4.1 Methods of Proof for Sets

Definition 4.1.1 Counterexample. An example that disproves a statement
is called a counterexample. L 4

Example 4.1.2 Disproving distributivity of addition over multi-
plication. From basic algebra we learned that multiplication is distribu-
tive over addition. Is addition distributive over multiplication? That is, is
a+(b-c)=(a+0b)- (a+c)always true? If we choose the values a = 3, b = 4,
and ¢ = 1, we find that 34+ (4-1) # (3+4)-(3+1). Therefore, this set of values
serves as a counterexample to a distributive law of addition over multiplication.

Theorem 4.1.7 The Distributive Law of Intersection over Union. If
A, B, and C are sets, then AN(BUC)=(ANB)U(ANC).
Proof. What we can assume: A, B, and C are sets.

What we are to prove: AN(BUC)=(ANB)U(ANCQC).
We must prove: (a) AN(BUC)C(ANB)U(ANC).
Let r € AN(BUC):
re AN(BUC)=zx€Aand (xr€ Borxe ()
def. of union and intersection
= (e Aandz € B)or (xr € Aand z € C)
distributive law of logic
= (xeANB)or (xre ANC)
def. of intersection
=srx€(ANB)U(ANC)

def. of union

We must also prove (b) (ANB)U(ANC)C An(BUC).

re(ANB)U(ANC)= (x€ ANB)or (xe ANC)

Why?

= (x€Aandz e B)or(re€ Aand x €C)
Why?

=z €Aand (r€ Borze ()
Why?

=rze€ AN(BUC)
Why? O



Claim Let A, B, and C be sets. Prove that if 4 € B and B € C, then
ACC.

>
\ foof  Assume x € A.

Sincex € Aand A4 € B, x € B.

Sincexe BandB<€ C, x € C.

So every element of 4 is an element of C.
Hence 4 € C.

@ Group work: Exercise 4.1:1(¢) (4 minutes)
Let A, B, and C be sets. Prove that if 4 € B and 4 € C, then
A € BNC.

17@‘{ Assume x € A4.

SinceAS€BandA<S C,x € Bandx € C.
Hence x € BNC.

So every element of 4 is an element of BNC.
So A4 € BNC.

@ Toue  or ‘FM(S@? “IfAC C,then A Band BC C.”
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A= t23,  r= {62y C= {1,2,3]



Ask: What 1s the converse of “If 4 € B and 4 € C, then
A S BNC?

The converse 1s “If 4 € BNC,then4A € Band 4 € C.”

IS 1+ frue or ﬁalSe 2
The converse is true.

Proof: Let x € A.
Sincex € Aand 4 € BNC, x € BNC.
Sox € Bandx € C.

Since every element of 4 is an element of B and every
element of 4 1s an element of C, 4 € Band 4 € C.



Theorem 4.1.8: Ax (BN C)=AxB N Ax C.

Discuss proof:

(a) Ax(BNC)C(AxB)N(AxC(C).
Let (z,y) € Ax (BNCO).

(z,y) e Ax(BNC)=>zxzcAandy € (BNC)

Why?

=z € Aand (y € Band y € O)

Why?

= (zx€Aandy € B)and (zr€ Aand y € C)
Why?

= (z,y) € (A x B) and (z,y) € (A x O)
Why?

= (z,y) e (AxB)N(AxC)
Why?

(b) (AxB)N(AxC)CAx (BNCQC).
Let (z,y) € (Ax B)N (A x C).

(z,y) e(AxB)N(AxC)= (z,y) € Ax Band (z,y) € AxC

Why?

= (xr€Aand y€ B) and (z € Aand y € C)
Why?

=z € Aand (ye Band y € C)
Why?

=>z€Aandye (BNCO)
Why?

= (z,y) € Ax (BNC)
Why?



