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Infinite Series

If we add the terms of a sequence {ay};_,, we get an expression of the form
ay+azx+az+---+ay A+ At A, 0.t A +Aq+ Qs

which is called a (finite) series and is also denoted by

n
E ag.
k=1

Maex
Does it make sense to talk about the sum of infinitely many terms? Consider the partial sums

5
2
Z Ax
2_ A Yoz
k=1 specify =
_Q'i'ﬁr'ﬁng

S1=a;
Sg =ai + as
S3 = a1 + ay + as,
and, in general, "
n First, —ake “he sum of
Sn=a1+az+a3+---+anzzak- ‘e fivst m terms”
k=1

If the sequence {5, }2° | = {51, Sa, S3, ... } of partial sums has limit L, then we say that the infinite
series converges to L and we write

) Sawme vv\comfna, 0
“L"m Sy= Lo > g_ﬂK:L
e ) =

If the sequence {S,}7_, of partial sums diverges, then we say that the infinite series diverges.

Summary (Notation)

e A sequence converges? ) A sequence diverges?
dim ag = | ™M A doert exct f -

k= Oy 1 Conve(ges k aoesn™ exist A ( diveraes

k=200 (A number’) \ { DS J Koo ’ ] J

e A series converges? A series diverges?
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An important family of infinite series is the geomletr‘%c series.
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Recall

e A geometric sequence has the property that each term, is ohtained by multiplying the

. . TR I
previous term by a fixed constant, called the ratio, e.g. {b’) 10, 20, 40, 90, o, .. }

Yotio= 92
e Given a geometric sequence {ay}r, if the ratio is r, then the k-th term can be expressed
k1 k-1
fry = = %‘ p—
as ay L,C}JJT 68 A&=5 2 for k=12
freetr term
e When —1Zx <1 , the sequence converges.

Geometric Series

Partial Sum of Geometric Series (Textbook Example 2)

Given a geometric sequence {ag}rq, if the ratio is r, then the sum of the first n terms

Jef

2
Sy =ay+ar+ar® 4+ a4 agr™”
E.j_ S,_Iz a,+ a,T+a.‘r1 + a(Y\g

1

18

Sp = a1+ ar+ a1+ a3+ e a4 a;r1 -
rS, = 0 > a1r+\>a1r2+\> ar+ ot alr"’Q—l—\\ ar™ a;r”

Sn"Y‘Sn: 0 t+ O + Ot e O - arx

Therefore, S, — 1.5, i a; —ar",

s (1-7)=a (1 -

hence S, =% Cl'—\{\’s if r # 1.

(-7
Furthermore, since
(

- A —L2

/ ﬁ’—l—_pr. = I’Y‘
0 for |r| <1 ) for |r] <1

a :’rr
7}1—{20 r for r 1, we have nh_}r{)lo Sh, nh_}rgo bNE  forr 1
DNE  for |r| >1 PNE for|r|>1
1 € T=1 Zb‘\’t_ v Y=
L ‘g" (as) _F

The pactial sums ISn} do st converge if Jv| 3
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Theorem (Geometric Series)

Let r and a be rgoal numbers. i | Note: |n ﬂe,ﬂe,ral) A
If |r| <1, then Zark_l = (—¢ very haed o
k=1
> ~ MMT"H"D’ Cums  of
It |r| > 1, then S arh~1  diverqes )
"= ; g (convergent) Series
e The geometric sequence converges if and only if =1 < ¥ é 1

-1 Ly L

e The geometric series converges if and only if

e Sum of a convergent series may change if you change your starting index:

i |%E oo k ide 1 o0 k
s 1 1 1 1 1 sl 1
%” Z<2> 1$@+4+8+m+%+"' = { ,theareaofalxlsquare.Z<2> =
k=1 Yer k=0
i +1+1+1+i+i+ =1+ 1 the area of a 1 X 2 rectangle
) 2478 16 32 T ’ B
T {TfS"’ term ) |
k 2 —
If|r|<1,thenZar =40+ ﬂf—{—mrg-f_..- ax [1+f+Y"'-{—~_.]’:—A ar —
k=1 T ~
00 3]{3 L\y ] LD ve T4 ~
Example: Evaluate the (geometric) series Z 173 OF state that it diverges. ( G eomefric
k=1 Ceries )
step a.) State the test you plan to use: CTeome'f"’"C Qexies Thm [ﬂ(”@)
step b.) (i) Write out the first 4 (four) terms of Z IR
' 3 4 k=1 2 3
2 2* 3 M Note: T feorn 2 g X 147 3
Z = ove: o 9o ° MU I-FI b =
— 7 q,Y [ 3 {—
34 4 yb A N & 4
(( (ii) Write our the first 4 (four) terms of Z ark1,
k=1
z ( 2 -
a ax' ar av® Note: To ge from AaY o ar®, waultiply by T
(iii) Compare terms to find an a and an ;“‘ so that Z Y= Z art1,
2 k=1 k=1
A= & =2
4 4
step c.) After finding the ratio r, determine whether this geometric series converges or not.

. L - 2 [\ 3
Since “{‘=—z— s N GhD; —the Series converoes to 4 (-~ % l~l>h Lf—g
£f.

Task: (Follow the above example or copy solution from Textbook Example 4, pg 750.)
Express Y o, 22k 31—k a5 a geometric series, then determine whether it is convergent or divergent.

% @
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[n ﬂwerm() Z ‘f (k) - 'F[K-{—@ ‘F(() + £ —(-1[\(9 _51[‘(4_)
“fCat i)y - L) - Loy~

) or state that it diverges.

Telescoping Series

> k
Webwork: Evaluate the series Z In (k——i—ll
k=1

step a.) Find a formula for the k-th term of the sequence of partial sums {5, }

Sh, —Zln —In(k +4)

1+4 3+4 414
:éril) — 1n(5) +1In(2) — 1n(6) +1In(3) =In(7) + 1In(4) — In(8)

+1In(5) — In(9) + In(6) — In(10) +In(7) — In(11) + In(8) — In(12)
St4 6+4 T4 B4

= Ia(n=D +1n('<nsf%; ~In( n )+1nf;-"3_)5 (71 ) +In(h = 2) — In(n +2)

+In(n —1) —In(n + 3) + In(n) — In(n + 4)

k= n—1 k=n
= dn(2) + &n (2)+ dn (‘D — An (Y\-{-\) — dn (m—p_) —dn (2 — N Cn-HD

N R D

step b.) Evaluate lim S,, to obtain the sum of the series, or state that the series diverges.
n—oo

Lim Q, = Loy dn (24) — L Cﬂ+() —La(n+2) —b (1+2) —Ln(nte) = —
n—> o2 n—> oo mr oo to —s=o as v\-—o>om X
Task: (Copy solution of Textbook Example 8, pg 752) Compute Z — or state that it diverges.
— (i + 1)

FfmC'((Ce_>

step a.) Find a formula for the k-th term of the sequence of partial sums {S,}

step b.) Evaluate lim S,, to obtain the sum of the series, or state that the series diverges.
n—oo

'The Harmonic Series|

Theorem (Textbook Example 9)

=1
The harmonic series E z = 1 1
k=1

So it is at \/ef%e\(\t

The textbook explains why in Sec 11.2 using partial sums and in Sec 11.3 using improper integrals.

will 'EX'F\O«T(\ W Sec 111}



Sec 1.2 (?mH Ce >

- )
I A+t dat .-t qu— 1 Nt > evaluate ?_ Ap
k=1
Determing whether Z Convesges.
k=

Write a \Q,ﬁ&r ‘o uouv‘ ‘FM‘“"Mft Se_lf (n aear —f(gm noua>

what 1+ weans —F;-r an in-FTrﬁ{-e series a, + A2 + Gy + ...

4o be t_am/e,rse,rﬁ- and oh\/@)"agn‘t. Wwrite in Com?\e‘f-& Sentences.

N o0
I 2yt ot art -+ “N=w‘5_(’—9~ >) evaluate 2 Ak,
Determing whether Z_ %  Converges. k=t
k=1

Ek{:e.\re.ncc_
bef 2,
P9 743

Assuming the '\>a‘t'|.'U‘V\ continues | detec mine if 5 _1370_’_ 20

s a ﬂ&:me‘h‘?c, ceries. If o, determine jts  ratis,

0 _ 40,
9 7+




Sec L2 (?m& FCe> Answex ke.ﬂ

| 0
I A+t det. ..t Ay = 1= Netl o> evaluate _5_ Ay colution: botiom hatf
k=

© ’ of Example &,
Determi ther Z_ 4 Converges. '
ming whe - 9 Po 752
Write a \Q,++Q.(' ‘o uouf‘ ‘FM‘“"Mft Se_lf (n aear —f(om no;,o)
ak‘FLTE.V\C_c_
what it weans —FH’ an infinite series Qi+ 8, + Qy + ... Def 2
>
r9 743

to be convergent and divergent . Write in complete Senfences.

N oD
¥ ay+d.+ At ... + aN=w—b'(l—2 >) evaluate 24k,

Determing whether Z_ %  Converges. k=t
k=1 yg& %> oo

N 0

Answerc : Lien Z—MK = lim -5+ 5.2:, = o So Z_ Ak ATVU‘QCS
N—> 00 k=1 N> o © !

Just & nymber Lsea alko bottom of 34 747 (Exnmf):ﬂ_>—]

Assuan% the '\>a‘t'|:u‘n continues | dete ¢ ~wine if 5 %0 + % _ ;Lg 4o Sol*
'Exmr\aS,

s a 8wme‘h‘7¢ ceries. If o, determine jts  ratis,
T3 Tso
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Test for Divergence

Theorem (Textbook Thm 6)

oo
If the series Z aj is convergent, then lim a; = O
—1 k—o0

What does this theorem say? Recall that to any series Y a,, we associate two sequences:

e the sequence {a, } of its terms, and

e the sequence {5, } of its partial sums.

n
The theorem says that if ) a, converges to a number S, then
K=

lim S, = S and lim q = O

n— o0 k —00

oo
Caution: If the series Z ay is divergent, then limy_, ., a, We cannot 'C‘fj — it J!fencls

k=1
M What is the contrapositive of a statement? Stoitement: [E P THEN Q

Contrapositive of His statemest s "IFE G\)o-r Q) THed (ot )"
¢.5. Statement: |F it s Snowing THEN OU js closed
Cor\‘l'(mos_!‘{"\\/e‘ [T ou is wst c_LoSecQ) THeEN 1t Gz net &VTDW\W‘%_

The Test for Divergence (Textbook Thm 7) (o n“f’rmFo <itive of Thm &6 absve
comtapsitive

S %u'l\/ﬂ\eﬂ-l' ] B l ' . 0 ‘

4, _H\Ei If klgrolo a #0 oR :.F |¢_7;M.>a Ae doest e><va‘) then the series kg 1 apis NOT convergent.
T A =l e
gﬂ’;\b“i’m o[rver?lerr(:

Caution: If klim ap = O , then the test is inconclusive. We cannot use this test
— 00

to determine convergence/divergence of Z_ A .

k
2k +1

o
Example: Use the Test for Divergence to determine whether the series Z diverges, or
k=1

state that the Test for Divergence is inconclusive.

(4
) 3 (e)  _ b 1 _
First step: dim ;= }i,rm N, psor 2 tE T2
k=> oo 2Kt ~7 o2 @’f t¢ 3

Second step: The Test for Divergence iinconclusive

- Li S : kK o dr N
Since. " o 79> the  series e 1S dvege
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Tractice )
Task: (Copy solution from Example 10, pg 754) Use the Test for Divergence to determine whether
o0 2
the series diverges, or state that the Test for Divergence is inconclusive.
kZ:: Bk2 4 08 &

% @

Example: Use the Test for Divergence to determine whether the series Z o
k=1

diverges, or

state that the Test for Divergence is inconclusive.

First step:  Jrm k  _— Lim .o
k>w K+l ¢ k5o 2K
/, " ”
U 2

Second step: The Test for Divergence is Conclusive/ Test for Wiverqence doesit be lp.

Wil leern doole Haat work
in Sec 12, N4

Properties of Convergent Series

Theorem (Textbook Thm 8)

Suppose ¢ is a number. If > a, and ) by are convergent series, . ..

e then the series 3 ¢ a4 also converges and S ca, = ¢ 2 di

e then the series Y ay + > by also converges and > ay, + b, = 2 A + 2 bk

3

= 1
Task: (Copy solution of Example 11, pg 755) Evaluate 5 (m + 2—) or state that it diverges.
n(n n
n=1

step a.) First compute > o7 —1— to get 1.

n=1 n(n+1)
(‘Page 4)

v @

oo 1

step b.) Next, compute »° , 5 to get 1.

age 3 )
(1=ge 3 W D

\ step c.) By Thm 8, we have >~ (ﬁ + 2%) =3 (220:1 m> + (>, ) =3-1+1

n
PR 4



