Sec L. 2 Volumes using Cyll'n dri cal ghells

EXAMPLE 1 The region enclosed by the x-axis and the parabola y = f(x) = 3x — x?
is revolved about the vertical line x = —1 to generate a solid (see Figure 6.16). Find the
volume of the solid.
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FIGURE 6.16 (a) The graph of the region in Example 1, before revolution.
(b) The solid formed when the region in part (a) is revolved about the axis of revolution
x=-1.

Using the Washer method CSCG L’") would  be advard

Ewu&e_ we V‘”’V‘\A need to write the Tuner ool outew
olit of tHe ather 0 terms ot 7, €2 2l y=3r— 2
‘Drc\w ltrmc S%MCV]'{— _\1_
| ! .
'T(rfaqoffc“ lar —L, X= "[‘ -1 0 1 2 3

lnS’rwJ dvacw o {ihe, ﬂeﬂmm‘& ?arm((e.l +, —tie axXss ,_F_ “Qvo\u.ﬁ?an-_
)
gis y=3x — x2
2_ »
l_.
| ] v
—|‘ ol 1 2 3 :

Then rotate this s“‘riT avound e axis oL revolution:

We ﬂd— a cylindrical Shel(, -{-1,(- each X s 0 ts R

p
g’ig y=3x — x2
ik .
—
>
l._
| | | X
. 2
| o /1 2 3




g}'\e,” —Formu(a -For (\g,\/o(u_-(-(‘o‘,\ aloout a \/e,‘r‘-{—("a.al l vae, :

Let S Lbe the Soltd awe,ra*ELcl L7 rLVOlvin%

_Bne_ V‘eo&F on Letoeen ‘Hﬂe, X —o<l S

The volume of S is

\/ = 9 Chell She ||
Vool Tw s he/ua,l,\{; Ax

o nd y="F0&)y >0 L <a <b

about a Verdical [{ne A= | C'Fog&‘llply +he y—ax?ssr

3
For Ex 1, ve ﬂe,t \/5/ o T CK%’?)(%X—X") dx

0

,‘ - y=3x—2x2
3 2
=1W[Gx2—x3+zx—x% dx IS %
| .
o -

)
2 1
- fé)( X +%K> A (odius 18 X 1
(9]
3
3
2T [:9—_)&_ — le+ 'sx’-
s 7T,

M1

1
‘o
=
T
w) v,
\
&) v,
—‘_
W
| &
~
\_/




EXAMPLE 2 The region bounded by the curve y = V/x, the x-axis, and the line
x = 4 is revolved about the y-axis to generate a solid. Find the volume of the solid.

goli Skefch e-F (Q@ (on ((—QQB’\T‘(-&J) :

ax s of revoluwution 1S x=o which is ver fica
y

-l Shell radius
sy s

/ y=Vx
E Shell
i height

[

fix) = \/;
il o .
0 / X 4

——

/{nlerval of integration
\P Fo O ne S eo “—Aent

o

porallel o the axts  of revolutien

Cletch o{—- <hell Cov‘l’foma[>?

Shell radius  y =1/x

Interval of
integration

shell radine  Shell "‘ei%v‘t
a2
=m[ X T g 2t 2T,
(v
= =X
2T [s 0

= 2T ;;_KJT);J = )fjjl z - ’li_?"rr




Fof

I’TGY’TZO‘()_(-Q( Q_)(Q_S O‘F Y‘Q,\/o[bt‘{‘fom) \(‘QFID\C_& " ><I( w]‘tL\ “70

EXAMPLE 3 The region bounded by the curve y = Vx, the x-axis, and the line
x = 4 is revolved about the x-axis to generate a solid. Find the volume of the solid by the
shell method.

Solution This is the solid whose volume was found by the disk method in Example 4 of
Section 6.1. Now we find its volume by the shell method. First, sketch the region and draw
a line segment across it parallel to the axis of revolution (Figure 6.21a). Label the seg-
ment’s length (shell height) and distance from the axis of revolution (shell radius). (We
drew the shell in Figure 6.21b, but you need not do that.)

In this case, the shell thickness variable is y, so the limits of integration for the shell
formula method are @ = 0 and » = 2 (along the y-axis in Figure 6.21). The volume of the
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Summary of the Shell Method
Regardless of the position of the axis of revolution (horizontal or vertical), the
steps for implementing the shell method are these.

1. Draw the region and sketch a line segment across it parallel to the axis of
revolution. Label the segment’s height or length (shell height) and distance
from the axis of revolution (shell radius).

2. Find the limits of integration for the thickness variable.

3. Integrate the product 27 (shell radius) (shell height) with respect to the
thickness variable (x or y) to find the volume.
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