
HW 4 due tonight
Thurs Quiz Sec 1.5 2.1 2 2
Practice w HW incl optional

Exam 1 Thurs Ch 1 and 2Review of Sec 2.1 2.2

Ex How many different strings can be produced

by rearranging the letters in the word LOWELL

Sol 1

There are six places to put letter 0

there are five places to put letter w

Efour
In the blank places we put the letter L

There are 654120 different strings
that could be produced

5012
Number of permutations of 6 objects is 6

But we don't distinguish between the first 2nd 3rd L's
There are 3 ways to rearrange these three L's

So there are

frac63654120 strings

Ex How many different strings can be produced

by rearranging the letters in MASSACHUSETTS

13
stringsAns

2 24

Two T'sTwoA's Four S's



See 2.4 Combinations the binomial Thm

Combinations
Ex Counting permutations

I have exactly five scoops of ice cream

Apple Banana Chocolate Durian Espresso
How many different ways are there to

form triple scoop ice cream cones

Answer 54360p33

p24 or Pleft53rightfrac5left53rightfrac52 ways
ranglelangle P15

Note The order matters

Ex Counting with no order

How many ways are there to form
triple scoop ice cream bowls

Note the order doesn't matter

This is equivalent to asking How many 3 element

subsets of the set leftABCDEright are there

Let's first list all such subsets

leftABCright l leftABDright l leftABEright l ACD l leftACEright l leftADEright
leftBCDright I leftBCEright leftBDErightleftCDEright

Answer 10 ways



The notation for choosing 3 elements from 5 is

or Cleft53right
Read

leftbeginmatrix53endmatrixright
Read 5 choose 3

number of combinations for 5 objects taken 3 at a time

In general we write

Def Binomial Coefficient
Let n and k be non negative integers
The binomial coefficient leftbeginmatrixnkappaendmatrixright represents the number

of combinations of n objects taken K at a time

Read leftbeginmatrixnkendmatrixright as n choose K

Let's investigate the relationship between counting

permutations combinations to try to derive a

formula for leftbeginmatrixnkendmatrixright

Let's consider leftbeginmatrix43endmatrixright of 3 element subsets of leftABCDright

All such subsets

leftABCright
leftABDright
leftACDright
leftBCDright

permutationsTheir

ABC1 BAC ACB BCA CAB CBA

ABD1AD1BCD
DBA

DSA

DCB

Thus leftbeginmatrix43endmatrixrightfracPleft43right3frac4left43rightfrac134



Thm Binomial Coefficient Formula

Let n and k be non negative integers with 0leqkleqn

Then the number leftbeginmatrixnkendmatrixright of k element subsets of an n element set

is equal to

fracnleftnkrightk
Proof Given a K element subset there are k ways

of ordering the elements so

leftbeginmatrixnkendmatrixrightfracPleftnkrightkfracnleftnkrightfrac1k
Alternative proof
To construct a permutation of K objects from a set

of n elements

1

Step 1 Choose a k subset of the n objects leftbeginmatrixnkendmatrixright
Step 2 Choose one of the k permutations of those k objects

Thus Pleftlanglennrightrangleleftbeginmatrixnkendmatrixrightk
Step 1 Step 2



Alternative solutions using lombination

Ex How many different strings can be produced

by rearranging the letters in the word LOWELL

Sol 3

Choose 3 of the 6 positions to hold the three L's

then choose 1 of the remaining 3 positions to hold an 0

then choose 1 of the remaining 2 positions to hold a w

then choose 1 of the remaining 1 position to hold an E

There are leftbeginmatrix63endmatrixrightleftbeginmatrix31endmatrixrightleftbeginmatrix21endmatrixrightleftbeginmatrix11endmatrixrightfrac633frac312frac211 1

2032
120

different strings that could be produced



Ex How many different strings can be produced

by rearranging the letters in MASSACHUSETTS

Alternative solution using combination

Choose 1 of the 13 positions to hold on M

then choose 2 of the remaining 12 positions to hold A's

then choose 4 of the remaining 70 positions to hold S's

then choose 1 of the remaining 6 positions to hold a c

then choose 7 of the remaining 5 positions to hold an H

then choose 7 of the remaining 4 positions to hold a u

then choose 7 of the remaining 3 positions to hold an E

then choose 2 of the remaining 2 positions to hold T s

There are leftbeginmatrix131endmatrixrightleftbeginmatrix122endmatrixrightleftbeginmatrix104endmatrixrightleftbeginmatrix61endmatrixrightleftbeginmatrix51endmatrixrightleftbeginmatrix41endmatrixrightleftbeginmatrix31endmatrixrightleftbeginmatrix22endmatrixright
13frac12210frac104665431
1

13frac122465432 6 5 4 3 1

frac13242 possible strings



Ex Flipping coins

We have one coin and we toss it five times

In how many ways can we get exactly three heads

Ans Think of the five flips as a set

flip 1 flip 2 flip 3 flip 4 flip 5
There are leftbeginmatrix53endmatrixrightfrac532frac54210 ways to get exactly 3 heads

Tleft123right THHH
HT HTleft124rightH

HH THTleft125rightleftrightvdots iddots

H HTT Hleft345rightleftrightarrow

Ex Counting five flips using combinations see 2.4 vs

using rule of products sec 2.1

What is the total number of possible outcomes

of tossing my one coin five times

We can partition the possibilities into these pairwise disjoint events
5 heads 4 heads 3 heads 2 heads I head 0 head

TTTTTHTTTT
TH TTTHHHHH leftright

For example there are leftbeginmatrix53endmatrixright events in which 3 heads appear
By the law of addition we have

leftbeginmatrix55endmatrixrightleftbeginmatrix54endmatrixrightleftbeginmatrix53endmatrixrightleftbeginmatrix52endmatrixrightleftbeginmatrix51endmatrixrightleftbeginmatrixT0endmatrixright
possible outcomes

Since there are two possible outcomes for each of the

five tosses by the rule of products we have 2532 outlome

The previous example suggests that sum_k0nleftbeginmatrixnkendmatrixright2n



The Binomial Theorem

The binomial theorem is a formula for expanding
leftxyrightn where n is a nonnegative integer

leftxyright0xyleftxyright2leftxyright3leftxyright4x44x3y6x2y24xy3y4

1

xy

x22xyy2x33x2y3xy2y3
vdots

Record just the coefficients in an array
vow 0 1
rows 1 y

1Vow 2 2 1
row 3 1 33 1

row 4 7 44 6 1
10rows lo 5151

called Pascal's triangle Yang Hui triangle
the triangle of Omar Khayyam the triangle of

Tartaglia and the staircase of Mount Meru

Fact

For n01ldots and k012ldotsn the K th entry
in row n is the coefficient of xnkyk
in the expansion of leftxyrightn



The coefficient for x3y2 in the expansion of leftxyright5
is leftbeginmatrix52endmatrixright of ways to toss a coin w sides labeled

X and g five times and get exactly 2 y's

leftxyrightleftxyrightleftxyrightleftxyrightleftxyrightx55x4y10x3y2ldots
five options
to choose
just one y

Binomial Thm If ngeq0 and xy are numbers

then

leftxyrightnsum_k0nleftbeginmatrixnkendmatrixrightxnkyk
Ex Find the third term in the expansion of

leftxyright4leftxleftyrightright4leftbeginmatrix40endmatrixrightx4leftbeginmatrix41endmatrixrightx3leftyrightleftbeginmatrix42endmatrixrightx2leftyright2ldots
leftbeginmatrix42endmatrixrightfrac422frac4326

So the third term is 6x2y2

Ex what is the coefficient of x2y3 in the expansion

of leftzxyright5
Ans leftabright5ldotsleftbeginmatrix53endmatrixrighta2b3ldots by Binomial Theorem

left2xleftyrightright5ldotsleftbeginmatrix53endmatrixrightleft2xright2leftyright3ldots

leftbeginmatrix53endmatrixrightleft2xright2leftyright310left4rightleft1rightx2y340x2y3
So the coefficient of x2y3 is angle10 sendt


