
Sec 8.4 Hyperplanes

Def from Sea 8 1 A line in IR is a flat of dimension 1

A hyperplanes in R is a flat of dimension n 1

A hyperplane in IR is a line

An implicit equation of a line in R has the

ftp.IEponExA hyperplane in R is a plane
An implicit equation of a plane in R has the

firmae fggnd
So a plane is the set of all points at which a linear expression has a fixed value d

Def A linear functional on IR is a linear map f IR R

If d is a scalar in IR then the symbol

f d
denotes the set of all x ̅ in R at which the value of f is d

That is

f d xe̅ R f x d

The zero functional is the map f x ̅ o for all x ̅ in IR
All other linear functionals on IR are called nonzero

EI The line x y 4 in IR is a hyperplane in IR
It is equal to f 4 where f is the linear functional flag x y
i e the set of points in IR at which flag has the value 4

4

4





Ex 3 Let H Y ñ 8 12 where ñ

a Find an implicit equation of H i.e a linear equation axtby c

501 5 12 so an implicit equation of H is 3 4 y 12

b Find a linear functional f and a scalar d such that f d

Sol f x y 3 4y and d 12

c Let 5 16 Consider the parallel hyperplane line H H

Find an implicit description

501 He will be of the form f di for some d in IR

To find di first find a point P in He

by taking a point in H and adding w̅ to it

An easy point in H to work with is or

Let p 9 w̅

Compute ñ P 1
3 12 9 Then d 9 so H f 9

3 44 12

3 4y 0

3 4y 9



d Give an explicit description of the line 3 4 y 12

in parametric vector form i e of form w̅ t v2 t in IR

Sol Solve the equation 3 4 g
12

A x ̅ 5

The matrix 3 4 is already in row echelon form
Let y be the free variable

3 49 12 319

The solution is g
4 4 y 4 3 y in IR

An explicit description of 3 49 12 in parametric form is

5 4 4
3 for in IR
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Ex 6 Let H be the plane that contains the points w̅ f E 3 1
Find an implicit description f d of Hi

Note Since this is the special case of R you can use the cross product
formula from Calc3 to compute a normal vector for the plane
But we'll use a procedure below that generalizes to higherdimension

Sol
Step1 Recall from Sec 8.1 Affine combinations Thm 1

He is parallel to Ho span

III III span s
x ̅ 9

Note Ho is a subspace so Ho is the plane containingp q and the origin

step2 Find a vector ñ which is normal to Ho

Recall from Sec 6.1
A vector in R is said to be orthood to a subspace W of
if z is orthogonal to every vector in W but it's suffilient
to check that Z is orthogonal to every vector in a spanning set of W

Let's find a nonzero ñ which is orthogonal to both p and f
Set P ñ 0 1a 2b 3C 0

Set g 5 0 29 c o
Solve for a b c

2 8 E 51 as c cis tree

Choose any nonzero c let's say c 4 So a 42 2 b 5141 5

Let ñ Then Ho E 0 c Ho f O
where f x y z 2 59 42

step 3 Find d where H f d

Simply choose a point in H and input it into f
Weknow it I are in He Set d f 5 297 5 1 491 7
Check f v2 f 5 7

Then H is f 7 where flay 2 2 59 42 or 2 59 42 7



Thm Suppose H is a subset of IR
Thm17 H is a hyperplane iff
H f d for some nonzero linear functional f and some d in IR iff

H x ̅ in IR ñ.x ̅ d for some nonzero vector w̅ and some d in R

PT is an interior point of S

P2 is a boundary point of S

S is bounded by B 8 3

S is closed

So S is compact
ended here on Tue



f Al Ld means f x Cd for rain x ̅ inA


