 5

0
L 8= — (. L.2§=/—zsj]’
0 25
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Exercise 3

3 1 2
Let A= [1 —1 3|. Find det(A) with row operations.
1 2 4
aO‘/‘ ‘\ SWap R(k@l 2, _ 3R+ R,
I\VF(O N> -Ri+ Rz
3 1 2 [ 1 -1 3 1 1 3
det(A) =11 -1 3/=—1[3 1 2/l=—|0 4 -7
1 2 4 1 2 4 0 3 1
Ry F5 3R TRy, ;z,s(——y&'s_lg
e Rt |1 =1 3 1 0 -5 0 -5
——0 1 —8=-{01 —8=-25(0D -8
0o 3 1 0 0 25 0 0
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1 0 -1
Find |—2 1 3 | using row operations (approach 1 or 1').
-1 1 2
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Exercise 4

1 0 -1
Find |—2 1 3 | using row operations (approach 1 or 1').
-1 1 2
1 0 -1 1 0 —1|
-2 1 3|=|10 1 1
11 2| o1 1]
R, > 2R +Ro

R3I—> Ri+R=



Computing det using row operations
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Exercise 4

1 0 -1
Find |—2 1 3 | using row operations (approach 1 or 1').
-1 1 2
1 0 -1 1 0 -1 1 0 -1
-2 1 3|=/01 1}|=|01 1}|=1-1-0=10
-1 1 2 01 1 0 0 O
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Exercise b

Find the determinant of using row operations.
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Exercise b

using row operations.
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Exercise 6

using row operations.

~Noocosfo
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i
——OO—HO |

—HO—-HOOOO
OCOH—HOOO
oOIOOHOOO

QOO HOOO

Compute

1
1

1
0O 5 0 0

0 0 O

1

0
-1

0O 0 0 O
0O 0 0 O
0O 0 0 O
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Exercise 6
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Exercise 7

~ 0 0 1 1 5 7
0O 5 0 0 1 1 O
V2 0 0 01 0 4
Compute |3 0 1 7 0 6 2| using row operations.
0O 0 0 0 0 1 15
3 01 7 0 6 2
1 1 1 0 0 2 2
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Exercise 7

using row operations.

I
0

0 01 1 5

5 0 0 11

T
0

0O 0 01 0 4
01 7 0 6

V2
3
0
3

1

2

0 0 0 0 1 15

01 7 0 6

2
2

1 1 0 0 2

Compute

Ry “RytRg

I
0

7
0

0 01 1 5

5 0 011

s
0

0O 0 01 0 4

V2
3
0
0
1

01 7 0 6 2
0 0 0 01 15
0O 000 0 O

2

1 1 0 0 2

0 01 1 5
5 0 0 1 1

s
0

0O 0 01 0 4

V2
3
0
3

1

2

0 0 0 01 15

01 7 0 6

2
2

01 7 0 6

1 1 0 0 2

= |0 | because of the row of zeros.




Computing det using row operations
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For each square matrix A, we have a number det(A) which
satisfies:

@ A is invertible if and only if det(A) # 0.
@ det(AB) = det(A) det(B)
@ det(/ld) =1

Computing det using row operations

Compute det(A) by first turning A into an upper triangular matrix
while keeping track of how the determinants change.




