
Sec 7.3 Trig substitution

y
✗
2

ᵈ× 1×31×2-+4 dx
✓4- ✗2 [ 9×2-25]É (✗2+2×+27

JI ¥-4 gq✗=
"

"

complete the
⊖ 1-

⊖ , ⊖ ,
square

"

A B C D



Webwork # 7 A

. /
✓£

✗
2

DX Can be solved with Trig substitution
0 ✓4- ✗2

• Label 1-
so that ✗ and ✓4Ñ are side labels .

gun
-_
2

Either × or
Ñ=ᵗ 14-7

will work
⊖ r o r

✓4-✗ ✗

= sin ⊖
[ = Cos

Of
The derivative of sin 0 is

"

nicer
"

,
so I choose

⊖
✗



✗
2 A

dx Can be solved with Trig substitution

0 ✓4- ✗2
I ✗ = 2 Sin ⊖

d×= 2 Cos ⊖ do

gun
=3

✗

⊖ r 2 Write ¥+2 in terms of -0 :

✓4-✗2-

Let ¥=sin⊖ ,
where g¥q=# ⇒ ¥2 -_ ±#

0 is in [ E. É]

Domain restriction 3 Write ✗
2
in terms of ⊖ :

Csec 6.6)
✗
2
= @ sin ⊖)2

so that

arcsin (E) =⊖ 4 Substitute endpoints so that
- ≤ D- ≤ É

makes sense
✗⇒ ⇒ = sino ⇒ 0=0

✗=E⇒
=
sino ⇒ 0--1=4



VI
✗
2 A

/ d× = [¥ 22@in# ¥ 2 Cosa

doo✓4- ✗2 0=0

¥
Ñ
"
"

× =/ 4@ in 0-5 d -0
0

⊖ r

14-17
= 1¥ 4 1-[ 1- costs)]d⊖Let ¥ -_ sin ⊖

,
where

◦ 2

0 is in EE,É]
= 1¥ (2- 2. Cos (20-7) do

I dx= 2 Cos ⊖ do

= 20--2 sink /
" ¥

2

k¥ __ ≤¥
① = ,

sanity check :

g¥ is positive (except
=@ ¥ - sin (2¥)) _ (o - sinks) at ✗=)

3 ✗
2
= @ sin ⊖)2

= Iz - sin (E) softp.E?--d-4X=o⇒ -0=0

✗=E⇒0-=¥ = Iz - 1 ≥ 3-2-1>0
should be positive



Summary A / ✗
2

dx can be solved with Trig substitution

✓4- ✗ 2so far
gun
=3

✗ or
Ñ 14¥

⊖ r o r

✓4-✗ ✗

B / ✗31×2+7 dx Can also be solved with trig substitution
.

Label t so that ✗ and 14-1×2 are side labels.

What should be the label for the hypotenuse ?

(a) (b) (c) (d)

¥1" t o

o r o r o r ✗ r



Webwork # 3 B

2

/ ✗ 3 1×2+7 DX

0

Either
+"

×
or

É"

IT
will work

⊖ r O r

IF ×

=
tan (A) E- = Cotto)

P

but ddg tan (⊖)
= [secco)]2 is easier to work with than ddg Cot = -(self)J

So I choose 1-
✗

54



B
I ✗ = 2 tan (G)[✗ 3 1×2+7 DX
dx= 2 @ ECCO))2 do

0

2 Write 1×2+7 in terms of ⊖ :

g×2#
✗

f✗2#
⊖ 1-

-2
= cos¥

2

Let É=tanl0) where 1×2+7 =2-
Cos (8)

⊖ is in C- E. E)
-

3 Write ✗
3 in terms of ⊖ :

Domain restriction

(Sec 6.6)
✗3=8 (tan#

so that

arctan (E) =⊖ 4 Substitute endpoints so that - E- < ⊖ <¥

makes sense ✗⇒ ⇒ 0-2 = tan ⊖ ⇒ 0=0

✗=2 ⇒ 3- = tan D- ⇒ ⊖ -

- ¥



2
E-¥ B

/ ✗ 3 1×2+7 dx
= / 8(tanÑ ÷g 21sec 0-5 do

0
-0=0

Use technique fromgñ# = 324¥ @an 0} @eco} do Lecture 7.2 notes✗

⊖ 1-

2

Let { = tanto) where

⊖ is in C- E. E)

I d×= 2 @ ECCO))2 do

2 1×2-71 =2-
Cos (8)

3 ✗
3
= 8 flan

4 ✗ -0 ⇒ -0=0

✗=2⇒ ⊖ = ¥



E-¥ B

[✗ 3 1×2+7 dx
= / 8(tanÑ÷g 21sec 0-5 do

0
-0=0

g✗# = 321¥ @an ⊖} @eco} do✗
0

⊖ 1-

2

= 324¥ (tanxJ(secxJ¥ dx
Let ✗

z=
tanto) where

put one tank) seccx)
aside

⊖ is in C- É
,
¥) ¥

because seek)= secxtanx

Apply
= 32 [ ④ecx )2 _ ☐ Csec ×} seccxitancx) dx (tansy:-(secx]-1

I dx= 2 @ ECCO))2 do
= 32 g-

" ' ¥
[42-1] U2 du

u= Sec ✗

du=secxtanxdxu-se.CO
2 1×2-71 =2-

= 32 /
¥¥=É=ñ

Cos (8)
fit _ u2) du

0%0=1
3 ✗

3
= 8 (tan# u=ñ

)= 321¥ - ¥
U= I

4 ✗ =0 ⇒ -0=0

= 32 É - ± - f. É + ;-)✗=2⇒ ⊖ = ¥



summary so far

A II
✗
2

I/ dx
'31%1×2-+4 dx

°

±
ᵈ×

0 ✓4- ✗2
0

* ¥14 ?
⊖ 1-

⊖ 1- ⊖ 1-

similar technique similar technique
• / ✓9- dx Text Example 1

' /¥¥qd✗ Text Example 3

• fafa2-x2_dxTextExample2.1@Iy_qyzdxTextEx.ample 6
• /×#ᵈ✗ Text Example 7



gun
=3

A / ✗
2

dx ✗ or Ñ 14¥
will work

✓4- ✗ 2 ⊖ r o r

✓4-✗ ✗

¥1" ✗ or ¥1" j4 will work
B 1×31×2+7 dx

o r O r

IF ✗

C /[q×zy± dx
Label '

-

so that ✗ and ✓ 9×2-25 are side labels.

What should be the label for the hypotenuse ?

option (a) : option (b) : option (c) :
option (d):

Fri ¥É jax.tt
⊖ r O r O r O r



Cwebwork # 5

|[q×]± ᵈ✗

J# "
"

¥-25 µ#=3✗ 12575
Either

or

will work
⊖ r

12-5=5
⊖ r

✓ 9×2-25

¥ ✗ = secco)
3- ✗ = csc (⊖)

↑
but ddg Sec (⊖)

= Sec tan@) is easier to work with than ddfcsc (f) = - csc (8) Cotto)

so I choose
g-
t



secant (x) c

if cos (f) 1=0 (×, 9)
◦ secco)ᵈÉ =

=÷
point •Yr

£ •

origin
• Domain of Sec (Q) is all numbers

for which cos (8) =/ 0 ,

i. e

all numbers except KII with
odd integer K

• Image (range) of Casco) is [-1,1]
,

so the image [ range) of secco)=, is C- as, -☐ u [1. as)

(all numbers smaller than / equal to -1 OR bigger than /equal to 1)



Restrict domain of Sec G) to [0>E) u [-11,3-1] C

-
-

3rd quadrant1st quadrant
p

Another natural choice *

,
,

)
5- sect) A

, µp
is [0>E) UCE

,

-11]
,

* *

*
•
•

☆

• Domain of Secc) : [0 >E) U [ IT> 3%) but our choice

my
makes the derivative

of the inverse

• Image/range see (x) : C-as, -1] U [1)A) function nicer

☆

(all numbers smaller than / equal to -1 OR bigger than /equal to 1) A

-

[ ° > E) [-Ñ¥)
Def of arc Sec (x)

• Denote the inverse function

of this Seca) with domain [0>E) UCE, Ti]

by arc Sec (x) or Sei 'C✗7

Domain of arcseccx) is Gas, -1] u [1 , as )

Image/range of arcseccx) is [◦E) U [ Ti, >%)
When ✗ is info, - ☐

,

when ✗ is in [1) as),

arcseccx> is in ¥) { arcseccx) is in [0 >E)



Cwebwork # 5

/[q,¥y± ᵈ✗

I ✗ = 5-3 secco)

gait "
"

jqx2-25-dx-5-sec.CO) tan do
⊖ r

127=5
2 Write

1
in terms of ⊖ :

[9×2-25]±
• Let ¥ ✗ = secco) where

b-
⊖ is in [0 > E) or [17,3¥)
- f-9×2-25

= ¥-0
Restricted domain

(from prev page ) ,

so that arcsec (3--1)=0 ✓9×2-25
= #¥0

makes sense
I

[9×2-2512=5+3*0-33
• ddgsec (⊖) = Sec tano)



C

/[q×2¥]± * =/ ¥¥o→} 5- Sec tanco) do

3× 19×2-27 = ¥3 /@2 ¥ d⊖

⊖ r

5
Cos ⊖

= ¥ / (sino)-
ᵈ⊖

Let ¥ ✗ = secco) where

⊖ is in [0 > E) or [IT>¥)
= ¥ / ¥ du

U= sin ⊖

du = cos ⊖ d⊖

I dx = 5- secco)tanC⊖) do =¥ C- f) + C
I

2

[9×2-25] 3-
= ¥033 = ¥ C-%-) -1C

= # C- %¥⇒+c



summary so far

A II
✗
2 DX

{ dx 131%1×2-+4 dx
°

±

☐

¥ÉzT✓4- ✗2 0

JI ga#
=3"

jñ# ?
⊖ t

⊖ 1- ⊖ 1-

similar technique similar technique similar technique

• / "_ᵈ✗ Text Example 1
' /¥¥=qd✗ Text Example 3

• |yᵈ¥az
Textbook Example 5

•✓a2#d✗ Text Example 2 'qzdx Text Example 6 (solution 1 only)

• ¥ad✗ Text Example 7



Webwork #4 D

1-
(✗2+2×+2]2ᵈ×

= /[@+☐zᵈ×
Steps complete the square

Turn (112+2×+2) into ( ✗ + a)2-1 b2

(✗2+2×7+2 = ⇐ + 2x + (22-12)+2 -

= (✗ + D2 -11



D

/ (✗2_¥z]2ᵈ×=/[@+,g ≥

ᵈ×

If I want two sides to be labeled ¢+1) and ✓ (✗+ c)2+1

what should be the label for the hypotenuse ?

option (a) : option (b) : option C) : option (d) :

µ
' ¥É ' j¥É

⊖ r o r O r O r



D

/ (✗2_¥z]2ᵈ×=/[@+,gzᵈ×

j¥É j¥É✗+1 1

Either ⊖ r
or

,

will work

I
✗ + I

=
tan ✗+1 = Cotto)

T

but ddg tanto)
= [secco)]2 is easier to work with than cot = - csc (8)

So I choose +
✗+1

I



D

/ (✗+¥+pᵈ×=/[@+¥☐zᵈ×
I ✗ =

- I + tan (F)

j(x-Ñ+\/ ✗ +1 dx = [secco)]2d0
0 1-

I

2 Write
1

in terms of ⊖ :

[⇐+15+1]
≥

Let =
tan (⊖)

where ⊖ is in FÉ
,
E) g⇒= cos

-

Restricting the
domain

1
of tan [⊖) so that [6×+15+1]<=4040-14
arctan (¥)=⊖
makes sense



D

/ (×+zyzᵈ×=/[@+¥☐2ᵈ× =/ ( cos [secco)]2 do

=/ Cos (0-7) ≥ doj(✗Ñ ✗ +1

0 1- =/ { ( I + cos (20-7) do
1

Let =
tan (⊖)

= ± [ ⊖ + "ⁿ{ ] + C
where ⊖ is in C-É

,
E)

%40-ti-s.gg
""€) "s = { sing

-in

1 dx = [secco)]2 do
arctank:'-) ¥p ;¥p

I

2

[⇐+,>+ ☐
2=4040-14

= ± @ctan⇔+¥]+c



summary of Sec 7.3 Trig Substitution

A II
✗
2 B

2

dx DX

{ dx 1×31×7-4 dx
<

¥-25]±
☐

¥2x+zT✓4- ✗2 0

"

complete the

§ ¥-4 jqÑ=
"

square
"

,
then

⊖ 1-
⊖ 1- ⊖ 1-

do A
> B) or

C

similar technique
similar technique similar technique similar technique

y ×
• / ✓%ᵈ✗ Text Example 1

' /¥¥+gd✗ Text Example 3
• |jᵈ¥a ✓ 3-2✗-✗2ᵈ×
Textbook Example 5 Textbook Example 7

•✓a2#d✗ Text Example 2 'qzdx Text Example 6 (solution 1 only)

• #ad✗ Text Example 7
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