
7 . 5

Def :

Elementary functions

An elementary function is a function which can be obtained from

power functions (like x5)
,

exponential functions (like ex)
3

logarithmic functions (like en)>

trig functions
(like sec(x))

,

inverse trig functions (like arcsec(Y)

by addition/subtraction/multiplication/division/composition

Example
f(x) = /+1 + ex eX2

· If f is an elementary function ,
then fl is also an elementary function

but If(x)dx may not be an elementary function .

- In fact ,
the majority of elementary functions

do not have elementary antiderivatives

(and we cannot compute them using -substitution or Secd .

1-8
.

4 methods)

These integrals cannot be expressed as elementary functions :

/en(enx) dx

Sele
*

dx

we'll be able to express
them in Sec 9

.
10



Trapezoid Rule for definite integrals

Idea : Instead of rectangles , approximate using trapezoids .

↑

Area of a trapezoid
Vi - 1

Ex

Y;

is area f.. + areas).. 5
-

i
. ..

ox

*
+, xx

= = ( + r: )
2

Ex 1 :

-

a) Use the Trapezoidal Rule with n = 4 steps
to estimate/"x"dx .

6) Compare the estimate with the exact value
·

Sol : a) Partition the interval (1 , 2) into 4 subintervals :

4
-

ox = 2
= I ↳ ... *: i)

I 2

Approximation is T = & (70 +4, ) + * (T1 + Yz) + (i+ ii) + (i+ +4)

= (i)(Yo + 24 + 242 + 24 + Yx)

- (1 + 2(y) + 2(5) + (2)+ 2)
= 75 = 2 . 34375

2

b) Exact value is I x 2 dx
= 2 = 5 - 5=

Error : 2
. 34375- =0

,
0104 . Percentage error : (2. 34375-7)((5) : 100 % ~ 0 .

446%



Thin : Let M be any upper bound for the values of If") on [ab]
.

Then the error Ex in the trapezoidal approximation

of $"fx) &x using a steps satisfies

lE+ 1 <I

Ex1 : c) Find an upper
bound for IEi1 for the Trapezoidal

rule approximation of x2dx with n= a steps .

I

Sol : f(x) = x
2

f(x) = 2x

f"(x) = 2
an upper

bound

for IET
So M = 2

IE-1 - E ai? = I it = 0 . 0104



Simpson's Rule

Approximate using parabolas (instead of Straight-lines) .

y = Ax + Bx + C

~
Area of No

Y
is (ax + Bx + c)dx = A + Be+ xx) !- I

-no n

= A + B + ch

- A - BE -

-2)

=
A

+

ech

= 2(2x2 + 6)

We know Yo = A(-h) + B(n) + c = Ah - Bh + c

Y
,

= A(0)2 + B(0) + c = C

Yz = A(h)2 + Bn + C

So Yo + 4Y + Yz = Ah - Bh+ <

+ 4

Ah + Bn + C

= 2 A42 + 6C

So area A = G (2A4+ 6) = (Y0 + 44,
+ Y2)

.

Note
: For Simpson's rule we need an even number of subintervals

S

because each shape requires
two subintervals .

~
Yi-

,
Y Tix

,

↓x OX



Ex2a): Use Simpson's Rule with n = 4 subintervals

to approximate /5x4dx
Sol : 2 - 0

Subintervals :

!!
&X =

Y
= I

.y,
Y

Yes
44

Approximation using Simpson's Rule is

S = =(4 + 44,
+ Y2) + [i + 44 + i4]

= ()( % + 44 + 242 + 44 + Y]

e
= + 4 .
+zi s

= (4 + 2xx +4) + 00]
I

= 32
12

2) : Compare with exact value
.

Sol : 125x4dx = 5 ! = 2 = 32
.

Error : is
.

Percentage error : (t)/32"100% =0. 0026
= 100 %

= 0 . 26 %

my " subintervals
·



Thm :

Let M be any upper
bound for the values of

1 f (4)
on [a , b]

·

A
4th derivative

of f

Then the error Es in the Simpson's Rule approximation

of f(x) &x for a steps satisfies

lEs) base
(much smaller than the upper

bound

using Trapezoidal Rule)

Ex 2 C) :

Find an upper
bound for the error in estimating

! 5x9dx using Simpson's
Rule with no4 subintervals .

Sol : f(x)
= 5x4 IEs =I

12

f(x) = 20x3

f"(x) =

60 x2

f(z)(x) = 120x

f(4)(x) =
120

M = 120



Ex2d) :

Estimate the minimum number of subintervals

needed to approximate/"5x" dx

using Simpson's Rule with an
error of

magnitude
less than 184

.

Sol : By the thm
, if

↳ba?

then the error
Es satisfies IEs)

<10, as required .

M = 120 from before ,

b - a = 2
.

to satisfy
We want U

-

2

(2) <10-4
3
n4

Solve this inequality for
n :

6104 <n +
2
-

-

64 104 <n
*

I <n

21 . 5
= (4)

Since a must be even in Simpson's Rule
,

we estimate

the minimum number of subintervals required to be n = 22
.


