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1.   Evaluate 2

9  
3 18
x dx

x x
-

- -ò . 

 [Solution]    Since 2 3 18x x- - ( )( )6 3x x= - + ,  

we can let 2

9
3 18
x

x x
-

- - 6 3
A B
x x

= +
- +

. 

Multiply both sides by the denominator to get  
9x - ( ) ( )3 6A x B x= + + -  

         ( ) ( )3 6A B x A B= + + -  

Hence, 
1

3 6 9
A B
A B
+ =ì

í - = -î
 Þ  

1
3
4
3

A

B

ì = -ïï
í
ï =
ïî

 

Thus, 2

9
3 18
x

x x
-

- -
1 1 4 1
3 6 3 3x x

= - × + ×
- +

. 

Therefore, 2

9  
3 18
x dx

x x
-

- -ò
1 1 4 1  
3 6 3 3

dx
x x

æ ö= - × + ×ç ÷- +è øò  

                                             1 1 4 1  
3 6 3 3

dx dx
x x

= - +
- +ò ò  

                                             1 4ln 6 ln 3
3 3

x x K= - - + + +  where K  is a constant 

2.   Evaluate 3 2

2  dx
x x+ò . 

[Solution]    Since 3 2x x+ ( )2 1x x= + ,  

we can let 3 2

2
x x+ 2 1

A B C
x x x

= + +
+

. 

Multiply both sides by the denominator to get 2 ( ) ( ) 21 1Ax x B x Cx= + + + +  

                                                                              ( ) ( )2A C x A B x B= + + + +  

Hence, 
0
0
2

A C
A B
B

+ =ì
ï + =í
ï =î

 Þ  
2
2
2

A
B
C

= -ì
ï =í
ï =î

 

Thus, 3 2

2
x x+ 2

1 1 12 2 2
1x x x

= - × + × + ×
+

. 

Therefore, 3 2

2  dx
x x+ò 2

1 1 12 2 2  
1
dx

x x x
æ ö= - × + × + ×ç ÷+è øò  

                                             2

1 1 12  2  2  
1

dx dx dx
x x x

= - + +
+ò ò ò  

                                             22ln 2ln 1x x K
x

= - - + + +  where K  is a constant 
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3.   Evaluate 4 2

1  
3 2

dx
x x+ +ò . 

[Solution] 
Since 4 23 2x x+ + ( )( )2 21 2x x= + + ,  

we can let 4 2

1
3 2x x+ + 2 21 2

Ax B Cx D
x x
+ +

= +
+ +

. 

Multiply both sides by the denominator to get  
1 ( )( ) ( )( )2 22 1Ax B x Cx D x= + + + + +  

  ( ) ( ) ( ) ( )3 2 2 2A C x B D x A C x B D= + + + + + + +  

Hence, 

0
0

2 0
2 1

A C
B D
A C
B D

+ =ì
ï + =ï
í + =ï
ï + =î

 Þ  

0
1
0
1

A
B
C
D

=ì
ï =ï
í =ï
ï = -î

 

Thus, 4 2

1
3 2x x+ + 2 2

1 1
1 2x x

= -
+ +

. 

Therefore, 4 2

1  
3 2

dx
x x+ +ò 2 2

1 1  
1 2

dx
x x

æ ö= -ç ÷+ +è øò  

                                             2 2

1 1  
1 2
dx dx

x x
= -

+ +ò ò  

                                             ( ) 1arctan arctan
2 2

xx Kæ ö= - +ç ÷
è ø

 where K  is a constant 
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4.   Evaluate 
2

2

3 4 6 
3 2

x x dx
x x

+ -
- +ò . 

[Solution] 

Note that 
2

2

3 4 6
3 2

x x
x x

+ -
- + 2

13 123
3 2
x

x x
-

= +
- +

 

Since 2 3 2x x- + ( )( )1 2x x= - - ,  

we can let 2

13 12
3 2
x

x x
-

- + 1 2
A B
x x

= +
- -

. 

Multiply both sides by the denominator to get  
13 12x - ( ) ( )2 1A x B x= - + -  

              ( ) ( )2A B x A B= + + - -  

Hence, 
13

2 12
A B
A B
+ =ì

í- - = -î
 Þ  

1
14

A
B
= -ì

í =î
 

Thus, 2

13 12
3 2
x

x x
-

- +
1 114
1 2x x

= - + ×
- -

. 

Therefore, 
2

2

3 4 6 
3 2

x x dx
x x

+ -
- +ò 2

13 123  
3 2
x dx

x x
-æ ö= +ç ÷- +è øò  

                                              1 13 14  
1 2

dx
x x

æ ö= - + ×ç ÷- -è øò  

                                              1 13  14  
1 2

dx dx dx
x x

= - +
- -ò ò ò  

                                              3 ln 1 14ln 2x x x K= - - + - +  where K  is a constant 
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5.   Evaluate sec  
1 sin

dq q
q+ò . 

 [Solution] Since sec
1 sin

q
q+ ( )

1
1 sin cosq q

=
+

 

                                          
( ) 2

cos
1 sin cos

q
q q

=
+

 

                                         
( )( )2

cos
1 sin 1 sin

q
q q

=
+ -

 
( ) ( )2

cos
1 sin 1 sin

q
q q

=
+ -

 

                         
we can let sinu q=  and cos  du dq q= . 

Thus sec  
1 sin

dq q
q+ò ( ) ( )2

cos  
1 sin 1 sin

dq q
q q

=
+ -ò  

                               
( ) ( )2

1  
1 1

du
u u

=
+ -ò  

Furthermore, let  
( ) ( )2

1
1 1u u+ - ( )21 11

A B C
u uu

= + +
+ -+

 

Multiply both sides by the denominator 1 ( )( ) ( ) ( )21 1 1 1A u u B u C u= + - + - + +  

                                                                  ( ) ( ) ( )2 2A C u B C u A B C= - + + - + + + +  

Hence, 
0

2 0
1

A C
B C
A B C

- + =ì
ï - + =í
ï + + =î

 Þ  

1
4
1
2
1
4

A

B

C

ì =ï
ï
ï =í
ï
ï =ïî

 

Thus, 
( ) ( )2

1
1 1u u+ - ( )2

1 1 1 1 1 1
4 1 2 4 11u uu

= × + × + ×
+ -+

. 

Therefore, sec  
1 sin

dq q
q+ò ( ) ( )2

1  
1 1

du
u u

=
+ -ò  

                                         
( )2

1 1 1 1 1 1  
4 1 2 4 11

du
u uu

é ù
= × + × + ×ê ú

+ -+ê úë û
ò  

                                         
( )2

1 1 1 1 1 1   
4 1 2 4 11

du du du
u uu

= + +
+ -+ò ò ò  

                                         1 1 1 1ln 1 ln 1
4 2 1 4

u u K
u

= + - × - - +
+

  

                              1 1 1 1ln 1 sin ln 1 sin
4 2 1 sin 4

Kq q
q

= + - × - - +
+

 where K  is a constant 
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6.   Evaluate 3

1  
4

x dx
x x
+
+ò . 

[Solution] 
Since 3 4x x+ ( )2 4x x= + ,  

we can let 3

1
4

x
x x
+
+ 2 4

A Bx C
x x

+
= +

+
. 

Multiply both sides by the denominator to get  
1x + ( ) ( )2 4A x Bx C x= + + +  

        ( ) 2 4A B x Cx A= + + +  

Hence, 
0
1

4 1

A B
C
A

+ =ì
ï =í
ï =î

 Þ  

1
4
1
4
1

A

B

C

ì =ï
ï
ï = -í
ï

=ï
ïî

 

Thus, 3

1
4

x
x x
+
+ 2

1 11 1 4
4 4

x

x x

- +
= × +

+
 

                       2 2

1 1 1 1
4 4 4 4

x
x x x

= × - × +
+ +

 

Therefore, 3

1  
4

x dx
x x
+
+ò 2 2

1 1 1 1  
4 4 4 4

x dx
x x x

æ ö= × - × +ç ÷+ +è øò  

                                      2 2

1 1 1 1   
4 4 4 4

xdx dx dx
x x x

= - +
+ +ò ò ò  

                                      ( )21 1 1ln ln 4 arctan
4 8 2 2

xx x Kæ ö= - + + +ç ÷
è ø

 where K  is a constant 

 
 
 
 
 
 
 
 
 
 
 
 
 


