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Lecture 11.8: Power Series

A power series is a series of the form

1X

n=0

cn(x� a)n = c0 + c1(x� a) + c2(x� a)2 + . . .

The number a is called the of the series.

Examples:

1.
1X

n=0

2(x� 1)n = 2 + 2(x� 1) + 2(x� 1)2 + . . .

2.
1X

n=0

(x� 4)n

n2 + 2
=

1
2
+

x� 4
3

+
(x� 4)2

11
+ . . .

3.
1X

n=0

(x+ 2)n

5n
= 1 +

x+ 2
5

+
(x+ 2)2

25
+ . . .
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Convergence Example
Example: Consider the power series

1X

n=0

xn

3n
= 1 +

x
3
+

x2

9
+ . . .

where plugging in di↵erent values of x gives di↵erent series. For instance,

Input x = �1:
1X

n=0

( )n

3n
=

Input x = 4:
1X

n=0

( )n

3n
=

What is the center of this series,
1X

n=0

xn

3n
?

A. 0 B. 1 C. 1
3 D. 3

Goal: For what interval of x-values does this power series converge? This
interval is called the interval of convergence.

9
.

7 Power Series Part A

--

called coefficients of the power series

↓
where [6 , p (2

. ...]
is

a sequence of

center
numbers

-enter Coefficient
is

4 =te

-2 C =

1

In

- is a convergent geometric
- 1

-
+ + q -2 --- series (v=-*) ,

or

3

use Ratio Test

>
↑

1 +E +4+ ..

is a divergent geometric
series (r = ) ,

or

use Ratio Test
,

or

use Divergence Test
.

* (x-o so the center is 0

New vocab : the election of inputs for which a power series converges.
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Theorem
For a given power series

1X

n=0

cn(x� a)n

there are only three possibilities

1. The series converges only when

2. The series converges
3. There is a positive number R such that . . .

I the series converges if |x� a| < R and
I the series diverges if |x� a| > R.

Note: if |x� a| = R, it could either converge or diverge. You must
check!

What are the intervals of convergence in each of these situations?

1. converges for all x in [a, a]

2. converges for all x in (�1,1)
3. converges for all |x� a| < R i.e. for all x in (a�R, a+R).

I This might not be the interval of convergence!
I Check whether x = a�R is in the interval
I Check whether x = a+R is in the interval
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Radius of Convergence

The radius of convergence is the distance from the center of the series to
one of the endpoints of the interval of convergence.

For our three possible types of intervals of convergence, the radii of
convergence are as follows:

1. interval [a, a] means radius is

2. interval (�1,1) means radius is

3. interval (a�R, a+R) or (a�R, a+R] or [a�R, a+R) or
[a�R, a+R] means radius is

Example: What is the radius of convergence for

1X

n=0

xn

3n
= 1 +

x
3
+

x2

9
+ . . .
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(Webwork Prob 8, 16)

Use ideas about geometric series to find the interval of convergence and the
radius of convergence for

1X

n=0

(x+ 2)n

5n
= 1 +

x+ 2
5

+
(x+ 2)2

25
+ . . .
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(Webwork Prob 8, 16, continued)

Use ideas about geometric series to find the interval of convergence and the
radius of convergence for

1X

n=0

(x+ 2)n

5n
= 1 +

x+ 2
5

+
(x+ 2)2

25
+ . . .

Geometric series work sometimes, but the Ratio Test will work in more
situations when determining the radius of convergence of a power series.



page 7

(Webwork Prob 3, 5, 12, 13)

Use the Ratio Test on the power series
1X

n=1

5n(x� 4)np
n
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(Webwork Prob 3, 5, 12, 13, continued)

1X

n=1

5n(x� 4)np
n

= 1 + (x� 4) +
(x� 4)2

2
+ . . .

What is the center of the series? A. 0 B. 4 C. �4

What is the radius of convergence? A. 5 B. 10 C. 1
5 D. 2

5

What is the interval of convergence?
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(Webwork Prob 10)

Find the radius and interval of convergence for
1X

n=0

xn

n!

What is the radius of convergence of this series?

A. 0 B. 1 C. 10 D. 1
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(Webwork Prob 9)

Find the radius and interval of convergence for
1X

n=0

n!(x+ 8)n.

What is the radius of convergence of this series?

A. 0 B. 1 C. 8 D. 1


