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If £ is a linear functional on R”, then the standard matrix of this linear transforma-
tion fisal x n matrix A, say A = [a; a» -+ ap].So

[f:0] isthesameas {xeR": Ax =0} =NulAd (1)

If f is a nonzero functional, then rank A = 1, and dim Nul A = n — 1, by the Rank
Theorem.? Thus, the subspace [ f : 0] has dimension 7 — 1 and so is a hyperplane. Also,
if d is any number in R, then

[f:d] isthesameas {xe€R": Ax=d} 2)

Recall from Theorem 6 in Section 1.5 that the set of solutions of Ax = b is obtained
by translating the solution set of Ax = 0, using any particular solution p of Ax = b.
When A4 is the standard matrix of the transformation f, this theorem says that

[f:d]=1[f:01+p foranypin[f:d] 3)

Thus the sets [ f : d] are hyperplanes parallel to [ f : 0]. See Figure 1.

FIGURE 1 Parallel hyperplanes,
with f(p) =d.

When A is a 1 x n matrix, the equation AX = d may be written with an inner
product n-x, using n in R” with the same entries as A. Thus, from (2),

[f:d] isthesameas {xe€R":n.x=d} 4)

2See Theorem 14 in Section 2.9 or Theorem 14 in Section 4.5.

Then [f:0] = {x € R": n-x = 0}, which shows that [ /:0] is the orthogonal comple-
ment of the subspace spanned by n. In the terminology of calculus and geometry for R?,
n is called a normal vector to [ /: 0]. (A “normal” vector in this sense need not have unit
length.) Also, n is said to be normal to each parallel hyperplane [ f:d], even though
n-x is not zero when d # 0.
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Converting an explicit description of a line into implicit form is more involved. The

basic idea is to construct [ f: 0] and then find d for [ f:d].
(E)@Hq
ex) EXAMPLE 5 Letv, = |:; and v = (6)] and let L be the line through v; and

v,. Find a linear functional f and a constant d such that L; = [ f:d].

SOLUTION The line L, is parallel to the translated line L, through v, — v; and the
origin. The defining equation for L has the form

[a b][;j]:o or n-x =0, where nz[Z] (5)

Since n is orthogonal to the subspace Lo, which contains v, — vy, compute

wo=lo)-[a]=[ ]

[ b][_i]:o

By inspection, a solution is [¢ b]=[2 5]. Let f(x,y) =2x + 5y. From (5),
Lo=[f:0], and L; = [f:d] for some d. Since v; is on line Ly, d = f(vi) =
2(1) 4+ 5(2) = 12. Thus, the equation for L; is 2x 4+ 5y = 12. As a check, note that
f(vy) = £(6,0) =2(6) + 5(0) = 12,50 v, is on L, too. [ |

and solve
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Many important applications of hyperplanes depend on the possibility of “separat-
ing” two sets by a hyperplane. Intuitively, this means that one of the sets is on one side
of the hyperplane and the other set is on the other side. The following terminology and
notation will help to make this idea more precise.

TOPOLOGY IN R": TERMS AND FACTS

For any point p in R” and any real § > 0, the open ball B(p, ) with center p and
radius § is given by

B(p.8) = {x: [x—p| <}

Given a set S in R”, a point p is an interior point of S if there exists a § > 0
such that B(p,§) C S. If every open ball centered at p intersects both S and the
complement of S, then p is called a boundary point of S. A set is open if it
contains none of its boundary points. (This is equivalent to saying that all of its
points are interior points.) A set is closed if it contains all of its boundary points.
(If S contains some but not all of its boundary points, then S is neither open nor
closed.) A set S is bounded if there exists a § > 0 such that S € B(0, ). A set
in R” is compact if it is closed and bounded.
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Notation: If f is alinear functional, then f(A) < d means f(x) < d foreachx € A.
7[[/4) Lo means f[f)éo@ fgr each ¥ inh

DEFINITION
The hyperplane H = [f:d] separates two sets A and B if one of the following

holds:

() f(A) <dand f(B)>d, or
(i) f(A) >d and f(B) <d.

If in the conditions above all the weak inequalities are replaced by strict inequalities,
then H is said to strictly separate A and B.

A polytope in R” is the convex hull of a finite set of points. In R?2, a polytope
is simply a polygon. In R?, a polytope is called a polyhedron. Important features of
a polyhedron are its faces, edges, and vertices. For example, the cube has 6 square

x ”

faces, 12 edges, and 8 vertices. "

EXAMPLE 1 Suppose S is a cube in R?. When a plane H is translated through
R3 until it just touches (supports) the cube but does not cut through the interior of the
cube, there are three possibilities for H N S, depending on the orientation of H. (See
Figure 1.)

H N S may be a 2-dimensional square face (facet) of the cube.

H N S may be a 1-dimensional edge of the cube.

H N S may be a 0-dimensional vertex of the cube. |

H

H N §is 2-dimensional. H N Sis 1-dimensional. H N S is 0-dimensional.



