
7. 8 Improper Integrals ( Type 1) Pgl

(source : Textbook Sec 5.4 Exercise 31)

work required to move a rocket from the surface of earth

to another point t meters (from the center of earth) is

↑ Gm M 1×-2 dx in joule or newton - meter
,

R

where G- is a constant in newton meters
2

Called gravitational],
kg2

Constant

m is the mass in kg of the rocket ,

M is the mass in kg of earth ,

R is the radius of earth .

Evaluate :

t

GMM 1×-2 dx = Gm M ×
"
ᵗ

=
,
/
,

= Gmm + E)
R

The work required to free the rocket from earth's gravity pull

t

is dim / Gm¥d×= Iim GmM(_¥ +⇒ = GmM⇐)
+→ as

µ +→ as

-
Vocab : this concept is called an improper integral ,

even when the limit does not exist
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4

+→ • d✗=¥%1 - ±[ ¥d✗= I - I [ ¥d✗=l- g- ftp.dx-i -±,
dim

ᵗ

= y - 0

tCs Def
New notation :| 1

,

Izdx =
dim / 1- DX (if the right hand side+→ as

,
✗2 exists

as t

Example :
. ftp.dxd-flimx-zdx

I t→cs ,

since the RHS is equal to a number

t

• We say 1%-2 dx is CONVERGENT because dim / DX equals a number
.

+→ as

,

-1 ✗= - I
= Intel - lnltl =

-dnltl EX 2• ftdx = Ink' /
⇐ t

t

so dim
-1

+→ - as
# dx = dim - dnlt/ = - as so ↑ ±d✗ is DIVERGENT

+ → - as - as



pg 3

any number a

will result
def in the same

number

warning • If [f- G) dx or [ fix dx is divergent ,
a

- as

then we say /
•

fcx) dx is divergent .
-
as

• Both Ffa) dx and /af d× must be convergent
a

- as

for /
•

fcx) to be convergent.
- as

SEABEES EX 3

ᵗ t

/ '

◦
, +*

dx = arctank) = arctanct) - arcta.no0
arctan (x)

dim Ñ,¥dx = dim arctan (t) =

It→ as
◦

t→ as

0 0

I 1

, + ×
,

dx = arctank) = arctan (o) - arctan (t)
t t

TO
dim / ,¥dx = dim - arctan (f) = - (E) = ¥
t→ -as t

t→ - as

as

so ¥ᵈ× = [¥×d✗ +§+¥d✗ = É -1¥
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7. 8 Improper Integrals ( Type 2)

b

The symbol ↓ f-G) dx means an improper integral

if f-(x) has an infinite discontinuity in [a ,b]

From now on
,

when you see

b

/ fix dx, you
need

a

to first determine

whether it's improper
integral by checking

for infinite discontinuity
of f- in [ab] ,

poBBB9 EX 4

Because dim
✗ → 2-1 ¥2 = •

>
the function ¥2 has an infinite

discontinuity in [2,5] , so the symbol [¥2d× means improper integral .

5 5

/¥2 dx = 14--25
'=ᵈ×= 21¥ = 2¢57 - tᵗ⇒ Example

t t 5

{ g¥dx
is an improper"ᵗ%ʳ"ʳw[concept !)him ftp.#=Iim2(V5-JtI)=2VJ+→ 2-1 t→2+

dx is a usual

integral
so 15,1¥ = 215 ,

so it is CONVERGENT -

(cake concept)
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If one of [ f-G) dx or

fbfcx, dx is divergent,

Foot-Ball E-✗ 5 {hen [ f-G) dx is divergent.

WARNING WRONG COMPUTATION WARNING

[ dx = In / ✗-11 [ = In (2) - ln(D= In (2)
T

Improper integrals are not integrals

Because dim
✗ → it

= • and dim
✗ → ,

-

= - as

the function has an infinite discontinuity at ✗ = 1
,

Example :

so the symbol [⇒✗ means improper integral . -,dx is a usual

(new concept ! Sec 7.8) integral
Ccakl Concept )

Need to check the convergence / divergence of
Chu

! dx and I dx separately .
0

t

/¥d✗= In 1×-11 /
ᵗ
= In It-11 - en / o - it = ln It- it - lnC÷

◦
°

dim
+→ ,

- fd✗= dim In It-11 = - as

+→ 1-

So §# d✗= - as
,

and we call §# dx divergent .

Without even checking § dx
,
we can say f¥d× is divergent

.
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Comparison Thm for Improper Integrals

IF 0 ≤ f- a) ≤ gcx) for ✗ ≥a and / g. a) dx is convergent,
a
:
"

bigger
"

THEN a↑wf- (x) dx is convergent
" smaller"

IF 0 ≤ f-⇔ ≤ gcx) for ✗ ≥a and / f- G) dx=os ,{Amaker "
THEN

g (×)d×=
as

[ Vocab : We say [fcx> dx is divergent)E-
as

"

bigger
"

vocab : we say / gcx> dx is divergent
a

Ex 6
Determine whether is convergent .

(Note : f '+d× cannot be expressed as an elementary

function , so we cannot evaluate it until we get to Sec II. 9- II. 1)

Answer
. ◦ ≤ ¥ ≤ 1× for × ≥1

• Def him
t t

• { ¥ᵈ× =

+→ • ! ±dx=
him In / ✗ I / = dim lnltl - Ince) = as

+→ as
I 1-→ as

• By the comparison Thm for Improper Integrals ,

/
•

I + e-
✗

dx = as
✗

1

So it is not convergent .
=

(Another word for
"

not convergent
'

is divergent .)


