4.2 Laws of Set Theory

4.2.1 Tables of Laws

The following basic set laws can be derived using either the Basic Definition
or the Set-Membership approach and can be illustrated by Venn diagrams.

Table 4.2.1 Basic Laws of Set Theory

Commutative Laws

(1) AUB=BUA

('Y AnB=BnNA

Associative Laws

(2) Au(BUC)=(AuB)UC

2y AN(BNC)=(AnB)NC

Distributive Laws
3) AN(BUC)=(ANB)U(ANCQC)

(3) Au(BNC)=(AUB)N(AUC)

Identity Laws
4) AUd=0UA=A

(4)ANU=UnNA=A4A

Complement Laws

(5) AUA*=U (5" AnAc =10
Idempotent Laws
(6) AUA=A (6) AnNA=A
Null Laws
(7 AuU=U (7Y AND=10

Absorption Laws
(8) AU(ANB)=A

(8) AN(AUB) = A

DeMorgan’s Laws
(9) (AUB)¢ = A°N B¢

(9) (AN B)° = A°U Be

Involution Law

(10) (A9)c= A




4.2.2 Proof Using Previously Proven Theorems

Once a few basic laws or theorems have been established, we frequently use
them to prove additional theorems. This method of proof is usually more effi-
cient than that of proof by Definition. To illustrate, let us prove the following
Corollary to the Distributive Law. The term “corollary” is used for theorems
that can be proven with relative ease from previously proven theorems.

Corollary 4.2.2 A Corollary to the Distributive Law of Sets. Let A
and B be sets. Then (AN B)U (AN B°) = A.

Proof.

(ANB)U(ANB°) = AN (BU B
Why? by e ISt Distr (butive
=ANU Law of sets (3D
Why? &gy the ot CaMF( ement
=A law (5)

VVhy?(Sa dbhe 2nd [dentity
Loes o st (4)

4.2.3 Proof Using the Indirect Method/Contradiction

Theorem 4.2.3 An Indirect Proof in Set Theory. Let A, B,C be sets.
IfAC B and BNC =0, then ANC = .

(oof
— Assume AC Band BNC =, and ANC # (. To prove that this cannot
W

occur, let x € ANC. Cecond r,em€se_

re ANC=zxzcAand x € C
=z € Band x € C.
=xeBNC

But this contradicts the second premise. Hence, the theorem is proven. W



Group work: 4.2:4(b) (5 minutes)

Use the laws of set theory and previously proved theorems

toprove  [C(p7m:
ANBNANBY) =D

’,70%&" [OIC_ W2
Froof f AN (BN (40N B))

=ANBNA° U BY)) (De Morgan)
=AN(BNA U Bn B (distributive law)
=ANBNA U D) (complement law)
=AN(BNA) (1dentity law)
=AN(A°N B) (commutative law)
=ANA)YNB (associative law)
= NB (complement law)
=0 (null law)

FoCeyble

S ANBN(ANB)Y)
Ptz L (AN B)N (40N By (associative law)

= (complement law

applied to the set 4 N B)



Feercise 4.9 :4(k)
Use the laws of set theory and previously proved theorems
toprove  (_(aim:
ANBNANB)Y)=D

Pocer ble ﬁbo]f 3

Alternatively, here’s a paragraph-style proof:
Proof by contradiction: Suppose 4 N (B N (4 N B)°)
1S non-empty.

Letx € 4 N (B N (4N B)).

Thenx € A and x € B n (4 N BY-.

Sincex € BN(ANB)Y,x € Bandx € (4 N B
Thus we have x € 4, x € B, and x € (4 N B)“.

Butx € 4 and x € B imply x € 4 N B, contradicting
x € (4 N BY.

Contradiction!

Hence 4 N (B N (4 N B)) must be empty.



