Cec 1.3

The Integral Test

Intuition for the Integral Test:

Suppose 1 ( x) is a continuous and positive function on [1500)-

6
a. Use the Right Endpoint Rule with » = 5 to approximate the integral L f (x) dx.

LE '/enJFoT"fS
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c. Suppose f'(x)is decreasing, then

6
the estimated value in part (a) £ the value of J.l f (x) dx and

f(x) dx.

6
the estimated value in part (b) Z the value of L
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The Integral Test

Integral Test

Suppose f ( x) is a continuous, positive, decreasing function on [Loo) andlet g = f (n) Then
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The Integral Test

Suppose f is a continuous, positive, decreasing function on [l,oo) and let a =f (n) Then

0

o If lef(x) dx is convergent, then Zan is Con\/e,rﬂq_,ﬁ' as e |-

n=1

o If J?f(x) dx is divergent, then ian is c(Wﬂfa ot as el

n=1

When we use the Integral Test
e [t is not necessary to start the series or the integral at ,, = 1. For example, in testing the

1
n=4 (l’l—3)2 (x_3)2
€3 ok +He stact at nN=4
e It is not necessary that f* be always decreasing. What is important is that f be

. ke 1 o
series Z we can use j dx.
4

ultimately decreasing. That is, decreasing on [/N,o0) for some number y. Then Z a,
n=N+1

is convergent, which means Z a, is convergent.
n=l
We should NOT infer from the Integral Test that the sum of the series is equal to the value of the
integral. In general,

ian # wa(x) dx.
O
of fen often
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The Integral Test

Example: Suppose we know that
e f is continuous, positive, and decreasing on [2,00), and

! 1 1
° Ift>2, then/2 f(l’) dX—E—E

Use the Integral Test (above) to determine whether the series Z f (k) converges or diverges.
k=2

Answer First step (Check whether [ f(x) dx converges or diverges.)
o ML Lo
Z fod = 77 {7% iz

Second step: -
So / 71\&) ol x Converaes
2

¢ o If f;o f(z) dx converges, then Z f(k) also converges by the Integral Test.
k=2

o If [ f(z) dx diverges, then Z f(k) also diverges by the Integral Test.
k=2

O
quag ale Con vefqes,

Since [ F69 dx  converges
K=g_
No . ln O-tﬂtfﬂ | 5 Z -F(K>7L— / -F(,() o‘x

=—27
K=9

tion: Does thi that k
Question: Does this mean tha kz:;f() no

Example: Suppose we know that

e ¢ is continuous, positive, and decreasing on [1, 00), and

t
3 Ift>1,then/ g(z) dx = 2v/t +5 — 2V/6.
1

e.¢]
Use the Integral Test (above) to determine whether the series Z g(k) converges or diverges.

Answer First step: e olef Y t
&K) dx — o
= f"’” (L Ji+s — 1@
—> o =
— oS go / 56() ol Cf(’ \/eragg

Second step: w 0
Since /(76‘) dx diverges, pa 9¢c> alse o{FVevﬁes
l K= '
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The Integral Test

From Sec ¥,%

For what values of p is the improper integral

1
fx—pdx
1

convergent?
2 +
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Evaluate
1
fx—p dx
1
when p =1
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The Integral Test

Convergence and Divergence of the p-series

For any number p, the series Z_ is called a p-series.
n=1 7’1

If p<0, then 1jmi=oo. If p=0, then limi=1~

n—w p? n—w p?

In either case, hml -+ (), so the infinite series ZL diverges by the Test for Divergence.
n—»0 np n= 1 n

If p >0, then the function f(x)= Lp is continuous, positive and decreasing on [1,c0).
x

Previous slide: I — dx converges if p >1 and diverges if p <1.

o0

So, Z‘an converges if p > 1 and diverges if 0 < p <1 by the Integral Test.

p-series To remember —+thic - £ f_% i 4“,“32,\.6
The p-series Z—IS * Z—,\" also diverses i w25
nz\\
o * Ofher p-series converges,
convergent if P > { and divergent if P < 1

In particular, the harmonic series Z n is o Tt/era ent

1armonic sert

’_/__/

o 3
Practice/Review: Determine whether the series Zk 4 converges or diverges.

= ( = ! aJ . .
O

(e k~ b
Practice/Review: Determine whether the series ;(lc;l)f@onverges)or diverges.
. - ( -
Flrs-l— ferm 18 ‘ = Z Jz So == 1
G’r | )JZ 3= ke? k T >
Practice/Review: Which of the following is a convergent p -series?
= 3 - 3 =3 - 3
A) = : . c) Y= D) Y=
P =y ok 3

- K g
&%/x[z/jfl Ry pseries
poo > =5 {1

ometric CesTes
Geome * (on \’Q(\ﬂe"ﬁ ot convetaenT
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The Integral Test

Possible Strategy (so far)

Assume Zan 1s an infinite series with a,> 0 for all n.
n=l1
1. Check if it is a Geometric Series.
No! Go to (2).

Yes! If »>1 or » <—1, then the series diverges. If —1 <, <1, then §= a4
-7

2. Check if it is a p-Series.
No! Go to (3).
Yes! If p <1, then the series diverges. If p > 1, then the series converges.

3. Check if lima, = 0. (L’Hopital’s Rule is used if necessary)

k—0
Yes! Then the test is inconclusive. Go to (4).

No! Then the series diverges by the Test for Divergence.

4. Check if it is a Telescoping Series.
No! Go to (5).
Yes! Evaluate S, by cancelling middle terms and S =1im S, .

n—w

More tests to come

Extra practice questions:
Use one of the above methods to determine whether the following series converge.

) n
"V'\ vec 3@ﬁ+ a) Z 1 . G(eome:h'?c_ Ceri(el Tatio TS L“Q"‘ 2‘3
= (In2) An 2 < dn el o 1 L L
An 2
pr\[@(\ﬁqx\'\' VH b) © o Neither g ae_omé+r'?c, ceriesS \ov ?"Su‘?q&
’ ) 2" _ 2) a"
Tt o PR J S e e e

COY\\/efSeﬁ{' c) i j; Pp-series = % > 1

oo
W;ive,(aa,v\“b d) iln('ﬁLIJ = Z Lo (040 =Ln (n) Telescoping Series
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