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An int i led o0dd & M= 2741 L ovme 3
eger m is calle oad "’7\9—3"' _»Fr N &dég_
(3 i)z (m-= 27 ¢1)

An In{'e\»)er n is called even & n= 2k —For Covme k €2
— J

FHkeZz ulh+that n= 2k

(N: What s +he chﬂCe,(e,mCe_ between a dicect proof
of P=>Q& and an indicece ]woa-ﬁf
-+ Dicect j""”’?c’ To prove F =,
assume T 7S frue and prove R Ts £rue,
> [adirect FTOO-F: To prove P=Q,

ascume P and 7R ave +rue and derive a cContradiction.

E)(ﬂlmrle, O'F a Ol'llfec{‘ ?(oo'{c [“EL:@‘t 'E(ne. Suwv o‘{\
an odd wnuwbker and an even Nnuebker wust be oolcl)

C[V(Tm‘-,-lc ™IS odd ana\ n (1S even, Y+ n [ES odd

?r,o-f‘ S”FFOSQ’ m 1S odd and wn i< even,

Then e Can wWrite V"‘=23+1 —f;( Sowve j € Z)
and e can write n=2k L, some keZ
Then wminz (2f+0)+(2k) = 2 (3+E) + 1,

Co Mtn s odd n



E Xarmple o—{: a direct FfOO‘F é&fmt the Troduc—t of
_[_(/JD odd l-""vl’ege,rs muct be o:lcl),

Theorem: The product of two odd integers is an odd

integer.

Proof: Let m and n be odd integers. Since m and » are odd,
we can write m=2j+1 and n=2k+1 for integers j,k. But then
mn = (2j+1)2k+1) = 4jk+2j+2k+1 = 2(2jktj+k)+1, so mn is
odd.

Exercise 1 . ?\ro\/e +lot +the cum o—f

‘l'l/JD odd '-""ll’f’ﬂe,r‘s wmuct be even.

Exercise ). prove that Fhe FVOAMCE of
4two even ’m-l:e,gers is even.

Exerciced. |f M*+7 is even Lpgn m is odd

E xercise 4: g“ﬂw&’/ < and §4 are real numbers,
If Xty <1, +hen 2<5 or y<z




Exercisel: Frove 4wt the sum of
‘['t/Jo odd T”‘f’a\a]ers muct be even.

Theorem: The sum of two odd integers is an even integer.

Proof: Let m and »n be odd integers. Since m and »n are odd,
we can write m=2j+1 and n=2k+1 for integers j,k. But then

m+n = (2j+1) + (2k+1) = 2(j+k+1), so m+n is even.

Exercisel: prove that + he Ffodotcé of

Fwo even ‘mtegers is even.

Theorem: [ m and n are even,

+hen mmn IS even,

ﬁ’aa-{:: Let »mm and o be even ‘nr\—te{\ers_
Gnce w1 and n are even |
We. Can write m=2({“ and n=9 g
—(/"or Sowve  integers f, k.
Then vnn = Czj) (2
=2(249k)

Lo mn 1S even,




Exﬂmrle o-F an indicect '1>(0°'lc

Clatim: 1§ m*+7 is even Lion m is odd
M Acsume M+ F 16 even. For +he Sake of con+ra4rcicronj
Suppose Ligt m s wot 6dd. Then m is even,
“Thus wm> s even (sxnc,e, the yroduct
of +wo even Tnteqers is always  even ).
The fmet £lat wm?% s even and Hwt F i odd
tells us dhat wWZE+TF s o0dd [S'mc.e —+he
Sum of an  ‘ven wumber and an odd vumber
is q\waas oo\cD, This  centradicts  our

QSS\AMT{;] on “El\n‘t & +F is even, o

E%am?(& "’F a ?‘(oo—F using +he COm-"Far-Fos—t*?\/&

Clatm: S“ﬂw&o X and 4 are real numbers,
f Xty <t 4hen %<5 or y<3

?\"oo-[-\ We il ?*('D\[Q_ "H/\e, C,an'i‘fqzro gitive -

Suppose xZg and 3> o Addim These
Tn Ui+ \
egralities; ve aet 4y Lol =1



Theorem: The square root of 2 is irrational.

Proof: By contradiction. Suppose sqrt(2) were rational; say

sqrt(2) = p/q for positive integers p.g.
Suppose also that p and ¢ have no common factors > 1.

Since sqrt(2) = p/q, we get 2 =p? / ¢*, so 2 ¢* = p*.

Look at the possibilities for the last digit of p, and the

associated last digit of p*:

...0

p —

2 —

p —

q —g
q -_—

...0

6 ..

.6 ..
6 ..

A
9 ..

7
9

L2 0.3 0.4 0.5 ...6
L0 .1 .4 ..9 ..6 .5 ..
Likewise, look at the possibilities for ¢ and 2¢*:
L2 0.3 0.4 0005
L0 .1 .4 ..9 ..6 ...5 ..
..0..2 .8 ...8...2..0..

2g° =

2 ..

8

.8
I S
.8

.9

1

2

The last digit of p> must be 0, 1, 4, 5, 6, or 9, while the last

digit of 2¢*> must be 0, 2, or 8.
The only way p? can equal 2¢? is if both of them end in 0.

But then p and ¢ are both multiples of 5, contradicting our

assumption that p and ¢ have no common factor.

This contradiction shows that our assumption (the

rationality of the square root of 2) is untenable.

Therefore the square root of 2 is irrational.



Execcite : Use FEhe SCame method +o ‘\wove

+"‘a—t ’tL\C_ SlULQ‘(Q_ Yoot O'E 3 < l.r('a'f,fonq(

Theorem: The square root of 3 is irrational.

Proof: By contradiction. Suppose sqrt(3) were rational; say
sqrt(3) = p/q for positive integers p,g.

Suppose also that p and g have no common factors > 1.
Since sqrt(3) = p/q, we get 3 =p*/ ¢%, s0 3 ¢* = p*.

Look at the possibilities for the last digit of p, and the

associated last digit of p*:

P = ol sl s med 5l sed 530 mel 5s® 59
pP = ..0..1.4.9.6..5.6.9..4..
Likewise, look at the possibilities g and 3¢*:

7 = el pol sl gl e sed wdl el we8 el
g* = ..0..1..4.9.6.5..6..9..4..1
3¢>= ..0..3..2..7.8.5..8..7.2..73

The last digit of p? must be 0, 1, 4, 5, 6, or 9, while the last
digit of 3g> mustbe 0, 2, 3, 5, 7, or 8.

The only way p? can equal 3¢ is if both of them end in 0 or
D

But then p and ¢ are both multiples of 5, contradicting our

assumption that p and ¢ have no common factor.




