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Proof of Theorem in Section 1.3 of Humphreys

Let IT be a positive system of a root system ®. Suppose D is a minimal
subset of ® subject to the requirement that

each root in IT is a nonnegative linear combination of D. (1)
Prove that
(a, B) <0 for all pairs a # 5 € D.

How to do this problem: This inequality statement is labeled (1) on
[Hum90, page 8]. The inequality is proven on [Hum90, page 9]. You can also
read [Derl4, page 34].

Proof. Suppose (3,a) > 0 for some o # f € D. Then the formula for a
reflection gives

(8, )

(o, )

> 0.

Sa(8) = B — ca, with ¢ =2

To see this, recall that (a,a) > 0 because (,) is an inner product (i.e.,
positive definite symmetric bilinear form) on R". Since s,(8) € ® = ITU—TI,
either s,(5) € Il or —s,(8) € II. The argument that the former case is
impossible is done in [Hum90, Section 1.3], and we will now show that the
latter case is also impossible.

Suppose —s,(3) € II. Then

—$a(B) = Z ¢y with ¢, > 0 by definition of D
YEA

= Cqx + Z Cy7Y-

TEAYFa



Hence
—5q(8) = =B+ ca = cqa + Z CyY- (2)
TEAYFa

In case ¢, < ¢, equation (2) implies

(c—co)a=p+ Z 7,

YEAyFa

which is a non-negative linear combination of D\{«a}. Since 0 < ¢ — ¢, this
allows us to discard « from the subset D and still have a subset satisfying
the requirement (1), contradicting the minimality of D.

In case ¢ < ¢q, equation (2) gives

0=(ca —C)a+ 8+ Z CyYs

YEAyFa

which is a non-negative linear combination of D. But all these roots are
positive and the coefficient for 5 has a positive coefficient (at least 1), so the
right hand side cannot equal to 0 (by definition of total ordering).

We've shown that —s,(8) ¢ II. Since s,(8) ¢ II as shown in [Hum90,

Section 1.3], we have () ¢ ®, which is a contradiction. O
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