
See 3.7 Mathematical Induction

warm up

Detachment law from Sec 3.4 table

P and PrightarrowQRightarrowQ and P

longer chains of detachment

P and PrightarrowQ and QrightarrowR R and Q and p

Even longer

P1 and P1rightarrowP2 and P2rightarrowP3 and P3rightarrowP4 PiAPeAPs P

Even longer

P1wedgeleftP1rightarrowP2rightwedgeleftP1rightarrowP3rightwedgeldotswedgeleftPn1rightarrowPnright implies Pinpan 1pm

p1wedgeleftprod_k1n1leftpkrightarrowpk1rightright implies prod_k1npk
The principle of mathematical induction is the

law of logic that extends this by sending in to

infinity
The infinite conjunction

supset

11 wedgeleftP1rightarrowP2rightwedgeleftP2rightarrowP3rightwedgeldots forever
implies the infinite conjunction

P1wedgeP2wedgeP3wedgeldots forever
i e p1wedgeleftprod_k1inftyleftpkrightarrowpk1rightright implies prod_k1inftypk



What is this law of logic good for
A If you can prove p1 and you can prove
the infinitely many propositions Pk Pkt

in some uniform manner then you can

conclude that p1p2ldots are all true

Principal of mathematical induction

If
P1 is called the base caseP1 is true

p1 P2

P2 Ps

P3 P4

etc

for all kgeq1 PRightarrowPk1

called the induction step
Pk is called the induction hypothesis
and Pk1 the induction ionclusion

then pn is true for all n123ldots



Ex Exercise 5

Use mathematical induction to show that

frac112frac123frac134ldotsfrac1nleftn1rightfracnn1
for all ngeq1

Proof Base case n1 frac112frac1left11right
Induction step Suppose

frac112frac123frac134ldotsfrac1kleftn1rightfrackk1
for some kgeq1

This is
the
inductive
hypothesis

Then
by the
inductive
hypothesis

frac112frac123ldotsfrac1kleftk1right1leftk1rightleftk2rightfrackk11leftk1rightleftk2rightkleftk2right1leftk1rightleftk2rightbeginmatrixk22k1leftk1rightleftk2rightendmatrixleftk1right2leftk1rightleftk2rightk1k2

By the principal of mathematical induction

the equality holds for all kgeq1D



Ex Use mathematical induction to show that

12ldotsnnleftn1right2Exercise
for all ngeq1

Let pn be the proposition
12ldotsnnleftn1right

Proof

2

Warning pn is not the expression fracnleftn1right2
pn is not a number

pn is a proposition
Base case n1 1frac1left11right2 is true

P1 is true

Induction step proving PkRightarrowPk1
Assume kgeq1 and that Pk is true

12ldotskfracnleftn1right2
Now we need to show 11ldotsnleftk1rightfracleftk1rightleftk11right2

12ldotskleftk1rightfrackleftk1right2k1 by the induction
hypothesis pn

frackleftk1right2frac2leftk1right2fracleftk1rightleftk2right2
fracleftk1rightleftleftk1right1right2 so Pk1 is also true

By the principal of mathematical induction

Pn is true for all ninmathbbR l

positive integers



Exercise 9

Within your group shake everybody's hand

exactly once How many handshakes happened
For a group2
of size 41

there are

3 six handshakes
4

Use mathematical induction to show that

fracleftn1rightn2 handshakes will occur in a group
of n people for ngeq2

Proof Base case n2fracleft21rightz21 handshake

Induction step
Assume for some kgeq2fracleftk1rightk2 handshakes happen

One more person joins the group and shakes hands

with k people so the total number of handshalles

for a group of k1 people is

fracleftk1rightk2kfrack2k2k2

frack2k2frackleftk1right2leftleftk1right1rightleftk1right



Exercise 10

Use mathematical induction to show that we can

make up any postage of eight cents or more using
only 3 and 5 cent stamps

Proof

Base case n8

Use one 3 cent stamp and one 5 cent stamp

Inductive step
Assume we can make k usingonly 3 and 5 cent stamps
case I At least one 5 cent stamp is used in making

n cents In this case replace this 5 cent

with two 3 cent stamps We now have k 1 cents

case II Otherwise no 5 cent stamps are used in

making n cents Then only 3 cent stamps
are used Thus at least three 3 cent stamps
are used since ngeq8 which is larger than 6

Replace these three 3 cent stamps with

two 5 cent stamps We now have k1 cents


