
 

Continue Section 16.2 The MEbius Function of a Poset
Review last week
The set Un nxn uppertriangular matrices
forms an algebra with
addition usual matrix addition
multiplication usual matrix multiplication

1 If F ftp qqG 9i.j E Un
then the ja entry of FG isthesumy

because fig O Gij if i I

1,119 gt
fi292j t tfi.nfn.ge fi iGi j t fi its Gittyo t fi j9jyo

jIf i k9k jK i

j
FiskGkj

Themultiplicativeidentity of Un is f9 because lol F Ff'd t FE Un

Defy Let Int P denote the set of all NONEMPTY intervals of P
Ex flasksfor studentsa
Let P Ii a List all intervals in the set Int

P
a b

Howmany are there
0 Answer Note Each of

Yingwei a b Cad and codThisposet
s from Cara Eric Case is equalto theempty
StanleyECL bib be bd b e interval
1sted
Sec3.6 Csc c e

g 261 did d e
e e

There are twelve nonempty intervals



If P is a locally finite poset
Thenthe incidence ICP of P is the set of
all functions f Int P R

Addition is defined to be
If f g E ICP then ftg isthe function IntCP IR

defined by
g Cxy f y tgExy YEx.DEIntCP

Multiplication is defined to be
If f GE ICP thenG g is thefunction Int P R
defined by convolution

f g Ex yf xzD getyD
I'dsame R 11a b

a i fo Exy 55 fortaean
j x y O intervals
for all xy E Int P

Def The deltafunction Def ThezetafunctionsInt P R S Int P R
S x y 1 if x y 5 x y 1 for all x y E Int P

Rex
if T the afunction

We can represent h c Icp by
and represent 8 EICP by

1 2 Tt d i o o d
jstJs F F I O O O
t F I O
551 I 0
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These look like 5 5 upper triangular matrices

Prot 8 is the multiplicative identity in ICP
f If fe ICP thenCfas x y I f xEDS Czy

XEZEY
f x g 86.53 ibsenS 913

z yf Cxy D



PropM3 If p is finite with n elements

the incidence algebra ICP is isomorphic
to the algebra Un of nxn upper triangular matrices

Proof Label the alts of P by ti tz ten
so that ti Eptj implies i Ey

partial order in usual ordering of n

Note this is equivalent to fixing a linear extension of P

Define a map 4 ICP Un

by ce f 1 7 M

where M mis is i jen s t

mi j
f ti t D if ti Eptg
O otherwise
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f 145 is the empty
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NotedMultiplication in ICP is the same as matrix multiplication in Un
Given f g c Icp definematrices F A f and 6 6 g

mij hisFor simplicity definefccx.TT O and g Cxy O ifCxy is empty
Then the Ci j entry of F G by Pr is equal to

I Mikhkj
zj
f ti te g ftp.tj by def of Mijahij

i EKEj

I.EE jfCEtistiD9CEta tj
since fckyDo g pif Gy is theempty interval

g te tDby eq k in De

matrixmult
This shows that a f tag Off g

I convolution

Note 2 Recall from earlier

18 The multiplicative identity in Un

is the identitymatrix 89
D8 The multiplicative identity in ICP is

8 Int P R
exist fo If I

Check that 9 8 ftp.PJ.my
Taskforstuden

EndofPro
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prove that 96 o



today Let P be a locally finite poset
If The zeta function5 c Icp is dbined

by SCEy 1 for all E y E Int P

e 5 firing'll asinineLet Z s Then Z
interval 1,5
I 3,5

F

pigµ µ
Propyl s s u elements between S and4 including s and a
PI g CfsuD I 1

setEu
elts t st s Et Ey

elts in the interval s u

Del A multicar in a poset P is a sequence 91,92 am of elts in P

satisfying A E az E Earn
Note the inequalities are not strict unlike in the def ofchains

Beef The length of a chain multichain is the elements minus 1

Note
5 Multi chains of length 2

P a
3 4I starting at 2 and ending at 5 21215 as zI 2 21355 3

2 455 4a 515 53

starting at 1 andending at 5 152 5 as
E 315
i es E5 53

startingat 4 and ending at 5 4445 4.53 44

RemI The map not Tinghtaintswo xoxo Ex Ex y elements in interval x yX to X
is a bijection



ProII By Prop1 and Rem 2 546yD muytt aE2se zEnythtwo

Lemmat I 5 G a 516537 5 4 D
Thingy 2 1412Easy

0
Proof of

4 Let 2 9 5

The Cij entry of 2
2 is

2 in 2hj I CxD EspishEj xEzEy
Byinduction on the exponent of 2
the Cij entry of 2K is

Fie Ii 2ns Izzy's'EcatDScay

Propl6 Let x Ey be acts of P Let K 71
Then the of multichains of length k

X Xo Ex E Exe L is equal to 5k x y

Con't Sec 16.2 Mobiusfunction

Review choose a linear extension of a poset P

pied 54
The matrix 2 Zig for the 5 function

has entries Zig if Li j is a nonempty interval
01W

FEI 218
Prop1 22 j elts in the interval i j
Lemm_a4 Izzy 3 x y 362 3 3k Exy3



Propl6 Let x Ey be acts of P Let K 71
Then the of multichainsCof length k

X Xo Ex E Exe L is equal to 5k x y

if we provethisby induction on K
x y Cxy

d
1 and the only possible multichain

X Xo Exrey is xx

suppose that the statement is true for all positiveintegers lessthanK
Let XoEX E Exk y be a multichain of length K
Then Xie a z for some ZE x y

Bythe inductive hypothesis the number of multichains of length k i
between X and E is

k x z

and the numberof multi chains z y of length 1 is

Cxy L
So the of possibilities for a multichain x XoEx E Exe y of lengthk is

I 5 x a 5651
ZEEy

By Lemma4 this expression isk
equal to Cxy pg



Consider
the function 8 E I P

incidence algebra the sets of all functions
IntCP IR

L if x yThen C 8 x D Gif 8 EA I 9 0 if x y

I t it

ED
o

Propi Compare with Prop 1
8 fay chains X XoCXFY of length 1
if x Ey thenPI chains xoxo a y of length 1 is 1 if x L y

0 if y
O g y chains x to La Xz y of length 2

elts in x y not counting x andy
LemmalI comparewith Lerma 4

z s Exes S 8 E D S D GB
EEGy

Prop 3 comparewith Prop 16.12 Let K 71

s x y I 1 that is
Xo xx y

s s k x y is the of chains of length k
which start at and end in Y



Receipt Functions delta 8 multiplicative identity
Zeta S and

S in ICP

Q Find the inverse of the zeta function
EI p

p I4 2 1 1

iii L t t ltype rref

z
l l o t o o

I I I l
O go I



Question Does the Zeta function of P have an inverse

If P is finite Z exists What does Z look like

stay tuned


