
Recall Sec 6.3 Thm9 The best approximation theorem

Let W be a subspace of IR let 5 be a vector in IR

Then the closest point in W to 5 is

5 proju5 the orthogonal projection of 5 onto W

e
11 5 5 11 115 511 for any w̅ in W that's not equal to j

Sec 6.5 Least squares problems

Motivation
For applinations we often work with systems

Ax ̅ 5
that have no solutions i.e are inconsistent

We can approximate a solution by finding an x ̅

that makes Ax ̅ as close as possible to 5

i e byfinding an x ̅ that makes

115 Axl̅l as small as possible
This process is called the general least squares problem

least squares comes from the fact that

115 AI I sumofsquarest



How to solve the general least squares problem

Let A be an mxn matrix and 5 in Rm

Consider the system A f
Let W denoteCol A Span columns of A

see Sec4 2 At for some x ̅ ink

iii n
te

11 1 1 1 A is inconsistent

Let 5 denote proju 5 the orthogonal projection of 5 onto W

7 5 5
5

Q Is 5 in W

Ans Yes by defD b

So 5 is in ColA so there is x ̅ in IR such that Ax ̅ 5

Since D projub is the closest point in W Col A to B

A x ̅ 5 is the closest point in W Col A to B

That is 115 511 11 5 ill for all I in W Cola

i e 115 Aill 115 AxI̅l for all x ̅ in IR



Def

Note x ̅ is a least squares solution of Ax ̅ 5 iff A x ̅ 5

How do we solve A x ̅ 5

Suppose x ̅ is a vector in IR satisfying Ax ̅ D

By the Orthogonal Decomposition Theorem Sec 6 3

Z 5 5 is orthogonal to W Col A Span cols ofA
D Ax ̅

so 5 AI is orthogonal to each column of A

So
If a in Rm is any column of A

then 0 d 5 AF at B AF
def of inner product

Ex 4 0 1 B AX 0

Since It is a row of AT we have

ATCE AI Ex
8 B Ax

Thus E AT 5 ATAI i.e ATAx ̅ At 5



If The matrix equation ATAI AT 5 represents

a system of equations called the normal equations for A x ̅ 5

Ex The normal equations for our A x ̅ 5 are

ATA E AT5

1 4 l

it f 1

them The set of least squares solutions of A x ̅ 5

hm13 is equal to the nonempty set

solutions of the normal equations ATA x ̅ ATB

Ex i
For this example of A and B the equation A x ̅ 5
has a unique leastsquares solution x ̅



Ex 7 has a unique least squares solution sinceATA is invertible
Ex 2 does not since ATA is not invertible
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