
Sec 8.3 Convex combinations

Recall from Sec 8.1

Def An affine combination of vectors Jai up in R

is a linear combination cir t Cptp

such that

up to 1

The affine hall or affine span of a set S

is the set of all affine combinations of points in S

Notation aff S

Def An convex combination of vectors in Jai up in IR

is a linear combination city Cptp

such that C C2 t

Eweightstsim
up to 1

AID all Cn C2 Cp are nonnegative

The one half of a set S is the set of all convex

combinations of points in S Notation ConvS

ote aff w̅ is just e

conv w̅ is also w̅

affair is iii a
gdisfin points

the line containing both w̅ w̅

one.es is iii and is
Because the weights in a convex combination are nonnegative

the line segment between w̅ and v2 denoted TV



Recall Sec 8.2 Unique representation thm barycentric coordinates

If S is affinely independent and p is in affS
then p can be written uniquely as an affine combination of S

The weights are called barycentric coordinates of p
Note p is in conv S iff the barycentric coordinates of p

are nonnegative

Let S w̅ I I a note S is an orthogonal set

Determine whether pi.pe are in span S aff S convs

So 1 Let W Span S
Recall that proju p is the closest point in W to P
so p is in W iff projup p

For P
projwp.ge projet proje.PT proja PT

we can do this because 5,525s is an orthogonal basis

of W see Sec 62 6 3

This shows pi is in W Spans
Since the coefficients sum up 1 PT is in off S

and are nonnegative PT is in sonu S



For P2 projure F I ñ FEET Effi
w̅ is

I 41
1 4 E

So P2 is not in W Span 5

Thus P2 lannot be in affS or conv S

Recall Sec 8.1 A set S is affine if

P q in S implies the entire line through p f is in S



The intersection of two subspaces is a subspace
11 of two convex sets is a convex set

n of two affine sets is an affine set

i e conv S is the smallest convex set containing S



If p is in the convex hull of S then by def

p is a convex combination of points of S

How many points are needed for this combination

Illustration of proof using an example
Here n 2

w̅
The set w̅ v2 is if of homogeneous forms in IR is lin dependent

since every basis of R has 3 elts so by Thm 5 Se 8.2

S is affinely dependent
ind an affine dependence relation GV C2V2 Csus Cay 8 usingSec8.2

first find a linear dependence relation Cirit Czk Csir care 8
ññññ

p p
c

M f 81
43 34 0

4 can be any number

Choose any nonzero number for Ca say C4 4

Then 4C 5 4 C 5

C2 4

453 314 3 3



So 54 42 37 44 8 is an affine dependence of S

Affine depeidence meat's the loefficients sum to 0 so

some will be positive

Take the points T and T whose coeffs are positive

Compute the ratio of the vefficients in eq for p

and 5v 42 303 47 8 the affine dependence relation

For v2 Lf For V4

is the smaller of these

Subtract

in ft Ers 124

54 4 v2 37 4 4 8

E a F rstk4la

m In E us
11

is a convex combination of 3 points of S

the end




