
Sec 3.6 Propositions over a universe

HW due tonight can resubmit
Thurs quiz Sec 3.2 3.3 3.4

Def Let u be a nonempty universe set

1 A proposition over the universe u is a function

pUrightarrowlangle true false
i e P is a sentence that takes in as input

any value x in U and P has a truth value

for every x in u

2 The truth set of P is

TpainUpleftaright true

Recall A prime is an integer bigger than 1 whose only
divisors are 1 and itself

Ex Let pleftxright be the proposition x is prime Uleft234right
Then P is an example of a proposition over Uleft234right
Since u is finite we can represent p by the table

x Pleftxright
1
7
True
True
false

2
3
4

Then the truth set of P is Tpleft23right



If we talle the same p over a universe left12ldots10right
then the truth set of P is Tpleft2357right

Ex Let uP the set of all positive integers

1 The truth set of 0leqnleq5 is left12345right
variable n

2 The truth set of k is a multiple of 311 is
variable k

left3xxinmathbbRrightleft36912ldotsright
Ex Let u be the power set Pleftleft1234rightright

i e subsets of left1234right
Let the proposition f be left12rightcapAvarnothing over u

fleftphiright true sinceleft12rightcapvarnothingvarnothing

fleftleft1rightright false sinieleft12rightcapleft1rightleft1rightneqvarnothing

fleftleft24rightright false s1 nee left12rightcapleft24rightleft2rightneq0

The truth set Tf is leftphi1left3rightleft4rightleft34rightright

The same proposition f left12rightcapA taken as a

proposition over the uni erse UPleftleft123rightright has

truth set leftphi1left3rightright



Recall Def from Sec 3.3

A tautology is a proposition which is true in all cases

A contradiction is a proposition that is false
in all lases

Def A proposition P over u is called a tautology

if its truth set is u1

i e if pleftxright true for all xinU

A proposition P over u is called a contradiction

if its truth set is 0

i e if pleftxrightfalse for all xinU

Ex The proposition leftx1rightleftx1rightx21 over umathbbZ
is a tautology because it is true for all xinmathbbZ

The proposition x21 over umathbbZ

is a contradiction because it's false for all xinmathbbZ

The proposition x29 over umathbbZ

is neither a tautology nor a contradiction

since its truth set is left33right which is

neither the entire u nor 0



Def Suppose P and q are propositions over a universe u

We say P and
q

are equivalent over u

denoted pLeftrightarrowq1
if pleftrightarrowq is a tautology i.e if TpTq
We say p implies q over u

denoted pRightarrowq1
if prightarrowq is a tautology i.e if TpleqTq

Ex x29 and x is 3 are equivalent

propositions over umathbbN natural numbers

Acapleft4rightvarnothing and 4notinA are equivalent
propositions over PleftmathbbNright

Let P be xleq4 and q be xleq8

over UmathbbN

Then Tpleft01234rightTqleft01ldots8right
So TpleqTq Hence we can say
xleq4 implies xleq8 over mathbbN

But xleq8 does not imply Xleq4 over mathbbN

Ex

over u negative integers xleq4 xleq8

I Let pleftxright be x is positive and qleftxright be x has a square root

where UmathbbR Then Tpleft0inftyright I Tqleft0inftyrightSo pRightarrowq but q does not imply P

1 e Every positive real number has a square root is true

Every real number with a square root is positive is false
Inclass exercises



Over the universe UP define

pleftnrightn is prime and nleq27

qleftnrightn is a power of 3 i.e n311 for kinmathbbZ

rleftnrightn is a divisor of 27

1

i Compute the truth sets of these propositions

Tp

Tq1
Tr

i Circle all correct implications

Explain to your group mate

qRightarrowr PRightarrowr

pRightarrowqqRightarrowp rRightarrowpvRightarrowq

2 Over the universe Uleft12ldots6right define
qleftXrightX is odd

bleftxrightleftx1rightleftx3rightleftx5right0
cleftxright1leqxleq5

i Compute the truth sets of these propositions
Ta Tb Tc

ii Circle all correct equivalences Explain
aLeftrightarrowcbLeftrightarrowcaLeftrightarrowb



Over the universe UP define

pleftnrightn is prime and nleq27

qleftnrightn is a power of 3 i.e n311 for kinmathbbZ

rleftnrightn is a divisor of 27

1

i Compute the truth sets of these propositions

Tp23571113 17 19 23

Tqleft1392781ldotsright
Trleft13927right

i Circle all correct implications

Explain to your group mate

PRightarrowrqRightarrowr
pRightarrowqqRightarrowp rRightarrowpvRightarrowq

because TrsubseteqTq
2 Over the universe Uleft12ldots6right define

qleftXrightX is odd

bleftxrightleftx1rightleftx3rightleftx5right0
cleftxright1leqxleq5

i Compute the truth sets of these propositions

Taleft135right Tbleft135right Tcleft12345right
ii Circle all correct equivalences Explain

aLeftrightarrowcbLeftrightarrowcaLeftrightarrowb

because TaTb


