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Note that while Theorems 8.5 and 8.21 sound very similar, they apply
in different circumstances. Theorem 8.5 applies when [n] is split into two
parts so that one part is [i]. That is, [n] is split into intervals. Theorem 8.21
applies when [n] is split into two parts with no restrictions. In other words,
the first theorem applies when our objects are linearly ordered (like days
in a calendar, or people in a line), and we cut that linear order somewhere
to get two subsets. The second theorem applies when we are free to choose
our two subsets, that is, they do not have to be consecutive objects in a
previously ordered line.

Proof. (of Theorem 8.21) If S has i elements, then there are
(n
i

)
ways

to choose the elements of S. Then there are ai ways to build a structure
of the first kind on S, and bn−i ways to build a structure of the second
kind on T , and this is true for all i, as long as 0 ≤ i ≤ n. Therefore,
cn =

∑n
i=0

(
n
i

)
aibn−i, and our claim follows from Lemma 8.20.

Example 8.22. A football coach has n players to work with at today’s
practice. First he splits them into two groups, and asks the members of
each group to form a line. Then he asks each member of the first group to
take on an orange shirt, or a white shirt, or a blue shirt. Members of the
other group keep their red shirt. In how many different ways can all this
happen?

Solution. Let us assume that the coach selects k people to form the first
group. Let ak be the number of ways these k people can take on an orange
or white or blue shirt, and then form a line. Then ak = k!3k, so the
exponential generating function of the sequence {ak} is

A(x) =
∑

k≥0

k!3k
xk

k!
=

1

1− 3x
.

Similarly, assume there are m people in the second group. Let bm be the
number of ways these m people can form a line. Then bm = m!, and the
exponential generating function of the sequence {bm} is

B(x) =
∑

m≥0

m!
xm

m!
=

1

1− x
.

Let cn be the number of ways the players can follow the instructions of the
coach, and let C(x) be the exponential generating function of the sequence
{cn}. Then the Product formula implies

C(x) = A(x)B(x) =
1

1− 3x
· 1

1− x
.
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