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We’ve seen examples of convergent power series—but can we write an
explicit function that is represented by a power series?

o

Consider an: I+ X+ x "+ <+
n=0

This is geometric series with ratio = %

The power series converges if | ><l <

so the interval of convergence is (— 1, lv

When « is in the interval of convergence, Z x"" converges to
= [ —X
n=0
o . 7 c 2 7 _ XS_ |
and Y a" = X"+ X"+ X'+ .=x(!+x+x +...) = —
n=>5
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EXTENDING THIS IDEA

For |z| < 1, we can express . as the power series 1 +z + 22 + - --

: 1
M Can we express 3

as a power series? What values of x would work?

=3 26 FlE < e 1k

Tatevrval of Cemver gence is (—3) 2)
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//N - = _( -0
peene Z(5) 260
Question: What is the center? A.0 B.1 C.2 D.3
Question: What is the radius of convergence? A.1 (B. 3\ C.1/3
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E X o\w\E[t'— Find a power series representation for f(z) = 1 +5 122 and find its interval
of convergence.
s s
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Interval e-F Convergence :
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Question: Whatsis.the radius of convergence?
A.1 B.2 D.4 E.1/4
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/\ Sim]lar Froblem

94
[ Find a power series representation for f(z) = Y and find its interval of
E Xao W\F t: 2 —3x
convergence.
q.
r ax' X
$(2-3%) - 2x
= x‘{- /l—- . co nvegqence
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What happens if we find an antiderivative for the equation below?

1 o0
= —1”“:
T2 :O( )

l—z+a> -2+

for

3
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(x| <1

DIFFERENTIATION AND INTEGRATION

We can use differentiation and integration to express other kinds of
functions as powers series:

then the function f defined by

f(x)*L:\CCo +ei(z—a)+e(z—a)+--- = icn(x —a)"
n=0
is differentiable (and therefore continuous) on the interval (a — R, a+ R) and
(1) f’(:I:) =c1 + 2c2(xr —a) + 3es(z — a)2 o= inCn(x _ a)n—l
n=1
(11) /f(x)d:B:C—FcO(ac—a)—I—cl(x;a)Q +C2(x—3a)3 4=
)"

= (x—a
C+n§00n n—+1

The radii of convergence for both of these power series is R.

Theorem: If the power series Z ¢n(x—a)"™ has radius of convergence R > 0,

Loadius of convergence Stays Hhe srme (aﬂu
—te r - V&j' term Aif?ojer\‘\"lorﬁor\ and Tn+eﬂforl'-(0“>
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Find a power series representation (centered at 0) for f(x)

g*g,‘l; 0
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EXAMPLE
Find / In(1 + t*) dt as a power series, and find its radius of convergence.

ot

-e,n(1+x e x ch) 7() J)Q:ZZC-O 7:+| +C ..F,rom Fm@e AN
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Step 3: Lo (1+4%) dt = ) t ConSkoutt
- f ( v\Zo (n+1) (4nts) ' "
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Find arctan(x) as a power series, and find its radius of convergence.

SOLUTION We observe that f'(x) = 1/(1 + x?) and find the required series by inte-
grating the power series for 1/(1 + x?) found in Example 1.

tan’1x=J‘ dx=f(l—x2+x“—x(’+-~~)dx

1 + x?
x> X
=CHx——F—— ...
S TR

To find C we put x = 0 and obtain C = tan 'O = 0. Therefore

tan”' )63-1-)65 Sl
x=x——"+ -+
3 S 7

Since the radius of convergence of the series for 1/(1 + x?) is 1, the radius of conver-
gence of this series for tan”'x is also 1. 1

oo 2n+1
Answer: Z(—l)"§n+1 -Er IX} 4 Padius of COVH/Lt/gtﬂtf

n=0 [ES K=‘1
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Qn—l—l
Use the fact arctan(z Z

X arctan(2
find a power series representation of / L(x)
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Find its radius of convergence
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4z + 5 ) . ‘
52 xl—lg—) 7 25 @ power series, and find its radius of convergence.
x2 — 192 —

EXMMF[& | Find
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