2.2 The Tnawerse of a wiateix A_crfﬂ O]

Def £ A s an nxn cateix,  the Tnverse of A s

the nxn matcix C such bt -
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« CA

L,
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The taverse of A is deaoted by A

DC'F I.F A has an inverse A 7s called Tnver+ible  or non- <7ngular.

|F A_1 JocsM— (E)d's’r> A 7s called not Tnvertible or s(—%u[ar.

Note : Nown- Square Matrices ace never TInver+ibkle.
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S C=A" ad A=C'

Am alaorl' then —For -prnc\Tnck A-1
* Row reduce +he aM%mw-b&ol materix I;A, I]

I A Tg oo %ur\/a(&nb ‘o I, -Haen )-_A I] [I,A—j

(f not, A doect have an Tnverse
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Ex: Find +he Tnverse of A:{3 'GJ’ if it exists,
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Note: [0 o] T g (mw> echelon —For"’l +at e rowo efeuﬂ/alef‘t to A

[ o
There g only one F\uot, So it is ot row eﬁéﬁVm(U"‘: to I¢ [O’J

Which lLes Two F]uots. Co A i not row &EUTVG(&'\'& +t L.

Thus A 7= not Tnvectitle
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Find *the inverse of A= 10 31 if it exicte
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Thm (Sec 2.2 Thm ¢)
[,Q,{: A and B be nxn waatrces . Smﬁmse, /4)& are. Tnvertible,

D Thea Alis also nvertible | and (A= A

") C"Sock_g - Shoes pro ref+q/>

Thea AB is also tvertible | and (AB)' =B AT

@y -Ey

The inverce of AT ic e -ansrwge_ of A1

) Thea A s alto Trversible , and
(—l:he {:ransFosﬁ of A>



Foof of G (AR) [EAD = AREDA e rwhin mulbiplication,

IS aAtCociative
1

= AT A_ Lince @_‘ i< the Tnrverse of R
A AT

=TI
We can also Co'vvlFm{:a [&"A“‘)(A&> =71

\

Ths Shows +M+ E—{/( s Fhe inverse o{: /‘L& =

See 2.3 (havactecizations of Tavertible ymatrices

T The Invertible Matrix Theorem

Let A be a square n X n matrix. Then the following statements are equivalent. That is, for a

given A, the statements are either all true or all false.

a. Ais an invertible matrix.

b. A is row equivalent to the n X n identity matrix.

c. A has n pivot positions.

d. The equation Ax = 0 has only the trivial solution.

e. The columns of A form a linearly independent set.

f. The linear transformation x ~ Ax is one-to-one.

g. The equation Ax = b has at least one solution for each b in R”.
h. The columns of A span R".

i. The linear transformation x — Ax maps R” onto R”".
j. There is an n X n matrix C such that CA = I.

k. There is an n x n matrix D such that AD = I.

. AT is an invertible matrix.



Thm (T[,,b Tnver+ible watrix f{:hec(ems
Let A bLe on nxn

Ma+r‘|>4.

The ‘Fahow?nﬂ ore C%ui\/axlen-t

a. A has an Tnverce
b. A i rouw &Lu?\/a[cw{ +- I,
C.

A hoe n ‘F(’\/l?‘& Fogiérons

d. The hovvioqeneous C%ua'f‘!'an Az =0 lac only the trivial

Solu.'ﬁ('oﬂ.
?r‘ao.F of (.= (ll) (Read N implies A" o " If () helds +hen @) lu(cl&")

Since A hos n ?]\/o‘b F033t70'ﬂ§; +the ﬂuﬂmaﬂ-éeo\ ot x
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6. The columns of A are szncarlcq -lnclf—re,mo\w_t

Proof £ (9 & (D (Read “(4) s Tve F and only Tf (D Ts +ma">
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5; The linear wap X —> AX is one-to-one

3. For wué’ B in an> ‘e equation Ax = L has ab least ove colution

T he columns o{:/\ S]>an hD\n

The linear map X =AY rape /Rn onts R

L AT

ic invertible.



Ex- Determ:ne. ;_{: A=|1 232 4% is inver+ible
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To be invecrtible, a 4x4& walri< must lpve 4 pivets |

G A s not mver+ibkle.
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(gcc 2.3 Exercice :ﬂ:@k 9_9_>
Ex A upper Friangular ~matcix is a ratrix wWhete enfries be o
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Tn MM L

+the ™ain c{ra&onn[ are 0O7s 5 €-a.
1 0 3 o 1 3 5 10
0ov 79 ad |°°6] and [0 1
0 0o 2 o 0 o 2
00 0 4

When is a Saquare uﬂmr +F3ﬂﬂ%mlm( atrix Tnve,r—F(lc\e?

ga[-' Bzg “+he [mve,r~[—'r[ole Matetx Theorm}
o Nxn  Mabeix A e Tnerdible T-F ard or\l% 710
/A\ has n ”|>'lvv‘b TOS':—("IonS.
If el entries in Fhe main ol"ﬂﬂcml are non zead,

then A g alfeowl:& m voro echelen ‘FO(M ,

and W gee A s w :r‘-vﬂ' :[>os'\—l-’>ons_
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annot e a F’ivo—t C_olqmv‘))
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Ans An nxa upper *{—f?n»f%m(ﬂr cmatcix A s
Tnverdible 3 and only f
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T. lavectible linear W\afg

Tef I TR — R is a Linear map ,  the Toverse of T s
a \Cw,c+-,on S: R"—=>R" such —that
M S(T() = % feal 2 K
G T ®) = ¥ foe dl 7 K
The Tnvecse of T ic denoted by T

—1

Def A livear wag T: R — R" ic called invertible if
T Lw\_s

an  Tnvevrce mqf.

Note: A Linear map T R'— R is never invertible if n#Em.
Thw (Sec 2.2 Thm )
L&“b T: Rﬂ —> RH Lﬁ, a uo,?nea(‘ ma:{> X
et A Le +he standard  waatrix or T,

Then T is fnver+tible if ond only +

A e an Tnverfible w~uatrix.

\1(’ T s ‘rnve,r{—'l\a\t) —Hhe inVve rse a-F T s

6"\/&({\ bL& S(’)?): /A\_I >7
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Congider  the ~ay TR — R

defined by (D)= [rw ‘w]

4x-7y

e T Qrnear ? Ans: =8, Sinte T([§J>: E‘fr ZJ[?J

So T s A(«F;ng,;l [oﬁ o i< Mm({—ijblrca"\'ra(\‘
=1

[c T rtnverdiile 2_ IWC %, ~F|‘nal 2 ‘g(mula -@r T

Aas: The Standard  watrix D( [N [
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S T s toverdible. (£ Tnwverse s Fhe linear roap

o, .
TR =R deficed by
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Thm 4 (Sec 2.2)

If et AY£ 0  dhon A Ts Tnvectible  with
-1 _ 4 -
A= det(A) [‘C a]

(f det (A)=O Lpoen A T wet Tnversible,



