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I Matrix transformation
Think of a matrix A as acting on a vector x ̅ by multiplication
to produce a new vector Ax ̅

Ex A x ̅ 5 1 Note x ̅ ñ are in 1124

it it 11
callthis 5 zerovector

Here multiplication by A transforms x ̅ into 5 and
transforms w̅ into

Ém

IR
1124

This transformation x ̅ A x ̅ is a function from a set of vectors
to another set of vectors

Def 1 A transformation or function or mapping

T tt
amain

is a rule that assigns to each vector x ̅ in IR
a vector If

in IRM

the image of x ̅ under the action T

The image of T or the range of T is the set of
all images T x ̅



Def 2 A matrix transformation is a function

T.EE
mainTx ̅ A x ̅

where A is an mxn matrix n columns m rows

Note Each image T x ̅ is of the form Ax ̅
i e T x ̅ is a linear combination of the columns of A
ie T x ̅ is in the span of the columns of A

Ex 1 Define a mapping T R IR by
2 015 3 rows

E f E Hel
call this 3 2 matrix A

a Let w̅ Find the image TCT of w̅ under the mapping T

so a 1 i1 EE1nX2 3

Sketch

R x1

if 7s

things
TCT



b Let 5 1 Is 5 in the range of T

How many x ̅ are there in the domain 1R
whose image under T is 5

Sol Write the augmented matrix associated to A x ̅ 5

11 p
echelon form

There is no vow of the form 00 nonzero

so A x ̅ 5 has at least one solution So 5 is in the range of T

Every column is a pivot column so there are no free variables
meaning there is exactly one x ̅ in IR whose image T x ̅ is 5

c Let I Is e in the range of T

Sol Write the augmented matrix associated to A x ̅ I

1 1 11
echelon form

The last row 00 35 tells us Ax ̅ I is inconsistent

So I is It in the range of T



Ex 2

The mapping P IR R

Ei i E.tl
is called a projection because P projects et
points in IR onto Xi plane x.tk

PCA

Ex 3

peh ruh lethuhgram
A sheaf mapping transform a square into a parallelogram

exs.in 1 14 1x ̅ 3 x ̅

4 Top of the
sit see square is

151 Int
the base is fixed

II Linear transformations
Ex of linear operations YET transformations Exoptera

near

Antiderivatives Quadraticfunction

Laplacetransform



The most important class of mappings

Def Let T alki Raimanbe a function

i T preserves vector addition or T preserves addition

if
T a T T a T t for all w̅ w̅ in the domain ofT

ii T preserves scalar multiplication

if
T in a TCT for all Eggs c and all it in the domain of T

The mapping T is called linear if

T preserves addition and scalar multiplication

Some properties of linear mappings

If T R IRM is a linear map then

1 T sends the zero vector in IR to

the zero vector in Rm
Why E T OT 0 TCTI 0

by property ii

2 T sends linear combinations to linear combinations

T CT de TCT dT w̅

why T CT de T ca T de IT a dt e

by property i by property is



Ex Show that T 1R R Exercise
41

D E
is linear or not linear

Sol 1 I see that T 87

so it doesn't preserve scalar multiplication

Sol 2 Try w̅ 9

at T

Tca TE 9 E

So T ATT T a TE

So T doesn't preserve vector addition

Ex 4 Define T IR R by
TC 53 4 5

This map is called a dilation

x
TCI Ta



Show that T is a linear map

So1 Let w̅ w̅ be in R domain of T

Let c be a scalar

i Show that T preserves vector addition

a E 4 a E

45 45 by property of
scalar multiplication

a TCP

Show that T preserves scalar multiplication

T CT 4 CT

4C T

C 40

C T T

Fact 1 T Rm
x ̅ M x ̅ is a linear map

2 So if you can describe T as matrix

multiplication then T is automatically
linear


