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LECTURE 11.9 REPRESENTATIONS OF FUNCTIONS AS POWER SERIES

We’ve seen examples of convergent power series—but can we write an
explicit function that is represented by a power series?

o

Consider Zx": |+ X+ x "+ <>+
n=0

This is geometric series with ratio = %

The power series converges if | ><l <

so the interval of convergence is (— 1, l)

When « is in the interval of convergence, Z x"" converges to
= [ —X
n=0
o . 7 c 2 7 _ Xﬁ_ |
and Y a" = X"+ X"+ X'+ .=x(l+x+x +...) = —
n=>5
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EXTENDING THIS IDEA

For |z| < 1, we can express . as the power series 1 +z + 22 + - --

1

Can we express 3 as a power series? What values of x would work?

-3 26) FlE|< e kb

Tatevrval of Cemver gence is (—5) 2)

n n n
//\b - = _( -0
peene Z(5) 260
Question: What is the center? A.0 B.1 C.2 D.3
Question: What is the radius of convergence? A.1 @ C.1/3
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(WEBWORK PROBLEM 2)

Find a power series representation for f(x) =

and find its interval

1+ 4x2

of convergence.
s ooy
| +4x* I =€qx?)
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Question: Whatsis.the radius of convergence?
A.1 B.2 D.4 E.1/4
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Similar to
(WEBWORK PROBLEM 43)

/\ Sim]la( ]>ro\>lem

Find a power series representation for f(z) =

and find its interval of

2—3x
convergence.
4’
r ax' X
2(2-3%)  1-gx
= xb( /l— co nvegqence
l'(%x) wodivs «f

0\

« 5 (N i ] < e |Xl<@
X%(zx> )

x* QOZCZj <
n=o

) n 44n
A

= 2
n=o

2 2
if\'fef\/af of Lonver gence : (—3) >
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(WEBWORK PROBLEM 11)

What happens if we find an antiderivative for the equation below?

l—z+a> -2+

— A 2
_<7< Al +—x——£+..>+C
2 2 4
oD
n nt (
LD ey AT ¢
n=o m+1

DIFFERENTIATION AND INTEGRATION

We can use differentiation and integration to express other kinds of
functions as powers series:

for
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(x| <1
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Theorem: If the power series Z cn(x—a)™ has radius of convergence R > 0
then the function f defined by

f(x)*t—\cco +ci(x—a)+ ca(x — a)

E Cn x—a

is differentiable (and therefore continuous) on the interval (a — R, a+ R) and

(1) f'(z) = c1 + 2¢2(x — a) + 3cs(x — a)® incnx—a n—1
(11) /fx d$:c+co(x—a)+61(x_2a)2 +02(x_3a)3 4=
n+1

C+ch I‘—CL

The radii of convergence for both of these power series is R

term —'bU—ﬂ rm
differentintion
&

term —r!oU—-'f'c cm
_mh@rn'ﬁaﬂ

Loadius of convergence Stays Hhe srme (aﬂu

—te r - V&j' term 4 f?ojeﬁﬁorf?on and 'I\rd—eﬂ'f'od'-(bn >



Find a power series representation (centered at 0) for f(x)

S
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(WEBWORK PROBLEM 5)
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B 1
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EXAMPLE

Find / In(1 + t*) dt as a power series, and find its radius of convergence.

gket 14 r\

See 4n(14x) —-[ P ;[i ey x| dx = ic-o“;cr +C | feom poge s
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Copry TEXTBOOK 11.9 EXAMPLE 7, PG 796

Find arctan(z) as a power series, and find its radius of convergence. Po aftec class

EXAMPLE 7 Find a power series representation for f(x) = tan'x.

SOLUTION We observe that f'(x) = 1/(1 + x?) and find the required series by inte-
grating the power series for 1/(1 + x?) found in Example 1.

C .
tan"x=J—l+ de=J(1—xl+x4—Xﬁ+"')dX
X

3

<

5
=C+x-— +?— oas

Lu|><,
\1|><

To find C we put x = 0 and obtain C = tan"'0 = 0. Therefore

i % x> x?
tan X SR e = = e
3 5 7
£ xZn+l
_ —1)
Z”( )2n+1

Since the radius of convergence of the series for 1/(1 + x?) is 1, the radius of conver-
gence of this series for tan™'x is also 1. 1

oo 2n+1

Answer: Z(—l)n;n+1 -Ef [X] £ 1

n=0
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(WEBWORK PROBLEM 9)

with radius of convergence 1) to

olved
. : arctan(2x) ¢— This canst be €27V
find a power series representation of | ——=
Find its radius of convergence

Jochnizues
T by C,lmrhr 7 Z
© n ant |
Arctan C?,?‘) - Z S (L’O
n=o 2nt|
L) " an+\ 2|
T A foo ekl 21 & Xl
nee 2ntl
IFC%“"(?-X_) t i C—\)ﬂ 9_2_1\-!-\ KL'H-‘
% T XS zn+)
= :Z_ C_|)" Lﬂ}\'{" x,_v\
n=e 2nt1
f /T\fctﬂﬂ(z,sé) de i_ oy LT g
7~ n=e 2nt1
* +1 2n+1
= Z [—Dﬂ i:m X
=0 s+l 2N+ N
> s T
=(2>K—_%1§+ix 2 X +_..>+C
L 25 39
i« —fthe Same as c
Rodius o—F wn\/erge,mr_e_ ( _@n
. ]
dhe secies B arctaa(ed © %



(WEBWORK PROBLEM 10)
4 + 5

Find

foy= - o— + %=

Sx+! X=4

| _ (
1) M

Tac4ial -f’-(ac;’c'\'or\ : =~
4x+5 A B

= e

Grt)(x-8) Sxtl x4 - ._zCs@ (‘\(\—

LytS = Alx-4) + B(sx+ 1)
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5 as a power series, and find its radius of convergence.
5?2 — 19x — 4

PAGE 13

— PAGE 14
S s



