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1.   Evaluate . 

[Solution] 
Let  and , 

then  

              

              

and . 

Thus  

 

For , let , then . 

Thus  

                               

                               
 
Therefore,  

 
2.   Evaluate . 

 
 [Solution] 

 

                      
 
For , let  and , 
                             then  and . 
Thus  

                              

( )2ln 1  x x dx+ +ò

( )2ln 1u x x= + + dv dx=

du
2 2

1 11 2  
1 2 1

x dx
x x x

æ ö
= × + ×ç ÷

+ + +è ø
2

2 2

1 1  
1 1

x x dx
x x x

+ +
= ×

+ + +

2

1  
1

dx
x

=
+

v x=

( )2ln 1  x x dx+ +ò ( )2

2
ln 1  

1
xx x x dx
x

= + + -
+

ò

2
 

1
x dx
x+ò 21w x= + 2  dw x dx=

2
 

1
x dx
x+ò

1  
2

dw
w

= ò
w C= +

21 x C= + +

( )2ln 1  x x dx+ +ò ( )2 2ln 1 1x x x x C= + + - + +

2tan  x x dxò

2tan  x x dxò ( )2sec 1  x x dx= -ò
2sec   x x dx x dx= -ò ò

2sec  x x dxò u x= 2sec  dv x dx=
du dx= tanv x=

2sec  x x dxò tan tan  x x x dx= - ò
sintan  
cos
xx x dx
x

= - ò
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For , let , then . 

Thus  

                          

                          

                          
 
Therefore,  

                                        

                                        

 
3.   Evaluate  

[Solution] 

Let , then . 

Thus  
 
For , let  and , 
                              then  and . 
Thus  
                               
 
Therefore,  =  2 [ sqrt(x) sin (sqrt(x) + cos (sqrt(x))] + C 
 
 
 
 
 
 
 
 
 
 
 

sin  
cos
x dx
xò cosw x= sin  dw x dx= -

tan  x dxò
sin  
cos
x dx
x

= ò
1  dw
w

= -ò
ln w C= - +

ln cos x C= - +

2tan  x x dxò 2sec   x x dx x dx= -ò ò
( ) 21tan tan  

2
x x x dx x= - -ò

21tan ln cos
2

x x x x C= + - +

cos  x dxò

w x= 1  
2

dw dx
x

=

cos  x dxò 2 cos  w w dw= ò

cos  w w dwò u w= cos  dv w dw=

du dw= sinv w=
cos  w w dwò sin sin  w w w dw= - ò

sin cosw w w c= + +

cos  x dxò
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4.   Evaluate . 
[Solution] 
Let  and , 

then  and . 

Thus  

 
For , let  and , 

                           then  and . 

Thus  

 

Therefore,  

                                          

                                          

 
 
 
 
 

5.   Consider the graph of the function . Let  be the region bounded by 

 and -axis on the interval .  
 
Evaluate the area of . 
[Solution] 

 

 
Let  and , 

then  and . 

Thus  

 

( )22 ln  x x dxò

( )2lnu x= 2  dv x dx=
2ln  xdu dx
x

= 31
3

v x=

( )22 ln  x x dxò ( )23 21 2ln ln  
3 3
x x x x dx= - ò

2 ln  x x dxò lns x= 2  dt x dx=

1  ds dx
x

= 31
3

t x=

2 ln  x x dxò 3 21 1ln  
3 3
x x x dx= - ò

( )22 ln  x x dxò ( )23 21 2ln ln  
3 3
x x x x dx= - ò

( )23 3 21 2 1 1ln ln  
3 3 3 3
x x x x x dxæ ö= - -ç ÷

è øò

( )23 3 31 2 2ln ln
3 9 27
x x x x x C= - + +

( ) 1sinf x x-= R

( )y f x= x [ ]0,1

R

A
1 1

0
sin  x dx-= ò

1sinu x-= dv dx=

2

1  
1

du dx
x

=
-

v x=

1sin  x dx-ò 1

2
sin  

1
xx x dx
x

-= -
-

ò
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For , let , then . 

Thus  

                               

                               
 

Therefore,  

                                     
 

As a result,  

                        

                        

                        

 
6.   Evaluate . 

[Solution] 
Let  and ,  

then  and . 

Thus  
 
For , let  and , 

                               then  and . 

Thus  
 
Therefore,  

                                          

 

As a result,  

 
 

2
 

1
x dx
x-ò 21w x= - 2  dw x dx= -

2
 

1
x dx
x-ò

1  
2

dw
w

= -ò
w C= - +

21 x c= - - +

1sin  x dx-ò 1

2
sin  

1
xx x dx
x

-= -
-

ò
1 2sin 1x x x C-= + - +

A
1 1

0
sin  x dx-= ò

( )11 2

0
sin 1x x x-= + -
1sin 1 1-= -

1
2
p

= -

( )cos ln  x dxò

( )cos lnu x= dv dx=

( )sin ln
 

x
du dx

x
-

= v x=

( )cos ln  x dxò ( ) ( )cos ln sin ln  x x x dx= + ò

( )sin ln  x dxò ( )sin lns x= dt dx=

( )cos ln
 

x
ds dx

x
= t x=

( )sin ln  x dxò ( ) ( )sin ln cos ln  x x x dx= - ò

( )cos ln  x dxò ( ) ( )cos ln sin ln  x x x dx= + ò
( ) ( ) ( )cos ln sin ln cos ln  x x x x x dxé ù= + -ë ûò

( )cos ln  x dxò
( ) ( )cos ln sin ln

2
x x x x

C
+

= +
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7.   There are parts (a)-(f). 
 

 
a)   To derive the formula for Integration by Parts we used which of the following 

theorems? 
 
1)   The Fundamental Theorem of Calculus. 

 
2)   The Product Rule of Differentiation. 

 
3)   The Chain Rule of Differentiation. 

 
4)   The Mean Value Theorem 
 
 

b)   Evaluate . 

[Solution] 
Let  and , 

then  and . 

Thus  

                                 

                                 

                                 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

2
0

cos2  x x dx
p

ò

u x= cos 2  dv x dx=

du dx= 1 sin 2
2

v x=

2
0

cos2  x x dx
p

ò ( ) 22
0 0

1 1sin 2 sin 2  
2 2
x x x dx

pp

= - ò
2

0

1 1 1sin 0 cos 2
2 2 2 2

x
p

p pé ù æ ö= - - -ç ÷ê úë û è ø

( )1 cos cos0
4

p= -

1
2

= -
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c)   Suppose that , , ,  and  is continuous. Evaluate 

. 

[Solution] 
Let  and ,  

then  and .  

Thus  

                                 
                                 
 
 
 
 

d)   Evaluate . 
[Solution] 
Let  and , 

then  and . 

Thus . 

For , let , then . 

Therefore  

                                     

                                     

                                     

Note that  here because  for all real numbers . 
 
 
 
 
 
 
 
 
 

( )1 2f = ( )4 7f = ( )' 1 5f = ( )' 4 3f = ''f

( )
4

1
 ''  x f x dxò

u x= ( )''  dv f x dx=

du dx= ( )'v f x=

( )
4

1
 ''  x f x dxò ( ) ( )

44

1 1
'  '  xf x f x dx= - ò
( ) ( ) ( ) ( )4 ' 4 ' 1 4 1f f f f= - - -é ù é ùë û ë û

2=

1tan  x dx-ò
1tanu x-= dv dx=

2

1  
1

du dx
x

=
+

v x=

1tan  x dx-ò 1
2tan  

1
xx x dx
x

-= -
+ò

2  
1
x dx
x+ò

21w x= + 2  dw x dx=

1tan  x dx-ò 1
2tan  

1
xx x dx
x

-= -
+ò

1 1 1tan  
2

x x dw
w

-= - ò
1 1tan ln

2
x x w C-= - +

( )1 21tan ln 1
2

x x x C-= - + +

( )2 2ln 1 ln 1x x+ = + 21 0x+ > x
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e)   Evaluate . 
[Solution] 
Let  and  
Then  and  
Thus  
 
For  

Let  and  
Then  and  
Thus  
 
As a result,  

                                        

                                        
 

Therefore,  

[Alternative Solution] 
Let  and  
Then  and  
Thus  
 
For  

Let  and  
Then  and  
Thus  
 
As a result,  

                                        

                                        
 

Therefore,  

 

cos  xe x dxò
xu e= cos  dv x dx=

 xdu e dx= sinv x=
cos  xe x dxò sin sin  x xe x e x dx= - ò

sin  xe x dxò
xs e= sin  dt x dx=

 xds e dx= cost x= -
sin  xe x dxò cos cos  x xe x e x dx= - + ò

cos  xe x dxò sin sin  x xe x e x dx= - ò
sin cos cos  x x xe x e x e x dxé ù= - - +ë ûò
sin cos cos  x x xe x e x e x dx= + - ò

cos  xe x dxò ( )sin cos
2

xe x x C= + +

cosu x=  xdv e dx=
sin  du x dx= - xv e=

cos  xe x dxò cos sin  x xe x e x dx= + ò

sin  xe x dxò
sins x=  xdt e dx=

cos  ds x dx= xt e=
sin  xe x dxò sin cos  x xe x e x dx= - ò

cos  xe x dxò cos sin  x xe x e x dx= + ò
cos sin cos  x x xe x e x e x dxé ù= + -ë ûò
cos sin cos  x x xe x e x e x dx= + - ò

cos  xe x dxò ( )sin cos
2

xe x x C= + +
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f)   A particle that moves along a straight line has velocity  meters per second 
after  seconds. How far will it travel during the first  seconds? 
[Solution] 
The particle will move  meters for the first  seconds. 

 
For  

Let  and  
Then  and  
Thus  
 
For  

Let  and  
Then  and  
Thus  

Therefore,  

                                    

                                    
 
For  

Let  and  
Then  and  
Thus  

Therefore,  

                                    

                                    

                                    
 

As a result,  

                            

                            
 
 
 
 

( ) 3 tv t t e-=
t t

( )s t ( )
0

 
t
v x dx= ò t

3  xx e dx-ò
3u x=  xdv e dx-=

23  du x dx= xv e-= -
3  xx e dx-ò 3 23  x xx e x e dx- -= - + ò

2  xx e dx-ò
2m x=  xdn e dx-=

2  dm x dx= xn e-= -
2  xx e dx-ò 2 2  x xx e xe dx- -= - + ò

3  xx e dx-ò 3 23  x xx e x e dx- -= - + ò
3 23 2  x x xx e x e xe dx- - -é ù= - + - +ë ûò
3 23 6  x x xx e x e xe dx- - -= - - + ò

 xxe dx-ò
f x=  xdg e dx-=
df dx= xg e-= -

 xxe dx-ò  x xxe e dx- -= - + ò
3  xx e dx-ò 3 23 6  x x xx e x e xe dx- - -= - - + ò

3 23 6  x x x xx e x e xe e dx- - - -é ù= - - + - +ë ûò
3 23 6 6  x x x xx e x e xe e dx- - - -= - - - + ò
3 23 6 6x x x xx e x e xe e C- - - -= - - - - +

( )s t ( )
0

 
t
v x dx= ò

( ) ( )3 23 6 6 6t t t tt e t e te e C C- - - -= - - - - + - - +
3 23 6 6 6t t t tt e t e te e- - - -= - - - - +


