
2 2 The inverse of a matrix In f
Def If A is an non matrix the inverse of A is

the nxn matrix C such that

A C In

CA In

The inverse of A is denoted by A

Def if A has an inverse A is called invertible or non singular

If A doesn't exist A is called not invertible or singular

Note Non square matrices are never invertible

Ex A C

ac.fi EiJ l f t 1
ca f 1
So C A and A C

An algorithm for finding A

Row reduce the augmented matrix A I

If A is row equivalent to I then A I You I A

If not A doesn't have an inverse

Ex Find the inverse of A if it exists

A I satr.li s



Note is a row echelon form that is row equivalent to A

There is only one pivot so it is not row equivalent to It 19
which has two pivots So A is not row equivalent to I

Thus A is not invertible

Ex Sec 2.2 Example 7 pg 117

Find the inverse of A if it exists

A I

form that is row equivalentto ti viii iii iiirow equivalent to Is
So A you Is so we can

keep goingI AT

A

Thm Sec 2.2 Thm 6

Let A and B be nxn matrices SupposeA B are invertible

i Then A is also invertible and A A

ii socks shoes property
Then AB is also invertible and AB B'A

i Then At is also invertible and
t is the transpose of A

the transpose of A



Proof of ii AB B A A BB A singamge gultiplication
A I A since B is the inverse ofB

AA

I
We can also compute B A 1 AB I

This shows that B A is the inverse of AB

Sec 2.3 Characterizations of invertible matrices

I



Thm The invertible matrix theorem

in ii isiiiii.int
a A has an inverse

b A is row equivalent to In

c A has n pivot positions
d The homogeneous equation AT B has only the trivial solution

Proof of c d Read c implies d or If c holds then d holds

Since A has n pivot positions the augmented matrix

A 18 is row equivalent to

so AT 8 has exactly one solution x ̅

e The columns of A are linearly independent

Proof of 4 5 Read 4 is true if and only if 5 is true

This follows from the definition of linear independence n Sec 1.7

F The linear map x ̅ Ax ̅ is one to one

9 For every 5 in IR the equation AT 5 has at least one solution

h The columns of A span IR

i The linear map x ̅ A x ̅ maps IR onto R

l AT is invertible



is invertibleEx Determine if A

y
Ans A is vow equivalent to

so it has 1 pivot position
To be invertible a 4 4 matrix must have 4 pivots
So A is not invertible



Sec 2.3 Exercise 22T in MML

Ex A upper triangular matrix is a matrix whose entries below

the main diagonal are O's e g

1 l a Iii

When is a square upper triangular matrix invertible

So By the Invertible Matrix Theorem

an nxn matrix A is invertible if and only if
A has n pivot positions
If all entries in the main diagonal are nonzero

then A is already in row echelon form
and we see A has n pivot positions

If one of the entries in the main diagonal is 0

say in column k then column K

cannot be a pivot column

so A has fewer than n pivot positions

And An nxn upper triangular matrix A is

invertible if and only if
all entries on the main diagonal of A are nonzero



II Invertible linear maps

Def IT R isa linear map the inverse of T is

a function S R IR such that

111 S T T x ̅ for all x ̅ in IR

2 T S x ̅ x ̅ for all x ̅ in IR

The inverse of T is denoted by T1

Def A linear map T R R is called invertible if
T has an inverse map

Note A linear map T R IRM is never invertible if n m

Thm Sec 2.3 Thm 9

Let T IR IR be a linear map
let A be the standard matrix for T

Then T is invertible if and only if

A is an invertible matrix

If T is invertible the inverse of T is

given by S F A x ̅



Ex Sec 2.3 Exercise 42T
Mt

Consider the map T IR R

defined by T 119
Is T linear Ans yes since T JJ 7

so T is defined by matrix multiplication

Is T invertible If so find a formula for T1

Ans The standard matrix for T is

Use the algorithm A I Row reduce

Alt i.it Er int itwe see A is invertible

Retriff Frift I A

So T is invertible Its inverse is the linear map

T IR IR defined by
537 4 115 or 4 53

If time
Let A Then detA ad be

Thm 4 Sec 2 2

If det A 0 then A is invertible with

CA F ab

If det A 0 then A is not invertible


