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Def A rational function is a ratio of polynomials

Example 9X + 3
and

bx + 3x
2

- 45x - 24
are rational functions

x
2
-9 x

2
- 9

Def A rational function P(X) is proper if deg(P) < deg (C)
,

Q(x)

otherwise it is improper .

drg [P) = 1

Example 9x+ 3 is a proper
rational function deg (Q) = 2

x
2
-9

deg(P) = 36x + 3x2-45x-24
is an improper rational function deg(Q)= 2

x
2

- 9



Long division

· Goal :

Integrate * any* proper
rational function

· Any improper rational function can be written as

Ca polynomial S(x)) +

per
rational function

can integrate using power
rule

Example :
·

bx + 3x2-45x-24
is an improper rational function .

x
2

- 9

· Perform long division
x

2
-96x + 3x2 - 45x -24

to write it as

I deg of R (x)

S(x) + 2) smaller than

Q(x) deg of Q(x) :
a polynomial

--



Long division E =

bx + 3x
2

- 45x - 24 Goal : I = SKx)+
x

2
- 9

2 =

6
6X

x
2
- 9 bx + 3x

2

- 45x - 24

26x(x2-9)= 6X3- 54x- bX3 -

54X



Long division E =

bx + 3x
2

- 45x - 24 Goal : I = SKx)+
x

2
- 9

2 =

6
6X

x
2
- 9 bx + 3x

2

- 45x - 24

26x(x2-9)= 6X3- 54x- bX3 -

54X
-

3 subtract
6x + 3x2-45x-24 deg is not smaller

with 6x3 -54X I -
3x

2
+ 9 x -244

than deg of
Q(x) = x

2
- 9

,

so keep going



Long division E =

bx + 3x
2

- 45x - 24 Goal : I = SKx)+
x

2
- 9

2 =

6 ↓

I - = 3

6X + 3

x
2
- 9 bx + 3x

2

- 45x - 24

26x(x2-9)= 6X3- 54x- bX3 -

54X
-

3 subtract
6x + 3x2-45x-24 deg is not smaller

with 6x3 -54X 1- 3x
2

+ 9 x -244
than deg of

23(x2- 9) = 3x
2

- 27 - 3 x
2

-27 Q(x) = x
2

- 9
,

so keep going



Long division E =

bx + 3x
2

- 45x - 24 Goal : I = SKx)+
x

2
- 9

2I b⑤ ↓

I - = 3

6X + 3

x
2
- 9 bx + 3x

2

- 45x - 24

26x(x2-9)= 6X3- 54x- bX3 -

54X
-

is not smaller
3 subtract

6x + 3x2-45x-24
3x

2
+ 9 x -244 deg

with 6x3 -54X 1- than deg of

23(x2- 9) = 3x
2

- 27 - 3 x
2

-27 Q(x) = x
2

- 9
,

3 Subtract 3 x2+ 9x-24

-

so keep going

with 3x2 -27)- qx + 3

-

deg is smaller than the denominator Q(x) .

We're done
.



Long division =

bx + 3x
2

- 45x - 24 Goal : I = SKx)+
x

2
- 9

ne
e

polynomial proper
rational

function
6 x + 3

= the polynomial S(x)

x
2
- 9 bx + 3x

2

- 45x - 24

6 x3 -

54X
-

3 x
2

+ 9 x - 24

3 x
2

-27
-

qx + 3 = the remainder R(X)

6 x + 3 x
2

- 45x - 24

x2 - 9
= 6x + 3 t qx + 3

x
2
- 9

properpolynomial rational

function



Partial fraction theorem CASE I CASE I

If
R(x) is proper and

Q(x)

Q(x) is a product of
inct linear polynomials

(a ,
x + bi)(a2x + bz) ... (apx + bi)

,

then

= ab
,
* *bet ...

the
for some numbers

Al
,
A2

, ...,
AK

.

5

Example : ·

4

=

(x-2) (x+2)
-

2
*** for some numbers A, B

2

·
x* + 2x- 1

=

x + 2 x - 1

2x+ 3x2- 2x x (2x-x(x+e)
= +

e
for some numbers A

,
B
, C

4X does not apply to this
CASE I

·

(x-1)
=

(x+ 1) because the factor (X-1) appears
twice ! See CASE I



CASE I

What is the partial fraction decomposition for
qx + 3

3
x

2
9

(a)
1

+ -3 s *

+ 3
by Partial Fraction

X 3 Theorem CASE I

Ax+ B Cx + D
(b) t

X 3 x+ 3

1
(C)e(d)



Ex 1 : (6x3 + 3x2 - 45x - 24dX CASE I

x
2
- 9

Step 0 If deg (numer) >, deg (denom),
Ready to integrate :

perform long division :

6 x + 3 x
2

- 45x - 24
= 6x + 3 +

ex + 3
(see prev) (6x3 + 3x2 - 45x - 24dX

x2 - 9
x

2
- 9 x

2
- 9

Step : Partial fraction decomposition for 9x+3 = ((x+ 3 + )ax
x2

-9

CASE I
: Write

qx + 3
= +

3(x-3)(x+ 3) = ((x + 3 +
3

+x3)4x
·

Multiply both sides
qx + 3 = A(x+ 3) + B(x - 3)

by the denominator = 6 + 3x + 5(x- 3) + 42nx+ 3) + c

· Write both sides qx + 3 = x(A+ B) + (3A - 3B)
in standard form

anx+ .. .

+ a ,
x+90 9X = (A+ B) x 3== B 33 = 3A - 3B

=>
9 = A+B]9

= A + (A-1 =
10 =

21 = A= 5

B = A - 1 = 5- 1 => B= 4B = A - 1



Partial fraction theorem CASE # CASE I

If
R(x) is proper and

Q(x)

Q(x) has a factor (axtb) that is repeated r times
,

instead of *D write+ ...-
5

Example : ·

X
=> Y2

+

2
+ + 42 + +

+

(x+ 2)
2 x4
ne um

factor (x+2) is repeated twice
x is repeated four times

⑳

-

factor (X-D is repeated twice

⑧

nee
x is repeated twice

x-1 is repeated three times



CASE I

What is the partial fraction decomposition for
5x"- 3x2-8x-3

x
4

- 3 x 3
A

(a)
x3

+
3

(b) Y + 4 + 4 + *3 -
5x - 3x2 - mx - 3

= 4 + R + 5 +
s

x(x -3) -

because factor x has 3 repetitions

(C) +
3

(d) *+



Ex2 : CASE I

Ready to integrate :

· deg (numer)=3[4= deg (denom) . 5x3 - 3x2 - ex - 3

Don't need to do long division
. / x(x -3)

dx

· Partial fraction decomposition CASE #

5x - 3x2 - mx - 3
= 4 + R + 5 +

s

= (( + i + 55 + s]dx
x(x -3) -

x has 3 repetitions

=(2en(x) - * -xz + >en(x- 31] + C

5xY- 3x2 - 0x- 3 = AX2(x- 3) + Bx(x- 3) + ((x-3) + DX

= AXP- A 3x2 + Bx
2
- B3x + cx - 3+ Dx3

= ((2x -3) - x - 24 + c

= x [A + b) + x2[- 13 + B] + x[ 3B + c] - 3

5 = 2+ D = D= 3
5 = A + D

- 3
=
= 3A + B

- 3 =
- 3

3
- 3 =

-
31 + 3

= t =

2

- 8 =
- 3B + C

- 8 =
- 3B + 1 = B = 3

C = 1



Partial fraction theorem CASE III

A quadratic polynomial ax + bx + c has no real root iff b-4ac <O
,

W+4
e.g . x

2
+ 4

If Q(x) has a quadratic factor ax + bx + c

which has no real root ,
then

the partial fraction decomposition of I has a term Ax+B

ax + bx + C

Example :



Partial fraction theorem CASE I

If Q(x) has a quadratic factor ax + bx + c (with no real root)

which is repeated ~ times
,

the partial fraction decomposition
of A has the sum

Examples : -

-

two repeats

⑧

-
three repeats



Rationalizing substitutions

Turn a non-rational integrand into a rational integrand by substitution
.

S
Ex 3 : / dx = a zude= (

,
du= /cut "

u = 11
Alternatively : Partial fraction decomposition case I:

u2 = x + 1 du= &X 2

x = n2 - 1 du= = dX (u+ 1)
= +

dx = zudu
2udu = dX

-
34u + 00

du duEx4 : /* x * In + yu + 10
i

= Sus

u = ex

Alternatively : Partial fraction decomposition case I:

hu = x
du= exdX

dx =

↓
du du = ndx in si = +

2 5

↓du = dx


