Lecture 14a

Basis Algorithmg for the kernel of a matrix




Review

Definition (Subspaces of R”

A subspace of R” is anon—empty subset of R” which is closed under
addition and@scalar ultiplication.

» Subspaces generalize linear objects like lines and planes (te higher dimension)

» Many sets we've studied are subspaces: solution sets to
homogeneous linear systems, eigenspaces, kernels, images, spans.

Definition (Bases for a subspaces)

A basis S of a subspace V is a list of vectors such that every vector in V
can be written uniquely as a linear combination of the vectors in S.

» Useful for efficiently encoding subspaces in a finite list of vectors.

» Gives us the notion of dimension



Review

Special sets in a subspace

Linearly Spanning

Sets

Independent
Sets




Review

Recall: Getting a basis from the other special sets
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» One way (Algorithm 5 from the last lecture): Keep the
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Review

Recall: Dimension and number of vectors

® Every basis for a V' contains exactly dim(V)-many vectors.

Theorem 7 from the last lecture:

® Every spanning set for V contains at least dim(V/)-many vectors,
and equality implies it is a basis.

® Every linearly independent set in V' contains at most dim(V/)-many
vectors, and equality implies it is a basis.
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Review

Recall Theorem 7 from the last lecture (The ‘2 out of 3' rule)

To show a set of vectors in a subspace V is a basis, you only need to
check 2 of the following 3:

® The set is linearly independent.
® The set is a spanning set for V.

® The number of vectors in the set equals dim(V/).
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Exercise 1 (Review Exercise 10 from live class lecture on Lec 13b)
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Theorem 7, restated (The ‘2 out of 3 Rule’ for checking a basis)

Colution

Let vi,va, ..., vk be elements in V. If any 2 of the following 3 properties
are true, then the 3rd one is automatically true.

® Vi, Vo, ..., Vg IS @ Spanning set.
® vy, Vo, ..., Vg is linearly independent.
® The dimension of V is k.

So, if any 2 of these are true, then vy, vy, ..., vk is a basis for V.
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Computing a basis for the kernel of A (i.e. solutions to Av = 0).

Exercise 2

@ Find the general solution to the following matrix equation.
10
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® Use the general solution to find a basis for the subspace of solutions
to Ax = 0.
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A general solution is a description of all solutions using parameters.



Exercise 2

@ Find the general solution to the following matrix equation
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® Use the general solution to find a basis for the subspace of solutions

to Ax = 0.
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Algorithm 1 (basis for kernel): Find one basis for the kernel of A
® Put A into REF.

® Write a general solution to Ax = 0, introducing a parameter
for each column of the REF without a leading 1.

© Rewrite the general solution as a linear combination whose
coefficients are the parameters.

Then vectors in the linear combination form a basis for ker(A).

Why does this work?

It's a spanning set since every solution is a linear combination.
It's linearly independent since each vector is non-zero in a new row

This is not the only basis for the kernel of Al




Exercise 3

1 11 2
A=111 0 -1
0 01 3
@® Find a basis for ker(A) and the dimension of ker(A).

® Check that the following set of vectors is a basis for ker(A).
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Exercise 3

Folloan%
A=(11 0 -1
0 01 3
® Find a basis for ker(A) and the dimension of ker(A).
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® Check that the following set of vectors is a basis for ker(A).
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If we can find a basis, we can find the dimension.

dimension of ker(A) E # of vectors in basis

1 : 1
MI= # of parameters in general solution

= # columns in REF without a leading 1

That is...
Fact 2: The dimension of the kernel of A

dim(ker(A)) = width(A) — rank(A)
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Finding a basis and dimension for standard subspaces
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Exercise 4

(") Find a basis of the 2-eigenspace of
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