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GROWTH RATES

Definition: Growth Rates of Functions (as x approaches infinity)

Suppose f and g are functions with lim
x!1

f(x) = lim
x!1

g(x) = 1. Then

• f grows faster than g as x ! 1 if lim
x!1

f(x)

g(x)
= 1.

• f and g have comparable growth rates if lim
x!1

f(x)

g(x)
= M , where M is a positive number.

Theorem: Asymptotic Hierarchy

Let the symbol f ⌧ g mean that g grows faster than f as x ! 1. Then

c ⌧ (ln x)q ⌧ xp ⌧ ax ⌧ xx

c ⌧ (lnn)q ⌧ np ⌧ an ⌧ n! ⌧ nn

Polynomials grow faster than logarithmic functions.

Computation showing
xp

ln(x)
! 1 as x ! 1:

lim
x!1

xp

ln x
= lim

x!1

= lim
x!1

=

Exponential functions grow faster than polynomials.

Computation showing that rx (for r > 1) grows faster than xp
:

lim
x!1
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x!1

= lim
x!1

=
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WHEN RATIO TEST SHOULD NOT BE USED

c ⌧ (lnn)q ⌧ np ⌧ an ⌧ n! ⌧ nn

lim
n!1

c

c
lim
n!1

(ln(n+ 1))
q

(lnn)q
lim
n!1

(n+ 1)
p

np

lim
n!1

c

c
=

=

lim
n!1

(ln(n+ 1))
q

(lnn)q
=

=

lim
n!1

(n+ 1)
p

np
=

=
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sequence factorial

mev
Ratio Test will probably

I :1 - 1
work if the terms

have one of these

Ratio Test will not
work if the

terms only have logarithmic/polynomial-like terms
-

Ratio is comparing

lim I an+1 with an as n -> 0s.

n- as

If Inl-> 1 as ned,
I

we can'tconclude anything
about the series [an.

To save time,
I'll set I
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= I
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lim Ent
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-
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USING GROWTH RATES TO CHECK WHETHER A SERIES CONVERGES

1. Consider the series
1X

n=1

1

ln(n+ 1)

(a) Fill in the blank with ⌧ or �:

ln(n+ 1) n.

(b) This means that

lim
n!1

= 1

(See page 1)

(c) Fill in the blank with ⌧ or �:

1

ln(n+ 1)

1

n

(d) State whether the series

1X

n=1

1

n
converges or diverges:

The series

1X

n=1

1

n
because

or

(e) Let an =
1

ln(n+ 1)
and bn =

1

n
. Compute

lim
n!1

an
bn

= lim
n!1

n

ln(n+ 1)

(f) Because of part (e):

part (d):

the series
1X

n=1

1

ln(n+ 1)

by
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Will the Ratio Test work?

No, the Ratio Test will be

inconclusive

K

inCn+1

>

diverges

remember that
the

harmonic series is divergent ) It is a poseries with PC1)

- as

lin tosee

=> be diverges

diverges

the Limit Comparison Test



Lecture 11.7 Growth Rates, Strategy for Testing Series - Page 4 of 5

A COMBINATION OF TWO TYPES OF SERIES

2. Consider the series
1X

n=1

n5
2
n

3n
=

1X

n=1

n5

�
3
2

�n .

(a) The series

1X

n=1

n5
converges / diverges because

(b) The series

1X

n=1

✓
2

3

◆n

converges / diverges because

(c) Which one is more dominant? The numerator or the denominator?

Fill in the blank with ⌧ or �:

n5
�
3
2

�n
.

Since is more dominant, I think

1X

n=1

n5
2
n

3n
will turn out to be like

1X

n=1

2
n

3n
.

(d) State the ratio test.

(e) Above, we said that if we see only logarithmic-like terms and polynomial-like terms, like

ln(2n) + np1 + np2 , the ratio test will be inconclusive (Why? )

But, if you see powers like an (or a factorial or nn
) then the ratio test will probably work.

Let an =
n5
2
n

3n
. Compute lim

n!1

an+1

an
= lim

n!1

(n+ 1)
5

�
3
2

�(n+1)

�
3
2

�n

n5

=

(f) By the ratio test, the series

1X

n=1

n5
2
n

3n
.
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- Eni ()"

& &It is a peseries with PII
or by Divergence Test.C C

a it's a geometric series with

ration in F1,).

⑱

see slide I

<

Eo convergent

i m Il > 1, then an is absolutely convergent.

If LmK 1, then an is divergent.

-
-

=>
liRatio Test

will work

Eve.TE,an
-> as

- 1.<1

converges
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A COMBINATION OF MORE THAN TWO TYPES OF SERIES

3. Consider the series
1X

n=1

an

for

an =
nn

7n (n)!
and an =

nn

2n (n)!

(a) Look at the term of the series.

The numerator is nn

The denominator, 7
n
(n)! is the product of and .

(b) Which do you think is more dominant for large n? The numerator or the denominator?

(c) I told you that the ratio test will probably work if you see a geometric sequence (rn) or a
factorial or nn

. Compute

lim
n!1

an+1

an
for

an =
nn

7n n!
and an =

nn

2n n!

(Recall: lim
x!1

✓
1 +

1

x

◆x

= e using l’Hospital’s Rule for indeterminate powers, Sec 6.8)

(d) By the ratio test, the series

X nn

7n n!
and

X nn

2n n!
.
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the fastest growing sequence in our asymptotic hierarchy
(slide 1)

a geometric
sequence factorial n!

Hierarchy: 7U<n! K nr

new he
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is between

converges diverges /
2 and 3

time arttoeat timart,e) I



Use either Limit Comparison Test or From

Webwork 11.7
Alternating Series Test to determine

whether = (ri-b)
cosCnit converges/diverges
15

if n is ever

Answer:COSCRAE=G., if a is odd

so CnrosSui) - ECAR"_Fi on for brin

Since by 70 for all u), 3,

On is decreasing 1
and

even byn

the series converges by Alternating Series Test



Webwork 11.7 Probl

Use the Limit Comparison
Test to show that Zoetin diverges.

Answer: Let andten2
Let butI

timf = tim et
ce

=
tim black + 3
n -> as

O+ 3 = 3
-

= b=f diverges by poseries test (p1
)

By the Limit Comparison Test,an also diverges.


