
See 4.4 Coordinate systems
Idea IR w the standard basis En En is nice

Put a coordinate system on any vector space V

so that U acts like IR w the standard basis

I Def of coordinates relative to a basis B

Thm 8 Unique Representation Theorem

Let B be be bn be a basis for a vector space V

Then every element in V can be written as a linear

combination of B in exactly one way I.e

for every element x in V there exist a unique set

of scalars Ca C2 Cn such that

c b cabat Cnbn

Def These weights C1 C2 Cn are called the coordinates of

relative to the basis B or the B coordinates of x

The vector f in IR denoted by B

is called the coordinate vector of relative to B

or the B coordinate vector of x



U IR with basis BEx

bi 52
Suppose x ̅ in V has loordinate vector relative to B

x ̅ 3 Find x ̅

Ans The B coordinates of x ̅ are 2 and 3 so

25 352 2 8 32 1

Ex V IR with standard basis 8,52 x ̅

Then x ̅ 1 f 6 9 so the coordinate vector of x ̅
relative to the standard basis is x ̅ the same as itself

x ̅ to
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Ex U B2 with basis B Itt 1 2 t

Practice T.TT
Problem 2

Suppose p in V has coordinate vector relative to B
Pg238

p z f Find P

Ans The B coordinates of p are 5 1 2 so

p 51 i É 2 ÉÉ
5 5t 1 t2 2 2t

6 3t t

Ex V 112 with standard basis B 1 t t

Then p 6 7 3 t 1 E so

the coordinate vector of p relative to the standard basis

is PB

I How to find B loordinate vector of an element in IR
EI Let B 4 1 This is a basis for IR

Find x ̅ z the coofdinate vector of x ̅ relative to B

The B coordinates Cy C2 of x ̅ are solutions to

a bit case x ̅

cat 1 or i 1
This matrix PB whose columns are bi bi is called

the change of coordinates matrix from B

to the standard basis E ez in IR



1 1 or 11

tSo x ̅ 3 5 25

thus x ̅ 1 13 EE

Algorithm for finding change of coordinates
matrix from B to the standard basis for IR

In general Fix a basis bi bi on for IR
Construct an nxn matrix PB bi 52 bi

called the change of coordinates matrix from basis B

to the standard basis E Ez En in R

Then the equation

x ̅ C bi Cabit Cn 5
is equivalent to

x ̅ PB x ̅ aka x ̅ i 5 E
To solve for EB Fd EB
possible way 7

B x ̅ i

Augmented matrix



possible way 2

Since the columns of PB form a basis for Rn

PB is invertible by the Invertible Matrix Thm

Multiplying both sides on the left by Pj

PI x ̅ PB PB x ̅

PI x ̅ x ̅ aka E Pj x ̅

I Coordinate mapping isomorphism of vector spaces

Def The map T IR IR

x ̅ PI x ̅

equivalently x ̅ x ̅

is called the coordinate mapping determined by B

Fact The coordinate mapping is a linear map R R

which is one to one and onto

Proof Since the standard matrix of this map
is PB which is an invertible nxn matrix

it follows from the Invertible matrix Theorem
that this map is one to one and onto



Ex
again v 112 with standard basis B 1 tt

The coordinate
mapping T R

p B

is a linear map which is one to one and onto

Def Given vector spaces V and W

a linear map T W

is called a vector space isomorphism

if T is one to one and onto

fÉaÉ hat a ho gÉ to Ind

V and W are indistinguishable as vector spaces

Δ P2 is isomorphin to 1R

Let B by ibn be a basis forThrafector
space V Then the coordinate

mapping B is an isomorphism

from V onto R

This is a big deal This means every
vector space V

is the same as vector spaces as IR if V has a basis

with n elements



Ext Let ñ f
and let H Spank I

Since F and T are not scalar multiples of each other
we know w̅ and I are linearly independent

So B 5,53 is a basis for H

By Thm 9 H is isomorphic to R

a Now determine whether x ̅ f is in H

Sol
Chect whether the equation c I care x ̅ is consistent

at 11

i
S x ̅ Is in H x ̅ 25 35

b Find the coordinate vector of x ̅ relative to B 5,5

Sol x ̅ z 3
35

Picture 25 25 35
BasisD w̅ Ja imposes a

coordinate system graphpaper

on the plane H in 113
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