Lecture 11.10 Taylor and Maclaurin Series

Suppose for |x— , we have . ,
P |x a|<R Teue ot all “nice’ funeAions 100

Power cevies

f(x)=cO+cl(x—a)+c2(x—a)2+c3(x—a)3+c4(x—a)4+~-, centored ot a

then £ (a) =¢,- We can differentiate both sides with respect to x to get

F'(x)=¢ +2¢,(x—a)+3c (x—a)2 +4c, (x—a)3+---,

then £ '(a) =c¢,- Again, we have
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then —F”(")= L) (3 . Apply the procedure one more time to obtain
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then —Fm(a)*l ®®% . By now you can see the pattern. If we continue to differentiate and
substitute x = g, we obtain
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= n! Cn
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Lecture 11.10 Taylor and

Maclaurin Series

Theorem

IF f has a power series representation at x = g, that is, if

for |x—a|<R,

n=0 n!

Co Co

3

3

_ f(a)+/ (@ (x-a){f"z%(x-a)z+L@(x-a)3+-..

The series is called the Taylor series of the function f at x = q. For the special case when

a =0, the Taylor series becomes

F (@)= £(0)+ £ (0t It 4

This case arises frequently enough that it is given the special name Maclaurin series.

Textbook Example 1

Find the Maclaurin series of the function # ( x) = ¢" and its interval of convergence.
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Lecture 11.10 Taylor and Maclaurin Series

[="2]

Theorem (Textbook Example 2) Z Nk

nt
The function £ ( x) = ¢" is equal to its Maclaurin series n=o for all x.

Application: Approximate a non-rational number like e (that is, write the first few digits in
decimal) on a computer by computing the sum of the first few terms of the series.

> &
1/e is equal to the series _n=o "1
0

Webwork Problem 10 'For the following indefinite integral, find the full power series centered at x =0

e — 1
flx)= o dx
fy=Cc+})
n=1
i 2 (10 i 7" <
e = 2 — = e
Ao : nsd
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Lecture 11.10

Taylor and Maclaurin Series

Example Compute the Maclaurin seris for cosx.

TR0= cos TO=1 | The patfern  repeats {0 6y g
‘ . lry - -
7C (ﬂ‘) = -SinX -’E[o) =0 ‘n a CﬂC(c e-f\ ,-?Q,,‘r f(‘!ﬂﬁ)(a)z o
_}(\u(’a = -CoS K ‘f (a): -1 7[(4’”'7—)(—0):_/
Fleo= sinx f ()= o Flane)
f® () = s * FO@= 1
e e 1K XL+—I~X+— —'—Xé-l— 1 xE 4
The Maclaurin Secies Is - ; 41 5 3
(KETHJCK So —Fp‘,(—{— n=o n= 1 n= 2. n= 3 n= ‘i->
[- 2] P an
-7 D X
n=0 (2Y\-) (_
Fact: The Maclaurin Series —For' oS x s Q"b(/loll o LS X

Copy Example 4, pg 804
Copy the computation for the Maclaurin series for sin x (you can skip the proof that the

Maclaurin series is equal to sin x).

Do

C \0&9

D\'?"\Q(
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Lecture 11.10 Taylor and Maclaurin Series

WebworkProblem@ Find —He Tﬂﬂlo'f‘ Serfes -Fpr -F(>Q= dnx centerced at 1O,
(:) Find the tatecval v% Convexpente .

@ Gy .
Dnswer The Tavlaf Series ‘-F'f' Dn x  cetered at 10 s Zf,_VT(\‘_‘ZZ(K-@
n=e K_,\/_/

_.F(_')Q: ln x 'FOU)= Da to Cn
( !
)= -
T60m % Trackice
‘F"G‘ :_#
m 9 Yatfern —For n> (:
‘F ()q: _;3—“ (n_lj( P
@ -F('D[@: - v\- D
-3 X X
P60 - L3
) 5 1 .
_F(S\(X) 43 So Cp = .F (:3 - (Yl—l)! FO 0 C"O ]
i x5 " lo"® nt — 16"

(7
£909 - - 2422
X

ht n— | "
‘ - =0 (o
2 s s | e ¢ 2 L6

__FC?D 6O - 6.5.4.%.2

X7 nee (-

Cn

n—| "
@ Find vadius a-F Convergente (usina Rt 1o TQ&-B: Let Qn= D (x—1o)

6" n
Ao ‘ _ Cx—fo)"ﬂ AR (x-10)
An 1 (nt) (1O o
Dreq | Ane T | X220 n \: \x—fo\ Qi N _ §x~(o
"2 | fn Wy | (O mh = n—> o NHI T o
L) a \ N \ne [X—-lo s < 1
S (onve (AL W n
B& Rertio  Te S-\_D Z ! 3 Lo Thic & +He redivs of tenvergence
= Ix-10| &
e x—10 L 1o

fo—le X < o+lo
- @ el o - ‘
Check x= lo-lo=0:2_ Yy (;l@h_—_ZGDIE'B ot 7 = “the Hareovic ceries (Jz\/er&erv+>

a0 ©'n

D " n [=%] n N R
Check x=z= (o+10)0 Z-; (_E_n(/l:?: ZG|>—:\- s coﬂerOen+ b& A[*I—@_rﬂpt('(r% Ceries ~lest

\o n=o , 6! e
__ 7 I [
({ v\?& 1S A ecrgﬁ&nfﬂ <

Page 5 of 6 L ! ol n >°>
J/—"'f'e,rValaiiFo Converaence . (0)101 n > nt | ‘?" z




Lecture 11.10 Taylor and Maclaurin Series

Commonly used Maclaurin Series, see Table 1 page 808.

1 0
o __  _ " for -1<x<l.
1-x Zox
= "
. 1:—l—=2 S, for -1 < x <L
1+x (- _K’) n=o
. n
o ln(l—x) n=1 for -1<x<1

* In(l+x)= fn(I- (_@—fi =i@—:\— for -1 <X LA
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