
Sec 1.5 Summation notation generalizations

A binary operation is taking an ordered pair ab as input
and producing one output
Ex Division is a binary operation

Addition is an example of an associative operation

leftlefta1a2righta3righta4 and lefta1a2rightlefta3a4right
are the same No need to put parentheses

Multiplication is also associative

lefta1cdota2rightcdota3 and a1cdotlefta2cdota3right are the same

Examples of non associative operations

A finite series is a sum of finitely many numbers

120050leftfrac12right0a1a2a3a4sum_k14ak
like

or

summation notation
i e a finite series is an expression of the form

a1a2ldotsansum_k1nak
Here k is the index of the summation

other letters like i j lmldots are also often used
ak is the general term of the series

terminal index

sum_kinak initial index can be any integer



Ex sum_k04bkb0b1b2b3b4

sum_j21cjc2c1c0c1
Note the letter used for the index must be consistentL

Ex Sometimes the general terms follow a specific pattern
and can be simplified

sum_l13l212223214
sum_i14left2i1right135716

The summation notation can be generalized to other

associative operations

Multiplication prod_k1naka1cdota2cdota3cdota4cdota5ldotsan
Ex prod_k13k212cdot22cdot3236
Set intersection prod_i1nAiA1capA2capldotscapAn
Ex Draw the Venn diagram for prod_i13Ai

Note 238
possible regions
for whether an

element is in

Ai or not

for i123

A1Sol

prod_i13AiA1capA2capA3
A1

A3



Set union cupi1nAiA1cupA2ldotscupAn
Ex Draw the Venn diagram for Ui14Ai

Note 2416
possible regions
for whether or

not an element
is in Ai or not
for i1234

Sol

Ui14AiA1cupA2cupA3cupA4

n

AiA1oplusA2oplusldotsoplusAnSymmetric difference
i1

3i1Ex Draw the Venn diagram for Ai

Sol 3

i AiA1oplusA2oplusA3
A1A1

A3

3
Ai is the set of elements that belong to exactlyi1

one of the sets or that belong to all three sets

Note



Recall beginmatrix3Aii1endmatrix is the set of elements that belong to exactly
one of the sets or that belong to all three sets

A1A1

A3

Q what about beginmatrix4oplusAiA1oplusA2oplusA3A4endmatrix 7

Venn diagram for 4 sets

A3 A4A1oplusA2

leftA1oplusA2rightoplusleftA3oplusA4right
A1capA3capA4
A1

AinAz
nAA1capA2capA4

A2prod_i24Ai
A3

A4

leftA1oplusA2rightoplusleftA3oplusA4rightxx is in exactly 1 of the Ai's or

x is in exactly 3 of the Ai's



Ex Let A1left023rightA2left1236right and A3left1039right
Then capi13AiA1capA2capA3left3right

Ui13AiA1cupA2cupA3left1012369rightbeginmatrix3Aileft11369rightendmatrix
Cartesian product times_i1nAiA1timesA2timesldotstimesAn

Fact A capleftB1cupB2rightleftAcapB1rightcupleftAcapB2right for sets AB1B2

Why B1 B1A A
B2B2

RHSLI s

In general AcapleftB1cupB2cupldotscupBnrightleftAcapB1rightcupleftAcapB2rightcupldotscupleftAcapBnright
for sets AB1B2ldotsBn

More compactly write AcapleftUi1nBirightUi1nleftAcapBiright



Exercise 5

Expand the expression leftxyrightnsum_k0nleftbeginmatrixnkendmatrixrightxnkyk
for n1leftxyright1sum_k01leftbeginmatrixnkendmatrixrightxnkynleftbeginmatrix10endmatrixrightxleftbeginmatrix11endmatrixrighty
for n2leftxyright2leftbeginmatrix20endmatrixrightx2leftbeginmatrix21endmatrixrightxyleftbeginmatrix22endmatrixrighty2

for n3 leftxyright3leftbeginmatrix30endmatrixrightx3leftbeginmatrix31endmatrixrightx2yleftbeginmatrix32endmatrixrightxy2leftbeginmatrix33endmatrixrighty3



Exercise 7

Let AkleftxinQk1xleqkright
1 What is Ui13Ai
Ans A1leftxinQ0xleq1right rational numbers in left01right

A2leftxinQ1xleq2right rational numbers in left12right

A3leftxinQ2xleq3right rational numbers in left23right

Ui13AiA1cupA2cupA3leftxinQ0xleq3right
2 What is prod_i13Ai varnothing


