Matrices and Vectors: matrix-vector multiplication

Upcoming:
Reading HW 3b




® Matrices and vectors
® Matrix addition

® Scalar multiplication

® Linear combinations (combinations of the operations above)

® Transposes
.
® /ero matrices

® Matrix multiplication :M\A\Jﬁy\&'\ﬂg\, a Mdfcix & g VectoT

® |dentity matrices
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Zero matrices

/ero matrices

/ero matrices
A zero matrix is a matrix whose entries are all zero.

Confusingly, people usually denote these by 0 and hope the size is
clear.

12 3 P I PO o i
IfA—[4 5 6],thenA—l—Omeans [4 5 6]+[O 0 O]-&&oﬁ )é*,ol

Adding zero doesn’t change anything

As long as A and 0 have the same size, A+ 0 = A.
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Multiplying a matrix and a vector: Motivation

Multiplying a matrix and a vector. \

Motivating question

How can we check a potential solution of a linear system, directly
from the augmented matrix?
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Let's recap a familiar computation.

Recap: checking a solution
Consider the linear system
2x — 3y +4z = -3
—2x+2y —3z=1
—3x+4y +2z=—4
To check whether x =2, y =1, z= —1 is a solution, we plug in:
2 -3 +4+4-( )= v
2. L2 _3. ) = v
-3 +4 t2-( )= v
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Let's recap a familiar computation.

Recap: checking a solution

Consider the linear system
2x — 3y +4z = -3
—2x+2y —3z=1
—3x+4y +2z=—4
To check whether x =2, y =1, z= —1 is a solution, we plug in:
2:2-3-144-(-1)=4-3-4=-3 /
—2.242-1-3:-(-1)=—-4+424+3=1
—3:244-142-(-1)=-64+4-2=—-4
Therefore, (x,y,z) = (2,1,—1) is a solution.
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To check a solution, it will be helpful to split the augmented matrix

2x =3y +4z = -3 2> 3 4 |-3
—2x+2y—3z=1 —» | -2 2 -3\ 1
—3x +4y +2z=—4 -3 4 2|4
...into a matrix A of coefficients and a vector b of constants:
. 2 -3 4 -3
matrix of vector of
fficients —2 2 T3, constants 1
coefficients 3 4 5 2
~ ~~ d ~——
A b

The potential solution can also be collected into a vector:

Totential x=2,Y=1, 2=~ X 2
Solydion yl = 1



Multiplying a matrix and a vector: Motivation

[e]e]e] e}

. 2 -3 4 —3
matrix of vector of
coefficients™ —2 2 3 constants 1
! -3 4 2 =
(g -~ o \—\p—/
A h

Each row of A represents one equation. Let's focus on the first row.

Plugging into a single formula |

Plugging x =2,y = 1,z = —1 into the first formula

2x — 3y + 4z (; 22-3. 1+ 4 (~‘3>
becomes the following

2 -3 4|1 |=2-24(-3)-1+4-(-1)=-3
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We can plug into all three equations at the same time.

Plugging into several formulas
Plugging x =2,y =1,z = —1 into the formulas

2x — 3y + 4z
—2x + 2y — 3z
—3x +4y + 2z
can be translated into the following computation.
+ +
— + - _
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We can plug into all three equations at the same time.

Plugging into several formulas

Plugging x =2,y =1,z = —1 into the formulas
2x — 3y + 4z
—2x + 2y — 3z
—3x +4y + 2z
can be translated into the following computation.
2 -3 4 2 2:24(-3)-14+4-(-1) -3
-2 2 =3 1= -2-242-1-3-(-1) | =]1
-3 4 2 —1 —3-244-142-(-1) —4
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Multiplying a matrix and a vector: Definition

Definition: Multiplying a matrix and a vector

A matrix A and vector v can by multiplied if
width(A) = height(v)

The product Av is a vector whose ith entry is the sum of the
product of the entries of the ith row of A with the entries of v.

—width ——  _ _cant of v
_ 1 Ty E | _
°\ o 5 - = V2 = ‘\J)d/\
o (@il @2 v din D |l = 1aiivi +aiavo + ... +ajpvn & Y
= : _ e
| . . . . | _Vn_ | . i

If width(A) # height(v), then the product Av doesn’'t make sense!)
(hndet rmed D
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Exercise 3

Compute the following products.
(1 2 3 1]

a) |4
;

b)—

(@»]
|—l
N
(@)
A LN R
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Exercise 3 (solution)

Compute the following products.

@ —}>11+2l+ll 2
3

?.l +9-7[+ 9. )

1
py =L 2 %j 2| 1.1+—\-9_+-'2.%f-‘2ﬂ _[_3]
0 1 2 3| o1+ 1.2+23t+01 8
4
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Sizes in matrix-vector multiplication

The product of an m x (l—matrix and an n-vector IS an m-vector.
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Turning a linear system into a matrix equation

Consider a linear system, and let

® A be the matrix of coefficients,
® b be the vector of constants, and
® x be the vector of variables.

Then the linear system can be rewritten as the vector equation

Ax =b
2x — 3y +4z=-3 2 =3 4 |x 3
—2x+2y—3z=1 mq} -2 2 =3 Yy = 1
—3x+4y +2z=—4 -3 4 2 z —4
N ~ Sa N —
A X b
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Exercise 4

Check that
X 1
yl = |2
z 1
Is a solution to the matrix equation
1 2 3] [x 0
4 5 6f |yl =1(0
7 8 9| |z 0
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Exercise 4

Check that
X 1
y| = -2
z 1
Is a solution to the matrix equation
1 2 3| [x 0
4 5 6f |yl =1[0
7 8 9| |z 0

Solution:

] [Clree DI o]
(—2) = |CQyys-24¢.0 4 = |0
7 \ | 0

k | £3-2 +9.
The ancoer e |YeS




Identity matrices
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|dentity matrices

For a positive integer n, the n X n identity matrix is the n X n
matrix whose diagonal entries are 1 and whose other entries are 0.

People often denote identity matrices by Id, again hoping the size
Is clear.

Multiplying by an identity matrix doesn’'t change a vector
(assuming the sizes are such that the product is defined). J

1 0 0 4 .41+ o- 14,2 4
0 1 0 —-1]| = oY +I.-Ifo.2 = | —1
0 0 1 2 0.4 +0~1+].2 2

|dentity matrices must be square; that is, its height equals its J
width.




Identity matrices

oce

® /ero matrices
® Matrix-vector multiplication

® |dentity matrices

How and why to multiply two matrices.




