
See 3.9 A review of methods of proofs

Def
An integer m is called odd m2j1 for some jinmathbbZ

leftexistsjrightmathbbZleftm2j1right
An integer n is called even n2k for some kinmathbbZ

existskinmathbbZ such that n2k

Q What is the difference between a direct proof

of PRightarrowQ and an indirect proof
Direct proof To prove PRightarrowQ

assume P is true and prove Q is true

Indirect proof To prove PRightarrowQ

assume P and negQ are true and derive a contradiction

Example of a direct proof that the sum of

an odd number and an even number must be odd

Claim lf m is odd and n is even mn is odd

Proof Suppose m is odd and n is even

Then we can write m2j1 for some jinmathbbZ

and we can write n2k for some kinmathbbZ

Then mnleft2j1rightleft2kright2leftjkright1
so mn is odd



Example of a direct proof that the product of
two odd integers must be odd

Exercise 1 Prove that the sum of
two odd integers must be even

Exercise 2 prove that the product of
two even integers is even

Exercise If m27 is even then m is odd

Exercise 4 Suppose x and y are real numbers

If xyleq1 then xleqfrac12 or yleqfrac12



Exercisel Prove that the sum of
two odd integers must be even

Exercise 2 prove that the product of
two even integers is even

Theorem If m and n are even

then m n is even

Proof Let m and n be even integers
Since m and n are even

we can write m2j and n2k

for some integers j k

Then mnleft2jrightleft2kright

2left2jkright
so mn is even



Example of an indirect proof
Claim If m27 is even then m is odd

Proof Assume m27 is even For the sake of contradiction

suppose that m is not odd Then m is even

Thus m2 is even since the product
of two even integers is always even

The fact that m2 is even and that 7 is odd

tells us that m27 is odd since the

sum of an even number and an odd number

is always odd This contradicts our

assumption that m27 is even

Example of a proof using the contrapositive

Claim Suppose x and y are real numbers

If xyleq1 then xleqfrac12 or yleqfrac12
Proof We will prove the contrapositive
If xleqfrac12 or xleqfrac12 is false
then xyleq1 is false
i.e if xfrac12 and yfrac12 then xy1

suppose xfrac12 and yfrac12 Adding these

inequalities we get xyfrac12frac121





Exercise Use the same method to prove
that the square root of 3 is irrational


