
 

Sec 16.2 Part

Assume P is a locally finite poset every interval is finite e g IN
Recall Def 16.11 the set of all integerpartitions

the zeta function 5 E ICP
incidencealgebra
the set of all functions f Int P R

nonemptyintervalsis defined by 3 Cxy 1 for all nonempty intervals x y
delta

Recall is the function where 8 CxyD 1 if 7
theidentity matrix 0 otherwise

Def 4
The inverse of the Zeta function of P is called the Mobius function
of P Denote this µ or Mp Note My 8 3M

Zeta delta
Thml

M Cx x l and M Ex y I µ x zD if LY
Ezcy

e 0 LIEy M Exit for a x c

PI Let x EP

1 S Ex x

3 Cxx by def of M theincidencealg
z µ Cxt3 3 Czx bydef of multiplication in ICP

see Sec 16.2 Def 16.10
m xxD boxxD
µ 1 by def of the zeta function

Let x Y
O S Exy3 by def of the identity s function

M Z Cxy by def of m



theincidencealg
I m Exz 3 z y by def of multiplication in ICP

see Sec 16.2 Def 16.10ZEEy

I M x z since Czy3 1 for all 2 Ey
zE xy

we've shownthat the sumof MaxzD taken over all Z E Exy

Cory If y then

M cap I M Ey
zEY

The same proof but use Z M S instead of M 3 8

2

in i FhX
compute Values ofMGM µµfromthe bottom up Got

1

Example 16.18
Let P be the poset of all nonnegative integers
If Cy then

µ ayy 1 if 11 9
0 if 12 y

PI Let XEIN
Base case y xtl and y x 12

Inductionstep suppose the statement is true
all y less than Xt K

HOW Finish the proof
that the statement holds for k

Example 16.19 Bn If S E T then
M Cst G IT SI



C
Read the proof in Bong

PI we apply strong induction on K IT SI
computeMCG17

h
XXX Ws

s

Example 16.20
where x Ey iffP Z z is a factor of Y

If PiPz Pk is a product of distinct primes

McCoy 1 k

Otherwise if is divisible by thesquareof a primenumber
M x y 0

Pf H Attempt to prove then read Borra's proof

Note that the intervals 1 and x y are isomorphic
as posets So it's enough to prove
in the special case when 1

We prove by strong induction on Y
First step
M 1,4 O because M 2,4 I yM

E4
Thbhl16.15

24 43

M 4,43
1 byThin16.15

M 1,4 2 Thin16.15
244,4312,43

M 43



MCG4D M 44

Gz 1

0
Inductive step
Assume the statement is true for all positive integers
smaller than y
Let pi Pz pkbe distinct prime divisors of y
at least one of them occurs in the prime factorization

of y more than once Call a divisor of y good

if it is not divisible by the square of a prime

Call a divisor of y bad if it is divisible by

the square of a prime

Note that good integers z 1 ppz pre

Pip jB
So Matz I MCG pipe.pe

p PL P EEGpi pieyr
0 by Thin 16.5

M 1,23 0 because M l z for all bad integers
by the induction hypothesis2 Ig

Then µ y Z MCG z by Thm 16.15
1 Ez y

End I MCGED
Z good 2 bad

O O by and

0 as needed



whydo we care about the Mobius function
Let Lai Io be a sequence of real s

Define bn c zai for n 30

Note Given the bi we can compute the 9i
by an bn bn i

Thm 16.21 ME bias Inversion Formula
fr P R be a function

Let g P R be defined by

9 y I flx
XEy

Then fly I g x Max y
Proof Ey

E.g
Let Xi Xc Xn be a linear extension of P

3
Let I xD fed fCxn y
g guy gcxd 9CXn

Let 2 be the zeta matrix of P i q µ
and let M be the Mobius matrix of P the inverse of 2
Then f 2 fbi fCxz fkn Z

ga gcxd gCXn because gly yfcx
g

Then I 2M gM

so I gM since 2M I by defof M

Hence fly I 96 M ExyD
x Ey D



Ref The Early and Peculiar History of the ME
bius Fun

An application of M
Problem For 1 1 1 compute

sea i stE i t

7 i tf atE
Answer

Recall MCG D 1
M G y CDk is 9 is the product of K distinct primes

0 if g is divisible by thesquareof aprime
write M y MCGy for simplicity
Note M r l M z MCs m 5 M it 1L

M 6 M lo M ke M 15 Gif
MC8 Mcca Ma6 to

Let fix x t X X 1 4 t

It for 1 1 LI1 x

as

we can rewrite 5 x I Mlk fCxk
Kel


