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Lecture 11.9 Representations of functions as power series

We’ve seen examples of convergent power series—but can we write an
explicit function that is represented by a power series?

Consider
1X

n=0

xn =

This is geometric series with ratio =

The power series converges if

so the interval of convergence is

When x is in the interval of convergence,
1X

n=0

xn converges to

and
1X

n=5

xn
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Extending this idea

For |x| < 1, we can express
1

1� x
as the power series 1 + x+ x2 + · · ·

Can we express
1

3� x
as a power series? What values of x would work?

Question: What is the center? A. 0 B. 1 C. 2 D. 3
Question: What is the radius of convergence? A. 1 B. 3 C. 1/3

1+ x + x+ x" +..
.

X

1x) < I

5e,1)

"Ix

>**+x +. . .
. x(1+x+x +...) = x"x

=x =F*
=5

~adius of

- EBT if 15(< 1 = M*<8
convergence

Interval of convergence is (-3.3)

->because 2"=2C"(x-07"
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(Webwork Problem 2)
Find a power series representation for f(x) =

5
1 + 4x2

and find its interval

of convergence.

Question: What is the radius of convergence?
A. 1 B. 2 C. 1/2 D. 4 E. 1/4
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(Webwork Problem 3)

Find a power series representation for f(x) =
2x4

2� 3x
and find its interval of

convergence.

#Ex =
5 Fixc

- 554x2 if FxM <s = IY
=> I <I

Fadins of
convergence

= 58 S-Rxc
Interval of convergence:

FE, EC

A similar problem
similar to

= 2x* 4

EC2-3x)" 1 - EX

=x
"

Ex Radius of convergence

- x"*OER if IXI>I E HLE

=xiE1,
= ()"x"

Interval of convergence:
1-5.
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(Webwork Problem 11)
What happens if we find an antiderivative for the equation below?

1
1 + x

=
1X

n=0

(�1)nxn = 1� x+ x2 � x3 + · · ·
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Differentiation and Integration

We can use di↵erentiation and integration to express other kinds of
functions as powers series:

Theorem: If the power series
X

cn(x�a)n has radius of convergence R > 0,

then the function f defined by

f(x) = c0 + c1(x� a) + c2(x� a)2 + · · · =
1X

n=0

cn(x� a)n

is di↵erentiable (and therefore continuous) on the interval (a�R, a+R) and

(i) f 0(x) = c1 + 2c2(x� a) + 3c3(x� a)2 + · · · =
1X

n=1

ncn(x� a)n�1

(ii)

Z
f(x) dx = C + c0(x� a) + c1

(x� a)2

2
+ c2

(x� a)3

3
+ · · · =

C +
1X

n=0

cn
(x� a)n+1

n+ 1

The radii of convergence for both of these power series is R.

=milar to

for (x1<1

IFx* =1E.Gx) ax
- ((1-x+ x-x3 +...)dx
= (x-1+*-*"+.7) + c

~A + c

def

term-by-term
CQnX* = nCnXNt differentiation

&

CnX"dx= term-by-term

integration
Cn11c,+ C

Radius of convergence stays the same (after
term-by-term differentiation and integration)
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(Webwork Problem 5)

Find a power series representation (centered at 0) for f(x) =
1

(5 + x)2
.

Find its interval of convergence.
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so the
=

Step I -FFx=Fix

-=
-fe" for (E) < 1 E) 1x1<5 Radius of convergence: 5

-fefx'

=zefix

stepe spz = (ix)

-oftx)
· of(5zx+Eatx)
= O ↑Effor"nxrt by The Sterm-by-term differentiation)

(you can stop here, but Webwork asks for ?, so let's keep going

=zo (z)"*"(4+1 x
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Example

Find

Z
ln(1 + t4) dt as a power series, and find its radius of convergence.
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Copy Textbook 11.9 Example 7, pg 796

Find arctan(x) as a power series, and find its radius of convergence.

Answer:
1X

n=0

(�1)n
x2n+1

2n+ 1

Step 1:

en(ix) = /x*=(GixfaxT+seeebook from page 5

Example b

↑8495 To find C, plug in the center x = 0 of the power series:

In C1 +oS = 0 + C Here, we have to

So c = O
solve for CS

en(1+x): Etient for (x/<

Step 2:
So enCi+tD:EHErt for It </= It) Radius of

convergence is (

- z tinti
same radius of

Step 3: /(n Ci+t4d+= EEGfirt1 + Constant convergence, I

Do after class

for 1x1 <<
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(Webwork Problem 9)

Use the fact arctan(x) =
1X

n=0

(�1)n
x2n+1

2n+ 1
(with radius of convergence 1) to

find a power series representation of

Z
arctan(2x)

x
dx.

Find its radius of convergence.
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Text Ex7

&
=>This

cannot be solved

by Chapter 7 techniques

en+ 1
arctan(ux)

=tositanaut for 12x1 < 1 = KIL

arctan (2x)

x
= fEGeant
= 2 Hwente

nexdx =EGwrtxx

= E 7nl tvsta

=(ex-x+Ex-xx'+...) + C

Radius of convergence
is the same as for

the series for arctan(ex): ↳
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(Webwork Problem 10)

Find
4x+ 5

5x2 � 19x� 4
as a power series, and find its radius of convergence.
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f(x) = - +14

Partial fraction: :FixTE

st= s4 =-Ex-GTi
4x+5= A (x-4) + B (5x+D H= O

x= 4: 16+=B (2D = B=
·ftlEst"x -Et (7x'

x=ot:
-E+T = A

-4
*= (E) -> A:- - (E1) EH"-EE"]x

Interval of convergence is the intersection

of the interval for fix" which is EE. F)

and the interval for ef(*)" which is 74,4

so it is 55 E


