Eigenbases (finding eigenbases)




Review

Recall: Definition (Eigenbases)

An eigenbasis for an n X n-matrix A is M consisting of eigenvectors
of A, @D

Recall (Exercise 1 from the last lecture)

The following vectors form an eigenbasis for A.

1 0 2 2 2 4
ol,|-2], -1 A=10 1 -2
0 1 1 01 4

Observation 1 (Matrix multiplication and eigenbases)

Let vi,v2,...,v, be an eigenbasis for A, and let \; denote the eigenvalue of v;.
If w= civi + cv2 + - - - + cnVp, then

Aw = ciA\1vi + ©Aava + - -+ ChAnVn
A’w = cl)\%vl 4 cz)\§V2 44 c,,)\f,v,,
A"w = g AT'V1 + ©AJVa - ca ATV,




Algorithm 2 (How to find an eigenbasis)
We are given an n x n matrix A.
CD’ Find the eigenvalues of A (by factoring the characteristic
polynomial.)
@' For each eigenvalue, find a basis of the A-eigenspace.
» That is, a basis for ker(A — A\Id)
@' Put all the vectors together into a set.

» |f there are n-many vectors, the set is an eigenbasis!
» |f there are fewer than n-many vectors, no eigenbasis exists!

Fact: This algorithm constructs a linearly independent set.

Find an eigenbasis for E :14 or state it doesn't exist.

CUSG_ Aljor‘l‘ﬂ\w‘ Q\\>



Colution to Execcice 4 (paga l/g> UST ney A(ﬂof'#ﬂnm 2

set A= i3],

Stcf@ Frnd the C('je;r\\/a[ue_s e{‘/‘\ Bj ‘{\ﬁc;for_(l/\o& the characterictic ‘ro(ﬁm.mtq(,

e Find —the characteriadic Te'\}wom-\ﬂt §~F A
GO = det (xld —A)

e )
= (-)lx- ) —

.
X —4X+ 23—

o Pal<) = XT—4x+ 2

o Find  reots o{ &[)() (TJWM\‘M—HL ‘Formu.\a oY l’wm?\ete —the Lot,mrg">

The vtoots ave 42V lb-8 4 x{5 44,7 N
2 = z i -

go ‘he E,ISQ»V‘V”(MﬁS O‘F A are >\k = L'\'\]T and >\z: 2 -J2



Colution to Execcice 4 CF“‘G‘ 2/3)

St&? @@. Friad a bacic —For ~the ?q-cTJenquca £ A (')r = 21’\/13)
Hat s —F'mc\ a bagis “:or M<A‘(2+ﬁ> H)

I (R = M B NN B B
Selve  fox <A_&+®®m 'H

l:'(—J_z‘ | @) %[I -z OJﬁ[ | (-Jz o [I (—/=
| yZ]o i P R o (tz)(-p)tl |0 2 o
St RioRe RPNDRRe () (1)l = (D1 = 124/

Since _ch 2ad column  has vie [eaoQ?na 1> let Y = +

Back cubetitution: X + [[‘\/'ZB Yy =o = x+ (|1« t=0 = X :(_H @Bt
CT&V\C(D!( Solu\*}'?on “+to <A _ [Z_"JZB 14 X :lb '_5 {(" "‘\/i) 'EJ _ t[—'_}'JzA]
D)L ;

l
A bacis for the - eigenspace { A g i [’(*djl

(



Colution to Execcice 4 Crﬂﬂe 3/3—7

Step (2)ii); - Fird a bosis for the - ciqenspace of A (D= 2-12),
Htat s, fird o« basis for ker (A-(2-5) ).

o CZ'J@H B Lll ;l B [Z;ﬁ LD-QJ N [’TWZ 3I,ZH—J B [—’|+E ILJZ}
Celve Jox CA-[?_.JZBHBE;] :S;l:

“(+fz | |o ﬁ[l |z oJ_> | (+iz o ):f (5 | o
[ [+ | O “IHT | o} o (L(jﬁ—(;tm o) o o o
Swosp RiRa RJ*@”JI)R(“?L (-D)(wa)tl = [-WDF1 = 1-24/=p

Since _H/lc 204 column has e lezaﬂimj 1, let 4= +
Back < ubetitution : X + CH\/_ZBL:) o = X+ (l+f9?>‘b:0 = X :(_/_@>t

Genecal  selution +o (A’[?'T/ZBMBL}‘;X __EZX is [C-l—ﬁv—ttj _ t[—l"lij

A bacis —Fo( ~the Ny efgenspace <{ A e i[[-!ji

(

B O k&(w;Se,
SJC?‘F@ Pt all vectors —doqether into o Set . If tlere ave wn vectocs | s an e/rge_,,\\oaus[(;m e;ds+5)

The et {—wﬁ [—l—ﬁ
(R

S an e?aem!aasfs for A .




Find an eigenbasis for

or state it doesn't exist.

Use Algorithm 2 (How o Frad an eigecbasiv)
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Fact 3 (When are there enough eigenvectors to have an eigenbasis?)

A matrix A has an eigenbasis if and only if — chertiard for the
N -eigevsyece of A

width(A)= 3 dim(Ex(A))

eigenvalues A

Reasoning: A basis for Ex(A) (the A-eigenspace of A) has
dim(Ey(A))-many vectors.

For example, if A is 4x4 with egenvalues Az and
te di mension =f the M\,-eigqentpoce of A = | and
the dimension of the )2 - eigenspoce of A Ts |, hen widdh(D# (4|

so A hos vo elgepbatis.

Show that A has an eigenbasis (without finding an eigenbasis).
Note: A has two eigenvalues, 1 and 7.

Hink : Compute  Juet  dim (E\(f\)\) and  dim (E‘{(A)) Ahen we_ Fact 3



Exercise 6
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Show that A has an eigenbasis (without finding an eigenbasis).
Note: A has two eigenvalues, 1 and 7.
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If X is an eigenvalue of A, then
® there is at least one A-eigenvector, so
® the \-eigenspace has dimension at least 1, so

® 3 basis for the \-eigenspace has at least 1 vector.

Hence, each distinct root of the characteristic polynomial guarantees at
least one vector in our potential eigenbasis.

Theorem 4 (n-many distinct eigenvalues)

If an n X n-matrix has n-many distinct eigenvalues, it must have an
eigenbasis.

Note: If an n x n-matrix has fewer than n distinct eigenvalues, it may
have an eigenbasis (We need to use Algorithm 2 or another method to
find out for sure).




Determine whether the following matrix has an eigenbasis.

1 2 3
0 0O
111

(H'n‘\'- Compute ~+the c?ae,n\mlw.& ~+then use [heotem Lt>



Determine whether the following matrix has an eigenbasis.

1

2 3
0 0
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Theorem (A bound from the characteristic polynomial)

Let A be an eigenvalue of A. Then

1 < dim(Ex(A)) < (# of times (x — \) appears in pa(x))

That is, if A is a root of the characteristic polynomial pa(x) with
multiplicity m, then the dimension of the eigenspace is between 1
and m.

Two notions of multiplicity for eigenvalues

There are two different ‘ways to count’ an eigenvalue.
e dim(Ey(A)) is the geometric multiplicity of the eigenvalue
A
® (# of times (x — \) appears in pa(x)) is the algebraic
multiplicity of the eigenvalue \.




