
Sec 5
. 4 The Fundamental Theorem of Calculus

- (FTC)

Developed by Leibniz & Newton (independent of each other)

during 1600s
.

Mean Value Theorem If f is continuous on [a , b]
,

then there is a in [a , b] such that

Defined as limit of Riemann sums (If f(x), 0
,

also defined as

- area under the curve y= f(x) over (a ,b]
f(x) = a) f(x) dx

a

~

The average value of f on [a , b]

In other words
,

there is c in Ca , b] such that

f(c) equals the average value of f on Ca , b] .

Ex :



Fundamental Thm Part 1
an open

interval

↑
W

suppose f is continuous on
I

I
and let at I .

If F(x) = / f(t)dt , then F(x) = f(x)
*

/sta a

Ex : Use the Fundamental Then Part I to find B
-

dt

4

for it
,a ~

f(t3

Answer : at
dt

-

dt=x) = A) it) = f(x) = ixx)
↑
FTC Part I

* = inx



challengingEx :

Use the Fundamental Then Part I to find B

for y = <Y costs It

-
8-note

the upper
limit of integration

is not X

Answer :

x
2

·Y(cost) It is a composition
of two functions

I

F(u) = /"cos(t) dt and n(x)
= x 2 :

y(x) = F(u(x) = F(x2)

·
= a) !

"

coscesat) = coscus

FTC Part I

·
= Y(x2) = 2x

Chain Rule

~S
dY

⑧ -- -dX

= Cos(u)
.

2 x

=cos(x2) 2 x

in generals f)
**

fas et] = f(ucx) · *



MarEx :

use the Fundamental Then Part I to find B
I

for y = <
,

cosCt> It

Answer : ⑰
note the upper

limit of integration
is not X

-

· Y(cos(t) dt is a composition of two functions
I

F(u) = /"cos(t) dt and nx)=/X :

y(x) = F(u(x) = F((x)

·
= a) !

"

coscesat) = coscus

FTC Part I

IC· = 4) = f(x) =

=
xi

= = = x
Chain Rule

~S
dY

0 =

dX-= CoS(u)
-

cos(1X)
-

2/X



AnotherEx (for FTC Part D :

Find ↳ for = Ganes ite
Answer :

--

Rule 1 of definite

Fan
is
ittei=- /tan

***

tit
integrals from

Sec 5
. 3

b

↓ fitdt = -/f(t)dt
tan

,2 dt1* = -1
=- !a t at] Here flus = i u

u(x) = tan(x)

--

I

2
·

It U

1

--

1+(tanix
2

· (ancxs)

(sec(x)) Trig identities :

--
--

1 +(tan(x))2
sinx+ osx -> tan x + 1 = Sec

-

cos2x

sec" (X)
-

-

Sec(X)

= 1



Fundamental Thm Part 2

suppose f is continuous on [a , b]
.

If F is an antiderivative of f on Sa ,
b)

,

then

b

! f(x)dx =

F(b) - F(a)

Notation : write F(x)/ or F(x1] , or [Fxxs] , to mean F(b) - F(a)
.

..

between

Amark :

FT2 Part 2 gives us a connection

b

definite integral ( f(x) &x (limit of marn) and

indefinite integral/f(x)dx (functions
whose derivative) :

is f(x)
b

! f(xdx =
x) I

a

- I
definite integral any

antiderivative (indefinite integral)

#x (for FTC
Part 2) :

*

*

↳A



More Ex /for FTC Part 2) :

Find the total
area between the region y = sec(x) tan(x)

and the X-axis ,
between x =

- I, and x =

.

mr .

*r

We put negative
mFa

sign here because

secx tanx is below

x-axis on [
,
0]

but we want

Al to be positive S because ↑ Sec x = Sedx tanx

↳ O

L O

So seax is an antiderivative

Al =-(sec(x) tan(x) dx = - (secx)- of secx tan x

- I
= (sec(o) -xe(-))

sec(t)=
E--fits-al

=- (1 - )
= - 1 + E =

- 1 +5

An=f*secx tanx dx = senx] = ser -sec(o)
= -1

Total area = A , +Az = (52-1) + (12-1) =

27 - 2



Displacement & Distance Traveled Ex :

· A rock is blown straight up from the ground .

Velocity of the rock after - seas is v(t) = 160-32t fy/sec
.

· Position of the rock after t secs is

t
t

(w(t)d + = (160-32t ft

·
Total distance traveled after + seas is

t t

! (v(t)/dt = ! (160 - 32) ft
B

When the rock
moves in the negative direction

,

we want to think of it as moving in the positive
direction

· Q : Find the position of the rock after & secs

Ans :

/"100 - 32t) dt = (160t -324'78
= 160(0) - 3[(0) - 10 - o]

= 256 ft

· G : Find total distance traveled after & seas
.

Ans :

ft


