
Sec 1.9 The matrix of a linear transformation pg 1

Big Thm Every linear map from IR Rm

can be described by a matrix transformation x ̅ HA x ̅

I Standard matrix for the linear transformation
To find this matrix A it's enough to look at
the columns of the nxn identity matrix In

E ftp height E _5 1 a position El
Ex

Suppose we know T is a linear transformation 1R 1R

such that e T ez TCes

With no additional information find a formula

for the image T x ̅ for an arbitrary x ̅ in 1R

Sol write x ̅
Y x

1
x2 x x.es xzE xsE

Then we have

T x ̅ T x en xztztx.es

x T E x2T E Xs T Es since T is linear

x.fi x2 4

fat



Thm Thm 10

Let T IR Rm be a linear map

Then there is a
muggy

mxn matrix A such that

exactly one

x ̅ Ax ̅ for all x ̅ in IR

This
uniquefatrix

is A TCE T ez et is

called the standard matrix for T
the concatenation of the vectors T E TCE

Ex Suppose we know T is a linear transformation R R

such that e T ez TCes

Find the standard matrix for T

sol A 1

I Geometric linear maps of R Pg 2

Rotation

The map R IR R that rotates each point in 1R

about the origin through an angle

counterclockwise for positive
is a linear map

What is the standard matrix A of this rotation R
my

Sol

not
means



Y
C sina.co a

i
coso sino

means R 9
Tinf

s

E.g if D I then A
cos sint

sine coso 5
Reflection

The map F IR R that reflects each point in 1R

through a line I that passes through the origin

is a linear map

Ex The standard matrix for the reflection

through the line y x is A

9389 y x

i F maps to

ñ1 and E to f

Projection
The mapping P IR 1R

Etf t lil.FIis called a projection because P projects pay
points in IR onto xy plane



I Existence uniqueness questions surjectivity Pg 3

Def A map T IR IRM is called onto IRM if

for every 5 in IRM there is at least one x ̅ in IR

Cartoon

Domain
Codomain

Domain
Codomain

Range
Range

T is onto
T is not onto

The projection P R 113

t.fi
not onto For example D is in Lomain 1R

but 5 is not the image P x ̅ of any x ̅ in domain R

Ex However the projection P R 1R

E i E.tl
is onto For any in IR

we have P
11

so every in IR is in the image of P



In general we can answer this existence question pg 4
by looking at an echelon form
Thm
Let A be an mxn matrix

Then the following are equivalent TFA E

I For each 5 in IRM the equation Ax ̅ 5 II
Pg 39has a solution

II The columns of A span IRM

III A has a pivot in every row

II New in Sec 1 9 The map R IRM

x ̅ AT

maps onto IRM

Ex If T is the linear transformation

whose standard matrix can be row reduced to

then T is ont

Reason Every row has a pivot

Ex If T is the linear transformation

whose standard matrix can be row reduced to

then T is not onto

Reason Row 3 has no pivot



Def A map T IR RM is called one to one if
5

if T E TEE then 5 5

Cartoon

Domain Codomain Domain Codomain

Range T Range T

Not one to one one to one

Ex The projection P R 113

Eft tl
is not For example P 8 P

Thm Let T IRM be a linear transformation
Thall T is one to one if and only if

T x ̅ B has only the trivial solution

Ex The projection P R 1R

11 1 p l
is also not 11 Reason P 8 8

so P x ̅ B has solutions other
than the trivial solution



Thm eq 3 in sec 1.7 pg 61
796TFAE

has only the trivial solution

I.IE olumns of A are linearly independent
Δ

3 of pivots of A of columns of A

4 New Sec 1.9 The map x ̅ AT is one to one

If T is the linear transformation

whose standard matrix can be row reduced to

then T is not 1 1

Reason The augmented matrix for A x ̅ 0

can be row reduced to

1
there is one free variable for
the solution set so At

has more than just the trivial 501



If T is the linear transformation

whose standard matrix can be row reduced to

then T is also not 1 1
non pivot to lumns

Reason The solution set of Ax ̅ has

two free variables

so the columns of A are not linearly

independent

EI If T is the linear transformation

whose standard matrix is A 1
4

then T is 1 1

Reason By inspection we see

the columns of A are linearly

independent because

is not a scalar multiple of

and vice versa
end


