
 
Sec 16 3 Lattices

Def Let P be a poset let a b x y EP
a is an uppenrboundefrx iff x a
b is a lowenrboundforex iff b Ex
a is a commonupperboundtry iff
a is an upperbound for both x and y
b is a commonlowerboundforxair iff
b is a lower bound for both x and y

A is the minimum common upperbound or sup or join of YC
iffa is smallerthan or equal to every upperbound of X Y
written a x Vy
b is themax.im onowerboundGrinf ormeet ofx y
iff b is largerthan or equal to every lowerbound of Y

133ftp.ig written be xry
1,231 12 23has 4 upper bounds including itself

µ 23has 2 lowerbounds n o

Do old o33

µ
1231133 633
43 A 33 0meet

123163 43

F
A has 4 upper bounds A C D Fc D

µ
B has 4 upper bounds B C D F

Y A and B doesnot have a minimum common upperboundGoin
E A VB does not existjoin

AA B E
meet

CAD does not existmeet



Def A poset L is called a lattice if any two elements XandYof L
have a join Vy and a meet Ay

sup inf

Proff The poset Bn is a lattice

PI For any two subsets S E n and TE En
the minimum subset of n containing both
S and T is SVT so SUTE SVT

Similarly sht SAT

Defy Exercise 12,13

A lattice L is distributive iff
for a ay 2 EL y Az Guy A xVz

PropeThelatticeBn is distributive Exercise 25

Proofs Let y 2 be subsets of n

Since SVT SVT and sht SAT H s T E GI
we only need to show

u ghz xu g n XUE

But te xu ghz
iff t ex or e y and t EE

iff Ex or te y and te or te z work on HW

Remark
The poset of all finite subsets of Zzz ordered by inclusion
is a lattice where SVT Svt and 51T sht
This lattice has no maximal element



FromCh16 Exercise 48
Let ME Z I called the
Define a partial order doomridraef c on the set of all partitions of n
We say a di Az ar b bi bz bt iff

19 21 by

tax III

qEkai antaat 19k E EEbi bit bat baeforallKad
O
4 is biggerthanevery

4 goo partition of 4
o

I IE
113,1o o
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2 2 4

oa

I O

III L.FI

1
O

4 4
4 2 6T o

IT 4 4
4 1 5 33

3 IfI 4141 6
o

1 3312 35 min altar 4th arU 31211 6 min agtaztazbitbabs 92 9

Q Is this a lattice



Det A poset L is called meet semilattice if
for any two elts x and y of L the meet Ay exists

u join semi lattice if
it the join Vg exists

Propl6c29x
Y t E P poset

If x Et y EE and xJoviny exists thenXVy Et

If r Ex r Ey and 1 y exist
then r Exly

meet

Proot suppose r Ex and r Ey

Then r is a common lower bound for x and y

So r must beequal to or less than the maximumcommon
lower bound

for x and y
6.30 which is xry by def

Let L be a finite meet semilattice 4 a maximal element
Then L is a lattice
Proof
Jet x y EL Weonlyneed to show that XV y existsjoin
Let B all common upper bounds of x and y
We know B is notempty because the maximum et of L is in B
If theminimum elt of 13 exists then it is by defequal to xVyjoin
To show that 13 has a minimum elf let D bi bae bae

Note we know is finite because L is finite
Then b AbeA a Abu exists since L is ameet semilattice

meet
Denote this elf by b we want to show that be B
Since X Ebz X Ebz E bk
we have E b A b r Ab b by Prop 16 2920

similar3 sina.ge ifis.an II b
Hence b E B b is theminimumsince b E bi f i l z k we conclude thatect of B as needed



Lemma The Dominance order Dn is a meet semilattice
Pftfterma

supposeafar as andb bi bD are partitions of n
Let 90 0 Jo o

91 a In b but bn for a K 1 b

92 9 taz note
i bn n
i

noteIn amaze utan n

and d do di a I too I In

Note to go from Io I I to CG Cn
let c Ee fo Cz Ez En Ck Ik Eni

EcoExample µ 4 2 4
2 5I 5 6
6
6266

Let fo I n where I min de bi forall K o h in

Claims
The corresponding sequence c c Cn where Ck Enterfor a

Kel nis a partition of n

Proofofclaimz

a Need to show Cit Cn n
Cet Cat Cane E a E E G E t EnEn i

minCoin In
n because In In n as we noted earlier



Three lemmasforshowing a CzD 7 Cn

229 3,91 t for a K 1,2 n l andfothefg.mestatement

Pf 2 art art tan 129k I 2 attack tan t autaret
since an anti because a is a partitionso the sequence is non increasing
2 Ek E Eet for all k 0,1 in 1

Pf Ek min Re min diet In because 2k E 9ktIBe E butCut
Lemma 4 min X Y z t w 3 min X 2 t min y w if x y z w yoi

xx y t z t w 1 4 z w lmin xty z w I
x Y 2 w Ix H ly w bytriangleinequality2
min x z t min y w I X Z Y WI

Ix 2 It ly ula3 2Ee I Ea i t Eet for all 6 1,2 on l
2 a 2 min ate b

min 2 Anu 22k
duetomin taut 5k Tok Lemma1

min Aki t min diet bkDIn i t Ekti
To show a Cz
29 22 d o t Ea Cit Cz

Lemma3
so C y Cz
To show Czycs
2 t 2 3 It Is GtCitcztCz
so Ca I C3

To show Ge7 Cut for all ke 1 n l i

r r r
Ck t Ck Ck 2Ek 7 Ere t Gct Ee i t Ik t Cet

So Ck 7 Ck11

e we have shown that c Ci Cn is a partition of n
Note the same idea doesn'twork for join and max



Then c is a common lower bound of a and b
because at t cadet minlate Edie 91 94 are forall

11 Ebe bitbut tbh
k

It is also the greatest common lower bound of a and b
To see this let d didz dn be a common lower

bound for a and b Let d did dn where
do 0

dat talk for all k 1 n

In n

Then Ik E k for all k I
die Ebµ

So die min Ambre
for all K l n

Ck

By def of dominance order d E C
D

Them Exercise 48
The Dominance order Drs is a lattice

Proofy
The set D is finite because there are finitelymanypartitionsofn
ClaimThe partition n 111

is the maximum element of Dn

a I
an is a Partition of

altar En
I

Aitazt Are In

The previous Lemma says that Drs
is a meet semi lattice

Lemma 16.30 that any finite meet semi lattice with

a maximum elf is a lattice
17



Def Ch 14 Exercise 15 pg 365
A set partition it of n havingblocks Pg Pz Pk
is called noncrossing iff
there are no four elts 1 Ea Lb Cc Ld En so that
a c Ep and bDEPj for some distinct blocks Pi andBeg

o io ioM s aµ to 2 O O O OOi l o Z

113,45 2316173 1,4531231316173and 1,4312313,6317
is a non crossing are not non crossing partitions
partition of 6 of 6

Let NCn denote the set of all noncrossingpartitions of En
Put the refinement order Example 16.6 on Ncn
say a B iff each block of p is a unionof someblocks of X
I e X E p iff if i andyo are connected in X then iandj are connected inp
This is called the Kreweras poset 3
EI n 2 3,4

1423
4433

is a
Oh E as
11312,33

0
4343133



oomf 112,343
i z 3 9

i I TENT i8 if gawd

Rip 84 i 54 FEET
of 88 p
43123133143

Note the s are 2,5 14
Funfact NC is the nth Catalan

Emma The one block elf 1,43 n is themaximum elf of NCn
Emma Nch is a meet semi lattice
with As beingthe set partition such thatmeet
the elts i andyo are in the same block in 0dB iff
i and j are in the sameblock in both O and P
i e I and j are connected in Ap iff

i and j are connected in both and p

Ext g C f 2 4K i z z Ba i z 39

an p 173 I and tweet p I 34meet

Prooff Let L p EN Cn
Let c be the partition of n st

inthesameblocki andyo are inthesameblock in c iff Tand j are connected in both and p
HWET Prove that c is non crossing



Then C E L and C E B because
if i andj are

confected
in C then i and I are connected in xcrespp

so C is a common lower bound of x and p
To show that c is the maximum common lower bound

suppose l e Ncn with I Ea h EB
To show that L E c we need to shown

If i and j are connected in l
then i and j are connected in c

Suppose i and j are connected in l

Then i and j are connected in O and B since I Ex l Ep
Thenbydef of a we must have i and j beconnected in C

Weareshownthat C isthemeet of and Y endofL

Corollary Ncn is a lattice

PI By the previous lemmas
NC is a meet semilattice with a maximum element

Since Ncn is finite it is a latticeby Lemma16.30


