5.2 Vectors in -three dimensions

A D> coordinate systen s created Im/ ao!all’hq the 2-axis

to the XY-plane

Add z-axis. Right-handed
coordinate system.

The set of all ?oTn‘{'S deccr T bed [py —+he —tr?F|eS

(MY,%) is called Ahree- dimenstional {pace
>
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To fe_?'(‘eSe_nt a ‘Fo'w\‘t Tn R N draw 3 toovdinate axes.
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bﬁ(: The xg—?inwa is  Fhe

(‘/\a(‘?lovﬁ‘o\l> ?(amé’/ (‘IDV\“i—aZVWVQ, e

¥-axiS and  the y-axis

The +three tlanes divide space Trfo  efghtt octants

The ‘FM is  determined

by the positive axes
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Fart I: 3D space

o —F’r‘r\ e F‘ﬁf\t Ca\ by c.') tn [K 5

ctart —-F'ram The origin o

Move a units alona —-H.’e_ W — A%\ S

Move b units ‘fqralle,l Yo “the Yy-axis

Meve Zz—ax%is

c units Tqrﬂl[le_\ 4o +he_

(a, b,0)

zZ

3

—4 |

|

0 |

7 5
X | y
/J\ ——
v T % (—4,3,-5)
%
v
/\




Pacrt IC- E%ua-('c'ans of Simrlc rlanes

EXAMPLE 1 What surfaces in R* are represented by the following equations?

(a) z=3 b) y=>5
The et of T°"“+S The set of all ?oin‘f's [x,'j,z,) in 3D Cpace
[)47‘_1’33 where there y=& anal 2,2 tan be any num ber
x and @ can ke Parallel +o the xz-ylane V=©
g et : C‘Hr-c HIL-F‘I' wﬂu”> Z/
|
|
T
| y
(a) z =3, a plane in R’ ‘
[ 2:0 - in R°
?a(m“?/l 4o the )(s-‘r ane (b) y =135, aplane in R
(-{'6\3_ ]/Lo‘("uzorﬁ-a(l ,(-E\loov”)
X :
E 7

An equation for the plane parallel to the xz-plane and passing through the point (2,5,8) is

SO(" Fo?r\‘{’s on o rlmn& mem[(e( 4o —+the K%—rlhﬂ&

have —the same Y- Coorolrnn+t’_. Cince ro"-n'ﬁ (2,’3‘,?3 ha s

—+he_ &%ua‘tron REN (a=5

?l— Ccoo rg"?no-‘ﬁc —§)

()4;7— can be any nwvﬂoe,r)

I
|

Note | e

I we veplace "xa-wlane AT

.F & q_f . ? x/: g\\;

[/ |
with “yz-plane”, the |
answey wou l d be | X=2 (b) y =5, a plane in R’




Pact IL- Planes

EXAMPLE 3 Describe and sketch the surface in R? represented by the equation y = x.
Go to geoqebra.org/3sd and  dqpe  y=x
g or desmos. com /2d & Exfend teo 2D
The surface is “the et of poiats  (x,4,2) = (%, %, 2D
where  x and z  are any nue bers,
We get a Flme, Lan+0t7n'|n% :
# the zoaxis (s (502) s in Fhe sucface for ang L>

¥ e live y=x, z=o

S“’e.?‘l" Sketclh Step 27 Dyacw on “‘he ’Qloef :
/\5 :j:)( Tz
> Y — 0y
~ X U ) 3-‘-)() z=0

S\'ngz /’(((ows any value _Far 2
to got an afiatte woall”




Pact T : Distance n Xyz-Space
NG A
RS

Distance Formula in Three Dimensions The distance | P, P, | between the points
Pi(x1, y1, 21) and Pa(x2, y2, 22) is

PPy =V —x1) + (2= y) + (@~ 2)

Wiy 7

° A‘rPlua ?)(-t'hnaorm«\ Theovem +o _F-,-,,p\ )h El
P
2

o ATF\U&- it apain -For rl/W

EXAMPLE 4 The distance from the point P(2, —1, 7) to the point Q(1, —3, 5) is

PO =0 =22+ (-3+12+G-7=J1+4+4=3

The mid to'“"'t o-F ~+he line Seame_n'{: a-F +he ITne

J-D7ﬂ(f\9 F[}((, 71, %(3 ano‘ Q [K21>/7_,2‘z> is

)+ Xz }’l"’y?- 2t 2
SR N
—/Z— ) 2 ) 2

ave ro\jﬂ S

O_F “+he %= 77 ond

Z,caoralfna+¢_§

T X, tx, yty, 7tz
Midpoint = ( 5 7 7 )

\ Q(xy ¥y 2)

P(xl..\‘l, Z)



OF‘E?onm’

Ewtra EKMW\P(c (r'{—’ o u have e xtra —E?.rvm):

Frad the distance ‘F”W‘ (-4,3,75) to the x‘:&‘Tl"”‘e--
: Answer: 5

3
. distante Tpe xy-tlane Ts  the horizonmta | “floec”
The distance is —the difference
¢

(~4,3,-5)
‘ae;{’uéeeﬂ Z2=0 nv\ol Z=-5

below e 'T{nr"
Fiad Ahe distance -F('om (’4,3,’53 to the Y-axis,

Answer:

The Fo—m-l- on the Y-axis closest ("h'i,"§>
is  (0,2,0),
Distance - J (—:4['-0')’_4- CZ—S)’_+ éy—n)’"

= \/ lo 2%
= a1




Pact IV : there,s

[a,\o,c_> and vadiug Yy IS +the

.\ sphece with center
- o
Set of all 'rafn'l's that ave of distance Y "F

’H\e_ center.

A ball s +the set of all potnts Tnsrde and on the Sphere.
L4 ( e

T he sv\’ D~F -‘>o'hn+S DF ol?s'{’qm ce s -Fr,m (a >[> s C >

Can be o\e SCCl \C)eol \9%— t7/vm+?on

fe J(““OL t (g-bY o+ (zeY e

A sphere centered at (a, b, ¢) with radius r is the set of points satisfying the
equation

(= a)2 + (y- b)2 + (z — C)2 = g2
A ball centered at (a, b, ¢) with radius r is the set of points satisfying the inequality

e Vel ¢ Rl ) (R

ros
/
't
(a, b, c)

/ \; ’rp‘ego _(—"JO Qabwﬁ+r°“£ ave

g s-{—mnoLM’J‘ 'Gbrm
SToOnd 2™ ~———

£ ~ é_/
Sphere: (x — @)® + (y — b)* + (z — ¢)? = r? / called
&

\Ball: x=—aP+@-bPl+i—cl=r?

o



(Smme, ae MML Problem ;)

EXAMPLE 3 Equation of a sphere Consider the points P(1, —2, 5) and Q(3, 4, —6).
Find an equation of the sphere for which the line segment PQ is a diameter.

SOLUTION The center of the sphere is the midpoint of PQ:

(l+3—2+45—6)_(21_1)
- B A TTo2)

The diameter of the sphere is the distance | PQ|, which is
VB -1)2+ (4+2)%+ (-6 - 5) = VI6l.

Therefore, the sphere’s radius is % V161, its center is (2, 1,— %) and it is described by
the equation

(=2 + (= 1)+ (:+§)2 - (lm)l i5Y

Ex ([Jw“{'if[ﬂﬂg’ "-”[,““""_"”S\)? Describe *the set
oF ‘Fofﬂ"'s +hat Satisfy +he e,olua-l-ion
x2+y2+22+4x—6y+22+6=0
Ans wer X"+ 4 x t Y —Cy + 22X+ 2=z =4
"l lete squares’ X7+ dx+ 2Tt Y oLyt TN —I o ey i |
x+22+ (-3 +(E+172=8
"'F a there

Comparing this equation with the standard form, we see that it is the equation of a
sphere with center (=2, 3, —1) and radius /8 = 2+/2.

Extra EMMP((‘ (Smme, as MML FVulplCW\S é,?)

EXAMPLE 4 Identifying equations Describe the set of points that satisfy the equation
Frrte Rty —=-L
SOLUTION We simplify the equation by completing the square and factoring:
(x* — 2x) + (y* + 6y) + (2% — 8z) = —1 Group terms.
(xX=2c+ 1)+ (y* + 6y +9) + (z22 — 8z + 16) =25 Complete the square
(x=1)%*+ (y+3)2+ (z—4) =25. Factor.

The equation describes a sphere of radius 5 with center (1, —3, 4).
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Pact V. : Vectors in R
IRZ are S-H’a'(ah{:«Porv\mrJ extensions of vectors

Vectors Tn
in the XY-F[mYIC_ We ;FMFlj add a 2vd CoMPoV\er\'t.
lﬂavfr\% —+the Sawe [e_ma-('h anJ J?rec-(-r'an ore eal,w?«[.

e Vecksrs
vel¥ovr -{/_:: <'V’1)—VE) _V-3> has itse  +atl

e head (—Ee,rm’w\al

e The, ra ST '|'Far\

(s{-nr-ﬁnﬂ To:n-e) at the ortgin an d
?o'(n-{:> s the Tornt [ , )
4 —_— N
T Here RS ond PR
Ro\_, .

’ and - are  all eqgual

0.0, v,) J/ Pl v %) 2 0(xy ¥y 2 %
Becawge— —(—L\a_z_ I/\ﬂ\/ﬂ-

Position vector for PO and RS
‘—'PG; Came MMGHT“’MAC'

/v = (), vy v3)

///' y _
- aV\J JT(CC“P‘OVL

(v.0.0)

OF‘E{-ONQI

vectovr s cabunl +to ~+the vector

Optional Example:
[

What ‘Fosi-(—ron
(2> 5:"7) 2

Leomn (62 D o
<2— ¢, ’s~z,-‘?—1> =

<?) 1 —X>

So [



(’W\(’g paqe S OT+?0ma[>
Scalav MM’+?'F‘E, Corresrov\‘is

Sum of fwo vectors s

fo S+r&'{’c"\fnq’ / wmr(ggg?r\g
—Founa\ %eome+l’fca“‘j ac be -Fore_

a vectov , wFh a veversal
g D-F AT vec+cion _Fo( V\eap\-l-tve

’! Scalavr

M Scalar multiplication
for cv

DCF 0{ vec o addition ond  scalar mmf#(?lrc;&bn:

led ¥ be a sealav E=<

L Ee o), & Tkt
[numb"r>

Sum B+ 5 = (atby, Qotby, asths )

Cecalar mu\+?l>le r a-= < T 2aq, ¥Taz, 3>'

OF‘Lfonal EgamF[er

Letu = (2,-4,1)andv = (3,0, —1)

u+2v=(2-4,1) +2(3,0,—1) = (8, -4, —1)



Pact _V[: Maani-i'ude, and unit vectors
Ajm?n, e S_'V"\F[j add a 2cd Lomema\‘b

The length of the three-dimensional vector a = {ay, a, as) is

jal = VT FF @

a=(a,, a,, a)

Optional
E x - Find the length of the vector v = (10,6,3). So[: \/10-10+6-6+3-3 =+/145.

The coordinate unit vecters (or‘ Standard bacgis Ve.C-{-oY‘S)

] 3
in R° ave i=(1,00), j=(0.1,0), and k= (0,0,1).

k=1(0,0,1)

- j=1(0,1,0)

i=(1,0, V\
/ \

Coordinate unit vectors X
X V=(v, v, v) =vit+v,j+rk

These unit vectors give an alternative way of expressing position vectors. If v = (v, v,, v;),
then we have

v=v(1,0,0) +v,(0,1,0) + v;(0,0,1) = vji + v,j + vik.



OF“E(’DY\A\ %%aW\E[C_

EXAMPLE 6 Magnitudes and unit vectors Consider the points P(5, 3, 1) and

0(-7,8,1).

a. Express PQ in terms of the unit vectors i, J. and k.

b. Find the magnitude of PQ.

¢. Find the position vector of magnitude 10 in the direction of PQ.

SOLUTION

a. ITQisg]ual to the position vector (=7 — 5,8 — 3,1 — 1) = (—12,5,0). There-
fore, PQ = —12i + 5j.

b. |PQ| = |-12i + 5§| = V122 + 5 = V169 = 13

o _1

70| 13 (=12, 5,0). Therefore, the

¢. The unit vector in the direction of FQ isu =

1
vector in the direction of u with a magnitude of 10 is 10u = I (—12,5,0).
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g}(amp[ds

Consider the sphere (x —3)>+ (y—5)2+(z—4)> =25

(a) Does the sphere intersect each of the following planes at zero points, at one point, at two points, in a

line, or in a circle?

[ >
I. The sphere intersects the yz-plane
plan® YZplane
e
° :jz—‘r(ome, is ‘H;e, ca/{w-(—fary oF Tain'!"S (0>U,Z,) o
(e -
St xto Gyt (9-3 + (-4 =28
cee
(4-5)7 + @-4) = 16 j a efcels
The sphere Tnkersects Fhe Yz-plane
\/ n a ciccle
.li. The sphere intersects the xz-plane ZT
Ansuver: The )(z—?[ane. is the set =€
) 'prlaﬂe YZ-plane
‘Tolv’l+s ()(,O, ) {”. any X, Z. ! o
z_ iy ez,
Set (x-3) + (-s) + (z-2)= T o
> = _
&3>+ (-4 =° -
- > =
T
+( bne T°"'|t'
y -+h gz plane af e2CTIg
¢, the Sphere Tfecsects The FE

This 1>o': nt s

(X=3> 979> *:‘D

<V



E><+(q _EsémmF[f__S‘

Consider the sphere (x —3)>+ (y—5)2+(z—4)> =25

(b) Does the sphere intersect each of the following coordinate axes at zero points, at one point, at two points,
or in a line?

The sphere intersects the z-axis

X

FIGURE 1
Coordinate axes

>3
o~

The <T-axis

0 the et of peints (00,2) , 2 any nawdber

4‘- -

Cat x=4=o i (B4 (5 + (z-9) =25
GE-4) = -1
No =z satisfies —+Hais e.lz/vm:l-Ton

The sphers does ot Tntecsect the z- axs



