
Sec 6.6 Inverse Trig Functions

Part a : Trigonometry Review

Part b : Calculus of arcsin (x) and arccoscx)

Part c : calculus of other inverse trig functions



Sec 6.6 part (a) Trigonometry [Go to Appendix D
Trigonometry
pg A- 26 eq4 ]

"Theta"

*
oxen
"
"

opposite De_f when -0 is in ( 0
, E) . .

.

-0--7

adjacent
sin

def opposite csc0-Éf¥
hypotenuse

convertfromrad-tdegseco-d-efl-ro.at> 100°
cos ⊖ ᵈ=ef adjacent cos ⊖

180° 0 rad =

( ? ) hypotenuse
I def I

def opposite cot ⊖ =
-

Example : ¥ rad ↳ = 30° tan ⊖ =

adjacent
tano



Def of trig functions [Goto Appendix D

Trigonometry

pg A 26 eqs ]

Def when ⊖ is any
number

. . .

y csc D- = sin(1) 9) sin ⊖ =

r

• y -

r " Sec ⊖=L
Cos ⊖ = F- Cos ⊖

'

✗

tan ⊖ =
Y cot ⊖ ='Ttano

• Going counterclockwise
M

gives positive angle

• Going clockwise [ gives negative angle



Computing exact values when -0=1-6-1
, ¥, ¥ [Goto Appendix D

Trigonometry
pg A- 26 Fig 9 ]

IT

0=-4 "

¥1 ¥ rad -1%7=45 Cos =
sin =¥ = ¥

¥
,

1-

Consider an equilateral triangle w/ Take half
sides of length 2 : 2<2 2→ ,,,

-0=61 I

↓g=¥ because 112+457--11-5=2

2
2

sin = ¥ sin = ±2

b- I

cost = ¥ % 1- Cos = ¥y JJ

Igrad=()°= 60° %rad= (1%0)=35



Turn sin (x) into a one -to - one function

not pass
D°%he Horizontal

Line

Test 1 - l -

- g- - y
-

sink) with
domain fossas)

-

Restricted domain

• gcx)=sin × with
domain fossas) is not one - to - one

all possible inputs

• Define f-a) = sin × with domain [E
,
E]

.

Then fix) is one-to-one
.

Image / range of f is [-1,1] .

a¥ÉÉ+s



Inverse of sin (x) is called arcsin (x)

• f-a) = sin ✗

domain off :[E
,
E]

Image off : [-1,1 ]

• Let arcsin (x) or sin
- '

(x) denote

the inverse function of f (sin ✗ with restricted domain

Recall ( Sec 6. 1) def of f-
'

says .
_ .

So
,
arcsin (x) = y ⇔ sin ( y) = ✗

and - ¥ ≤ y ≤ ¥

(domain of f-
' ) = (image of f)

( image of f-) = (domain ◦ f- f)

domain of arc sink) : [ 1 , ☐

Image of arcsincx : [%
,
%]



Inverse of COs (x) is called are cos (x)

• Restrict the domain of Cosa to [0,1-1] .-

all possible inputs

Then this function is one-to-one
.

Image :[ 1,1]
-
all possible outputs

• Let arccoscx) or cos
- '

(x) denote

the inverse function
so

,
arc cosG) = y ⇔ cos (g) = ✗ and 0 ≤ y ≤ IT

domain of arccoscx) : £1 , ☐

Image of arccoscx) : [0,1-1]



Computing exact values for arccoscx)

• are cos (E) = ?
g. ÷> ¥ for ¥

¥- -

-
I 1 1 % -

Answer (Remember that E. ¥, ¥ are special values) ¥ ;
Because• the input is É

• know cos (f)ᵈÉ¥
• r is positive In chapter 6,7 ,set ✗ = 1 and r = 2 and draw→

2

assume r is
cos (F) =± ,

so arccos (E) = b-
positive !

y• are cos = ?

Answer [ see the next page for why ⑦ = 'T We know not to

go to the 3rdBecause• the input is
- É

• F- quadrant
• know cos (a)ᵈÉ¥

2 ¥ because
. . .

• r is positive
set ✗ = -1 and r=2 & draw-7 1 the image

-1

Cos )= -21 , so arctos (-1-2)=-11 -13=2-3-11 of arccoslx )

is [0,1T]



•

areas C- E) = ? "2

±Answer
- cos /☒ = - ±

✓ × ! - I /
must be between

0 and TT because this angle is ¥ (60°) because

the domain of the of the equilateral triangle
2 2

÷Restricted] cos G)

• We always measure ⊖
is [0 > IT]

from the half- line

=L ⇒ { ✗ = -1 So -0=-11- ¥8=2

We can put the point
in the

• So cos (-11--5)=-1-2 ,

2nd or 3rd quadrant , but

so are cos C- E) = IT- ¥ = ¥
since D- must be

in [°> IT] ,

the point cannot be
in the

3rd quadrant .



Practice computing exact values

• cos@ceos
= ?

Answer : - £
,

since f-(f-
'

(b) =b for all b in the domain of f-
'

• arcsin ( sin = ?

Answer : % ,
since f-

'

(f-(a) = a for all a in the domain of f.

• Exercise 8 (textbook) : csc ( arc cos F) = ?

Answer : Let ⊕ = arc cos ¥ ,

"5 } y=fÑ= 125-790i. e. angle where ✗ =3
= 4

8=5 I
✗=3

↳co -

- =
= 5--5--5-4

[
act ice similar technique : • Textbook Example 1

• Textbook solution 2 of Example 2)
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Sec 6.6 part (b) Calculus of arcsincx) and arccoscx)

[Go to Sec 2.4 pg 148 & review]

d

Ix
sin ✗ = COS ✗

d
¥ cos ✗ = - sin ×

yg csc ✗ =g =
-

1- cos ×

(sin ×)2

tan ✗ = Csec ✗I d%ˢec×=ᵈj×(=-@÷⇒z.- sin ✗ =⇒,
d

d-✗
"t ✗ =

= -¥ecÑ
memorize ,

or compute

adz ;⇒ using product rule -1 = -⇐⇒?¥⇒a
chain rule

=
-@_2

=
-Cesc#



Compute ¥ @rccos (X)] (Use implicit differentiation)

if ✗ is in ( o ) 1) if ✗ is in C- 1) °]
Let y = arc cos (x)

}✓i = sing sing •

= {
,

Hingle -

- ycosts> = ✗

ws÷É
¥ cos Y = ¥ ✗ cos y=¥

- sing . ᵈ¥ = I

%×= - sing [areas in] = - ✓¥
because

=
- j¥ sin y=✓i_Ñ

Practice similar technique :

[see textbook eq 3 or recommended Khan Academy for ( in']



Webwork Prob 5
S_tl : 1 OR É

"

✓ 36×2-1
⊖ 0

Evaluate -⇔d✗
i=6✗

Draw→
✓ 36×2-1 "

either picture will give a correct result

step2_ Convert
all to ⊖

= ;ᵈ¥=cos⊖⇒ ✗ = :-& f ④
=

I

↓ d✗=%⇒¥c◦s⊖dQ
1=6 cost
✗ =

_É¥z⇐n⊖)ᵈ -0

d×=%c%÷
Cos D-J36✗2-1

= ;P÷=tan⊖= ⇒ j¥,

=

sin 0I



Webwork Prob 5

Steph : ¥É
"

✓ 36×2-1
Evaluate

ᵈ×
Draw→

°

,

step2_ Convert
all to ⊖

÷.iq?#--coso- ⇒ ⇐ b- Eso
⇔ "ˢ⊖=É f⑤¥④=¢6c◦s⊖)(%⇒÷¥,ᵈ⊖

=/ do

1- = 6 cost = ⊖ -1C

ᵈ⇒t
= areas + c

D- = arc cos because = Cos -0

g¥,

=
↳ ⊖ check :ᵈy×arccos = -

' ÷
sin D-

=
'

;

#
É ¥ j¥✗
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Sec 6.6 part (c) Calculus of other inverse trig functions

Restrict domain of tank to C-¥
,
¥)

y =
cos ✗

• CosG) = 0 if and only if

✗ = KIZ for some odd integer
K

y= tan ✗

• tan ✗ =

has domain all numbers × such that cos ✗ 1=0
,

i.e. all numbers except for K ¥ where k is an odd integer .

the most natural
choice

•

Define f- G) = tan ✗ with domain C- E. E) .
Then fcx) is one - to- one .

r
-



arc tan (x) definition

warning :
tank) is NI [tank)]

' '

• Denote the inverse of tank)
• (tan#

"

=ta¥
by arctanc) or tank )

• tank ) means the inverse of tank)

Reflect
arc tank)

across

y=✗
line

arctan ✗

(restricted) tan ✗

Domain : all numbers

Domain :-(¥ , E)
Image /range :( É, E)

Image/range : all
numbers



Compute ¥ @ rctancx)]
step I
- arctanlx)

Let y= arc
tank)

tan (g) = ✗

step 2
"

Draw a triangle
"

•

×

÷

(Con't below for steps 3,4)



Compute [arctancx)]
Steph step 4 Express ¥ in terms of ✗
Let y=

arctancx)

tan (g) = ✗

step 3 r)×
Implicit Differentiation my

tan g) = (X ) Recoil
d-tan -0 -1sec 0-7 1

cosy = ¥ =

Ji -1×2(secy)2¥= I

# do

dy

d✗-
=

2 Cosy )2⇐,¥z
:(cosy)2 ÷

,

:(cosy)2

(E)¥2 dd-xferctar.cn] = ¥2



Webwork Prob 13 (my version) Evaluate DX

It@os×)2
Iy÷!↳+i+u+i"
Try • u = sin ✗ du = cos ✗ dx

14¥32 =¥
• u = cos ✗ du = -sin ✗ dx

- 8 sin ✗ DX = 8 du
• u = Cos XP du = 2. cos ✗ fsin✗) DX

make sure

f- 8 Sin ✗ there are no ✗
. u =
1- 2 cosx - C- sin'D DX

I +@os×)2
d×
= /¥2 '

& d"
(only a) It@os×J

d"= - [¥⇒g2
Since f- arctan U=¥zU

we know = 8 arctan u + C

ftp.du-arctanu-c

= 8 arctanccosx) -1C

Problems requiring similar technique :

• Textbook Example 8,9

← • Webwork Prob 3,7, 12


