
8 1. The basics

Figure 1.1. Symmetries of the dodecahedron.

Example 1.2.9 Reflection groups. The example of the dodecahedron
shows how a certain finite Coxeter group can be realized as a group of
geometric transformations generated by reflections. This is, in fact, true of
all finite Coxeter groups, not only the ones related to regular polytopes. It
is also true for the infinite Coxeter groups, although here one may need to
relax the concept of reflection.

The two most important classes of infinite Coxeter groups are defined
in terms of their realizations as reflection groups. These are the affine and
hyperbolic Coxeter groups. We will not discuss the precise definitions here;
suffice it to say that they arise from suitably defined reflections in affine
(resp. hyperbolic) space. The irreducible groups of both types have been
classified.

Here are a few low-dimensional examples that should convey the general
idea. There are three affine irreducible Coxeter systems of rank 3: Ã2, C̃2,
and G̃2 (cf. Appendix A1). The corresponding arrangements of reflecting
lines are shown in Figure 1.2. There are infinitely many hyperbolic irre-
ducible Coxeter systems of rank 3 (but only finitely many in higher ranks);
the system of reflecting lines for one of them is shown in Figure 1.3.

Just as for the dodecahedron, the Coxeter generators for these affine
and hyperbolic groups can be taken to be the reflections in the three lines
that border a fundamental region. Furthermore, the Coxeter matrix of the
group can be read off from the angles at which these lines pairwise meet.
For instance, these angles are, in the case of Figure 1.3, respectively π/2,
π/3, and 0 = π/∞. Again, the denominators are the edge labels of the
Coxeter diagram ∞ . ✷


