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Lecture 11.6 Absolute convergence, Ratio Test, Root Test

O Sy
Recall The geometric series Z% Lonverpes 1o I—'> = Cls > = ’;—
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Without £0" V/

@The geometric series Zzin Convermes to = _L) =2
n=0

1| L
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(N i targl .
Converges to the area of Fhic Ixz TCC q: (_1)n+l (Sec : 5') —
@The alternating harmonic series " Conveqges by the Alfernating Seciee  Test
n=1 n )
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@The harmonic series il DHVF/C”]?/S by Pp-series threorem [F= 1) or

n=1

romember —thit -the harmonic  Series a{ive.rﬂe.s

Above examples illustrate that removing the alternating signs in a convergent series may or may
not result in a convergent series. Below terminology distinguishes these cases.

Absolute and Conditional Convergence

Definition Absolute and Conditional Convergence
New The Yerms An ray /gy net be
Assume the infinite series Zan converges. all ?os'rl-'?vt oc all ﬂeGﬂ+7 ve

O wo Yesteick Tof\j
S o] creres

1. If »=\ , then we say that the series zan converges absolutely.

Memorize

Vo cab
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)d") L{fver%es

2. If n=i , then we say that the series Zan converges conditionally.

Convergent
B
<
Convergent

n+l
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Absolute convergence, Ratio Test, Root Test

Lecture 11.6

@ Example:
n+l
Determine whether Z% diverges, converges absolutely, or'’converges conditionally.
n=l n
Sinee (D { J_lFJ).,\zl s clec)r&as’.n%_ N amr(c,
‘L | anScoer
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But > D |- Z — is a divergedt p-series (\>=-z
yn neyr M=

Conditi omal\ti C',onverﬂe_nt.
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TASK.|. Copy the solution to Textbook Example 1, pg 777
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Lecture 11.6 Absolute convergence, Ratio Test, Root Test

If a series W absolutely convergent, -then Tt T8 Convergent.

Theorem 3 Absolute Convergence Implies Convergence

i o7
If Z 161n| Con\/o_*fﬂe_g , then > A Q_on\IQ‘("%QS
Nl =T

Proof Idea:

T £ Zan < Z an

Example:

Determine whether Z Sinn

divergesconverges absolutely, or converges conditionally.
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TASK|. Copy the solution to Textbook Example 3, pg 778 < Stmilar exam (r> e
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Lecture 11.6 Absolute convergence, Ratio Test, Root Test

Definition Factorial

The factorial of a positive integer n, denoted by 7!, is the product of all positive integers less
than or equal to 7.

o Simplifydl= 4.% -\ = 24
of

e 0= |
- ! A e
e Simplify M:OM— 3( \(’ = nt
n! APy
Theorem The Ratio Test Memori ze E
Suppose Za is an infinite series Consider = lim[z:L].
ol " call ed "A\Ma\u'i'b\:‘ tonvergent " ol g

Z Mh\ s c_on\/erﬂent

n=1

o ()If 0<r<1, then

o (iii) r=1, Then ~the Ratio Test s inconclagive

0 k
Example: Use the Ratio Test to determine whether the series Zli converge.

IOI:-H > =
ae,, D! ket
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A lok> (K-\-(}E 1ok - k+1 gﬂMFl&

ik
a2nS e
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=10° : : : Lior A o 2
Z—' is/convergent / divergent by the Ratio Test, since k<7 4

k=1

quo o lv\+e(ﬂ c::mer@m%}
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Practice with wmore exawmples

Lecture 11.6 Absolute convergence, Ratio Test, Root Test

. Practice applying the Ratio Test to conclude absolute convergence. Copy the
solution to Textbook Example 4, pg 780

3

EXAMPLE 4 Test the series >, (—1)" % for absolute convergence.

n=1

SOLUTION We use the Ratio Test with a, = (—1)"n’/3":

TASK|. Practice applying the Ratio Test to conclude divergence. Copy the solution to
Textbook Example 5, pg 781

n

EXAMPLE 5 Test the convergence of the series >, —.

n=1 N:

SOLUTION Since the terms a, = n"/n! are positive, we don’t need the absolute value
signs.
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Practice with more exawmples

Lecture 11.6 Absolute convergence, Ratio Test, Root Test

. Practice applying the Ratio Test to conclude absolute convergence. Copy the
solution to Textbook Example 4, pg 780

3

EXAMPLE 4 Test the series >, (—1)" % for absolute convergence.

n=1

SOLUTION We use the Ratio Test with a, = (—1)"n’/3":

(_ 1)n+l(n + 1)3

it B 311+l B (I’l + 1)3 . 3_}1
a, (_l)nn3 3n+1 n3
3n
l{n+1) 1 1y 1
= — =—|1+—] =<1
3 n 3 n 3
Thus, by the Ratio Test, the given series is absolutely convergent. i

TASK|. Practice applying the Ratio Test to conclude divergence. Copy the solution to
Textbook Example 5, pg 781

n

EXAMPLE 5 Test the convergence of the series >, i

n=1 N:

SOLUTION Since the terms a, = n"/n! are positive, we don’t need the absolute value

signs.
aei  (n+ D" !l (m+ D+ 1) nl
a, (n+ 1! n (n + n! n" See Exom | Col
+1Y) 1 o Ser 0-7
e N G LRt Lttt
n n VHospi 1alS
. Rule
(see Equation 6.4.9 or 6.4*.9). Since e > 1, the given series is divergent by the Ratio
Test. =
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Lecture 11.6 Absolute convergence, Ratio Test, Root Test

The Root Test

Theorem The Root Test

o0
Suppose »a, is an infinite series. Consider 7 =1lim}{ a,
n—
n=1

o If 0<r«<li, ‘I‘hgn id” s Mlogolvﬁ'e,\j Cenver\o\err\’ (Z So i C_ohverqen-g_

e If r>1, Then =% is diveqqent

o r=1, The Root Test is Tnconclusive

3 k
) converges,

Example: Use the Root Test to determine whether the series Z(% 5
+

Let O(K = (Zk + SBK

W - é&BK - ok+z

Ton ’T)\QL\ = /R—fnq _9__,(’-‘_% - 2 < 1

> oo K —> oo 3k+2 2

So 7 O is absolufely Convergent by “the foot Test
(\/\EV\C_E, C@Y]Vﬂrjen“l—)

e The Root Test is inconclusive /v P ‘ es the Ratio Test is inconclusive.
I

Ardd vice verQa
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