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See 3.4 tables of common implications equivalences



Part I Direct proof

Example 1
Here's a theorem PVQQrightarrowSPrightarrowR S VR

what we
want to
lonclude

The premise
Here's a possible direct 3 column proof

JustificationProposition
PVQ

p Q

Step
Premise1

1 conditional
equivalence

2

0 v0
Δ 0 Δ V0

Qrightarrow5 Premise3

2 3 Chain RulenegprightarrowS4

negSrightarrowP 4 contrapositive5

PrightarrowR Premise6

negSrightarrowR7 5 6 Chain Rule

SVR8 7 conditional
equivalence



Note Each step must be either a premise or

a proposition that is implied from previous

steps using any valid equivalence or

implication we'll only use See 3.4 tables

For a direct proof the last step must be

the conclusion of the theorem

The justification colum is to make the

proof more readable like the comments

in a computer program

Example 2

Here's a possible direct 3 column proof of
PVQ SVP TQ S

Proposition
TPVQ

JustificationStep
Premise1

2 70 Premise

7 1 2Disjunctive
simplification

3

Δ and negDelta

4 PremiseSVP

3 4Disjunctive
simplification

S5



Example 3

We'll write a direct 3 column proof of

PrightarrowleftQrightarrowSright neg RVP Q RrightarrowS
conclusion

Because the conclusion is a conditional proposition
consequence

RrightarrowwidearcS1
condition

we can include the condition of the conclusion

to the premise and then prove the consequence

of the conclusion

SPrightarrowleftQrightarrowSrightneg RVP QR

Proposition
TRUP

R

P

JustificationStep
1

2

3

Premise

Added Premise

1 2 Disjunctive
simplification
Δ VII and

neg
bigtriangleup

PrightarrowleftQrightarrowSright Premise4

5 Qrightarrow5 3 4 Detachment

G and E

Premise
5 6 Detachment

angles

Q6

7 S



Part I Indirect proof

often called proof by contradiction

Rule To give an indirect proof of Premise

7

Conclusion

Conclusionwe prove that Premise a contradiction

Negated conclusionExample 4
Here's an indirect proof of the theorem

PVQ I QrightarrowSPrightarrowR SVR

from our first example
Proposition Justification

Negated conclusion

1 DeMorgan's Law

V0 D NnegA
2 Conjunctive simplification

A

Premise

1 3left4right Indirect Reasoning

ArightarrowB and negB negA
2 Conjunctive simplification

Premise
61left7right Indirect Reasoning

5 and 8

9 DeMorgan's Law

Premise

10 and 11 is a contradiction

Step
1 negleftSveeRright
2 negSwedgenegR

3 negS

4

QrightarrowSnegQ5

6 negR

PrightarrowR
7 supset

1

7
8

Gp wedgeleftnegQright
PV Q
PV Q

0

9

10

11

12



Note For an indirect proof the last step must be

a contradiction

Example 5

In class exercises



I Justify the steps in the following proof of
aVb old a c b

Justifilation Cheat sheets

2

Justify why or why not

Consider the following argument. 
 

"If my salad contains watermelon, then I will carry an iPhone. I will not eat 
candy if I don’t carry an iPhone. My salad contains watermelon. Therefore, 

I will eat candy."  
 

Is this argument valid?



3 Justify the steps in the following proof of

prightarrowq 1 qrightarrowrnegleftpwedgerright pvr r

Justifilation Cheat sheet 7

4

Justify why or why not

Consider the following argument. 
 

"My snack contains chocolate chips and donut. If my snack contains apple 
then it doesn’t contain chocolate chips. My snack contains apple or 

banana. Therefore, my snack contains banana." 
 

Is this argument valid?



Answers
1 arb and arightarrow1c b

mdlgwhtsquare

2 The argument is not valid
Let W watermelon I iphone candy
Then the argument is WrightarrowInegIrightarrownegCWRightarrowC

Let x denote the conjunction A of all premises



Answers 3 prightarrowq qrightarrowrnegleftpwedgerright pVr r

Disjunctive simplification
Δ VII and neg1 bigtriangleup

is a contradiction

4 The argument is valid

Let a apple b banana c chocolate chips d donut

So the argument is Cld arightarrownegc avb b

which we have proven in question 1


