
Outline

9. Long division for polynomials

b. Distinct linear factors : Webwork # I

C. Repeated linear factors : webwork # 5

d. Rationalizing substitution



Def : Rational functions

Def A rational function is a ratio of polynomials

Example 9×+3
and

6×3+3×2 -45×-24
are rational functions

✗2-9 ✗2- 9

DI A rational function PK) is proper if deg (P) < deg (Q)
,

QQ)

otherwise it is improper .

deg =/

Example 9×+3 is a proper
rational function degCQ)=2

✗2-9

deg (F)=36×3+3×2 -45×-24
is an improper rational function degCQ)=2

✗2- 9



Long division

• Goal of Sec 7.4 : Integrate * any# proper
rational function

• Any improper rational function
PG) can be written as

☒

( a polynomial SK)) -1

can integrate using power
rule tapper rational function

Example : •

6×3+3×2 -45×-24
is an improper rational function .

✗2- 9

• Perform long division
✗2-9 6×3+3×2 -45×-24

to write it as

SK) +

← deg of
Rcx)

smaller than :

deg of QQ) .

a polynomial
.

-



Long division =

6×3+3×2 -45×-24 Goal : = Sk) -1

✗2- 9

, 6✗=6✗
¥

✗2-9 6×3+3×2 -45×-24
2 6×(112-9)=6×3-54 ✗→ 6×3 -54 ✗



Long division PG) 6×3+3×2 -45×-24 Goal : = sat

☒
=

✗2- q

, 6✗=6✗
¥

✗2-9 6×3+3×2 -45×-24
2 6×(112-9)=6×3-54 ✗→ 6×3 -54 ✗

-

3 Subtract 6×3+3×2-45×-241-0 3×2 + 9×-24 g- deg is It
smaller

with 6×3 -54 ✗ than deg of
Qcx)=✗2 -9 ,
so keep going



Long division PG) 6×3+3×2 -45×-24 Goal : = sat

☒
=

✗2- q

,
3×2

I ¥z=6✗ *
=3

to ↓
6×+3

✗2-9 6×3+3×2 -45×-24
2 6×(112-9)=6×3-54×-0 6×3 -54 ✗

-

3 Subtract 6×3+3×2-45×-241-0 3×2 + 9×-24 g- deg is n_t
smaller

with 6×3 -54 ✗ than deg of

2
' 3(✗2-9) = 3×2-27 → 3×2 -27 Qcx)=✗2 -9 ,

so keep going



Long division =

6×3+3×2 -45×-24 Goal : = Sk) -1

✗2- 9

i 3✗=3, 6*-2=6✗to ↓
6×+3

✗2-9 6×3+3×2 -45×-24
2 6×(112-9)=6×3-54 ✗→ 6×3 -54 ✗

-

3 Subtract 6×3+3×2-45×-241-0 3×2 + 9×-24 g- deg is n_t
smaller

with 6×3 -54 ✗ than deg of

2
'
3 (✗2-9) = 3×2-27 → 3×2 -27

,

Qcx) = X2 -9 ,
so keep going

3
' subtract

3×2+9×-24

with 3×2 -27]→ 9×+3

deg is smaller than the denominator QQ) .
We're done

.



Long division PG) 6×3+3×2 -45×-24 Goal : = sat

☒
=

✗2- q
-
_

polynomial proper
rational

function
6×+3 ← the polynomial scx)

✗2-9 6×3+3×2 -45×-24
6×3 -54 ✗

-

3×2 + 9×-24

3×2 -27
-

9×+3 ← the remainder Rcx)

6×3+3×2 -45×-24

✗
z
- g

= 6×+3 +
9×+3

Practice w/

✗2-9 textbook

polynomial proper
rational

function



Partial fraction theorem CASE I CASE I

If
R(×) is proper and

Qcx)

Qcx) is a product of distinct
linear polynomials

(a.✗ + bi) (azxtbz) - - . Cakxtbk)
,

then

R (x) for some numbers

☒
=

-1×-2--1 . . .
+Aka

,
✗+by 92×+62 ak✗+bk At

>
A2
, . . . ,Ak .

5 5

Example : • =

[✗-21×+2,
= + ¥2 for some numbers A> B

•
✗2+2×-1

=
✗2+2×-1

2×3+3×2_ 2X ✗ (2×-12×+2)
= +¥,

+ ¥2 for some
numbers A, B, C

•

4✗

C- 1)4×+1)
does not apply to this

CASE I

because the factor C-1) appears
twice ! See CASE I



CASE I

What is the partial fraction decomposition for
9×+3 ?
✗2-9

9×+3

(A) + ¥-3
1×-3,1×+3,

= -1×7=3 by Partial Fraction
Theorem CASE I

A- ✗+ B
+
( ✗ + D

(b)
✗-3 ✗ -13

E) +¥

(d) É⇒+É→+¥2



Webwork # I / 6×3+3×2
- 45×-24

d✗
CASE I

✗ 2- 9

step 0 If deg (namer)≥ deg (denom) ,
Ready to integrate :

perform long division :

6×3+3×2 -45×-24

✗
2
- g

= 6×+3 + 9×+3
(" P"") / 6×3+3×2

_ 45×-24
d✗

✗2- q ✗ 2- 9

step 1 Partial fraction decomposition for 9×-13 = +3+9%-1%1 dx
✗2-9

CASE I : write
9×+3

= / ⑥ ✗ +3-1×5--3 + ¥3 )ᵈ✗G-3) 1×+3)

= + ✗¥3

•

Multiply both sides 9×+3 = A- (✗ + 3) + BK - 3)
by the denominator = 6¥ -13×+5 In / ×-3/+4 In /✗+3 / + C

• Write both sides 9×+3 = ✗ (1--113)+(31--313)
in standard form

anxn -1 . . . -19×+90 911 = (1- + B) × }⇒ 9=1++13 }3 = 3A - 313 I = A - B
Practice w/ textbook examples

9=1-1+13 }
9=4--1 (A- 1) ⇒ 10=21--41-1--5

⇒
13--1+-1=5-1 ⇒ 13=4B-- A - I



Partial fraction theorem CASE II CASE I

If
R(×) is proper and

Qcx)

Qcx) has a factor Caxtb) that is repeated r times ,
A

instead of - ,
write

a
+@^%¥bp -1 - - - +

#
axtb @✗+b)

r

✗
5

Example : •
= ¥2 + + ⇐ + ¥2 + ¥3 +É

⇐+2)2×4 -
factor 1×+2) is repeated twice four times

•

factor @-D-isrepeat-ed-Tw.ie
a

-

✗ is repeated twice#ipÉtimes



CASE I

What is the partial fraction decomposition for
5×3-3×2-8×-3

✗
4
- 3×3

(a) + ¥-3
5×3-3×2 -8×-3

= E- + ¥ -1¥ -1¥(b) F- + + ⇐ + ¥3 T ✗31×-3) -

because factor ✗ has 3 repetitions

⇔ +÷,

(d) ¥, -1¥,



CASE I
Webwork #5

Ready to integrate :

• deg ( namer)=3<4=deg (denom) -

f 5×3-3×2
-8×-3

Don't need to do long division .

DX

✗
3 (✗ -3)

• Partial fraction decomposition CASE I

5×3-3×2 -8×-3 = + ⇒ + + ×⇒d✗
= + ¥ -1 # + ¥

✗
3 (✗ -3)

¥Éptiti◦ns
= @ In 1×1 - ÷ -* + sln / ✗ - s 1) + C

5×3-3×2-8×-3=1-1121×-3) + B ✗ G-3) + C. (x-3) + DX
}

= A ✗ 3- A 3×2 -113×2-133×-1 Cx
- 3C -1 DX

}

= In@ /(× -351) - ± -2¥ + C
= ✗

3 [ 1- + D] -1×2 [-1-3+13] -1 ✗£3B -1C]
-3C

5=2-1 D ⇒ D= 3
5 = A + D

- 3 = - 3-1-13
⇒ 1- =z

- 3=-31-+13
- 8=-3 Btl ⇒ 13=3

- 8 = -313-1 C }
- 3 = -3C

C= ' Practice w/ textbook example



Partial fraction theorem CASE #

A quadratic polynomial
a×2tb× + c has no real root iff b2_ qac < 0

,

e.g . ✗2+4
¥+4

If QQ) has a quadratic factor 9×2+1>✗ + C

which has no real root ,
then

the partial fraction decomposition of
has a term A- ✗ + B

acitbxtc

Example :



Partial fraction theorem CASE II

If QQ) has a quadratic factor 9×2+1>✗ + c (with no real root)

which is repeated r times ,

the partial fraction decomposition of
has the sum

Examples : •

tweets

0

TEPE



Rationalizing substitutions (Sec 7.4)

Turn a non- rational integrand into a rational integrand by substitution .

Webwork #8 : / 1- 1- dx = ⇒÷2udu = du =/2- du

✗ 1×+7 ( U - 1) Cutt )

a- 1×+7
Alternatively : partial fraction decomposition case I:

U2 -_ ✗ -11 du - {g¥,d✗ 2

cu→a→=
+¥

✗ = U2 - I du=É÷d✗
dx = Zu du

ZU du = DX

Webwork # 6 : / 34 é -180 d✗ = / 344+8042+74+10
G- du =/ 344 -180 du

e
"
-172×+10 U (U -12)(u-15)

u=e×

Alternatively : partial fraction decomposition case I:

lnu=x
du=e× DX

346+80

d×= at du du = u DX (a)[u+⇒(u+s)= + ¥2 + ¥5

tdu=dx


